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ABSTRACT
This paper uses random scales similar to random effects used in the generalized linear mixed models
to describe “inter-location” population variation in variance components for modeling complicated
data obtained from applications such as antenna manufacturing. Owur distribution studies lead
to a complicated integrated extended quasi-likelihood (IEQL) for parameter estimations and large
sample inference derivations. Laplace’s expansion and several approximation methods are employed
to simplify the TEQL estimation procedures. Asymptotic properties of the approximate TEQL
estimates are derived for general structures of the covariance matrix of random scales. Focusing on
a few special covariance structures in simpler forms, the authors further simplify IEQL estimates
such that typically used software tools such as weighted regression can perform the estimates easily.
Moreover, these special cases allow us to derive interesting asymptotic results in much more compact
expressions. Finally, numerical simulation results show that IEQL estimates perform very well in

several special cases studied.
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1. Introduction

Recently, generalized linear models (GLM) (Nelder & Wedderburn, 1972; McCullagh & Nelder,
1989) have been extended in many directions to model various data types difficult to handle with
traditional models. For example, linear random coefficient models (Longford, 1993), nonlinear
random coefficient models (Chen, Lu, Huo and Ming, 2001) and hierarchical nonlinear models (Da-

vidian and Giltinan, 1995 page 98) are useful in describing time-sequence repeated measurements



frequently encountered in biological or medical research. Lindsey (1993) used variance component
models with certain correlation structure on errors for modeling dependent repeated measurements.
See Appendix A for a brief review of the GLM and its extension to quasi-likelihood (QL; Wedder-
burn, 1974) and extended quasi-likelihood (EQL; Nelder & Pregibon (1987) and Davidian & Caroll
(1988)) which serve as the foundation of our proposal of the integrated EQL (IEQL) approach.

Most random coefficient models assume that the mean regression coefficients are normally dis-
tributed with the same mean parameters across all subjects and constant variance. These mean
parameters represent the underlying common characteristics among subjects. The general linear
mixed models (GLMM; Harville, 1977) uses random effects to describe the “inter-subject” popula-
tion variation in mean regression function and to handle more general error distributions.

In many situations there exists population variation in variance components. For example, in a
study of monitoring spatial-temporal data, Host, Omre & Switzer (1995) stated that the random
variation of responses could be partitioned into three separated fields, namely, mean field, scale field
and residual error field as follows: Y (z) = M(x) + S(x)e(z), where z is the location. Our study
focuses on the case where S is random. In a real-life example (see Lu, Zhou, Chen, Hughes-Oliver
and Ghosh, 2002 for details) of developing process fault detection procedures to monitor spatial
antenna data at Nortel, we have documented variations in the scale component S(z) from 20 sets
of antenna data. Figure 1 presents one set of the antenna data collected at 181 x 181 locations.
Although the mean and scale components did not have “perfect” relationship, the mean parameters
in the distribution of the random scale are related to the mean regression function systematically
similar to the GLM model. See Figure 2 from a “de-noised” log-variance plot for an example.

(please place Figures 1 and 2 here.)

Just like many studies of spatial data, in this article the modeling of data similar to Figure 1
will be restricted to a single data set, but not their replicates (i.e., no third index in the following
formula). Motivated from the physical background of the antenna behavior, patterns of the mean
function in one coordinate (the elevation with the index j) should be very similar at every cut of
the other coordinate (the azimuth with the index i) except a shift. See Figure 1 for an example.

Thus we propose the following model with a random scale component:

1/1" = Uj +’U1/2([1,j)wjl-/2€ij, 1= 1,2,...,7},; _] = 1,2,...,m, (1)
log(w) = (log(w1),...,log(wm))" ~ Nim(0,%(8)),

where Yj; is response (e.g., amplitude representing the quality of the signal sent out from antenna).

The mean vector g can also be expressed by a function u(8) = f(AB) with a p-dimension vector



of unknown parameters 8 and a m X p constant matrix A. See Appendix B for details. Because of
the limited resources in our data collection process, in the motivating example, the numbers n and
m are both fixed at 181. Both of them could be made much larger for supporting the assumption
in deriving the asymptotic results. See Theorems 2-5 for details in the cases where both n and m
go to infinity or only n goes to infinity while holding m fixed.

We use the same random scale o; = v/ 2(,Uj)wjl-/ % for data at all azimuth location with i =
1,2,...,n. The power 1/2 on v and wj is for computational convenience. Adding a parameter ¢ to
oj* = ¢/ 20t/ 2(,u]-)wjl./ ? is useful to break the linkage between the mean and variance of the random
scales. This implies that log(w) has a non-zero mean log(¢$) and variance-covariance matrix 3(0).
Lemma 2 shows that 7; = log[>-" ; (vi; — 7.)%/nv(7;)] converges with probability one to log(w;),
Jj=1,...,m. Thus one can easily check if the mean of 7;’s is equal to zero for deciding if ¢ should
be equal to one. Our experience indicates that the IEQL estimation procedure of 8 is not affected
with ¢, and the estimation of log(¢) can be easily obtained from 1,," 2(8)7/[1,, £(8)1,,], where
1, = (1,...,1)T is an m-dimension vector, @ is an estimate of 8 based on the approximated IEQL
estimating equations derived in Section 4.1, and 7 is a vector of 7;’s. The asymptotic properties
of the estimate of ¢ can therefore be obtained via the asymptotic results of 6. Because our focus
in this article is the variance-covariance parameters 0 of the random scales, the parameter ¢ is not
added to Model (1) for keeping the presentation brief.

Although more general forms of transformation of w could be used for normality, to keep our
presentation brief, for a positive scale, we use the log-normal distribution of log(w). The matrix
3 could include certain spatial structure or be very general without any restricted structure. This
article uses a k-dimension parameter vector 8 = (61,...,0;)" to model ¥, where k is a positive
integer and k < m. Note that, if & > m, then there is no unique estimate of #. The random error
term w; 1/ 2€Z~j in (1) has a complicated covariance matrix. For simplicity of presentation, we assume
that conditioning on w, the errors ¢;; are independent and identically distributed (iid) with zero
mean and unit variance.

Random scale S(z) has been considered in other content such as Bayesian models (e.g., Carlin
and Poison, 1991) and Robust models (e.g., Lange, Little and Taylor, 1989). In particular, Lange, et
al. (1991) studied the ¢ distribution in several applications with the interpretation that ¢ distribution
for observations can be derived from a conditional normal with u in the scale parameter (£/u)
having a chi-square distribution. In our study, the unconditional distribution of the observations

does not have a closed-form expression like the ¢-distribution and is very complicated involving



integrations of m- dimensional normal density. Hence approximation methods are needed to get
sensible estimates. This makes the study of asymptotic properties of the estimates worthwhile.
Section 2 presents the approach of using an IEQL for representing the data generated from the
model (1). Note that our IEQL approach focuses on the random scale component and is not aimed
to be robust against outliers. Section 3 provides details of IEQL estimation procedures and also
discusses properties of the estimator for mean parameters. Section 4 discusses techniques to solve
TEQL estimating equations for variance-covariance parameters and investigates asymptotic proper-
ties of the IEQL estimators. Section 5 reports various simulation studies conducted with different

data sizes and variance-covariance structures of the random-scale vector. Section 6 concludes this

article.

2. The Integrated Extended Quasi-Likelihood (IEQL)
Denoted by ¥ = (Y11,---,Y1m,---»Ynls---,Ynm) , the observations of repeat measurements. To
simplify the presentation, let z; = log(w;) and z = (21,...,2m) . Let us generalize the extended

quasi-likelihood (EQL) proposed by Nelder & Pregibon (1987) to handle the random scale compo-

nents. Note that for given z, the conditional EQL of data y is (ignoring the constant 27)

q*(p|z) = exp —% Z Z <log['u(yij)ezj] — 2e7% /Nj yz(;)ivdx)

j=1i=1 Yij

Integrating ¢*(p|z) over the normal distribution of z leads to the following integrated EQL (IEQL):

Qo) = 2O [ ¢ (ule) e (—%szw)lz) dz. @

m

To derive the IEQL estimating equations for the unknown parameters, and discuss the asymp-

totic properties of the IEQL estimate, the following regularity conditions are necessary.

(R1) Set {u: v(u) =0} is zero-Lebesgue measure.

(R2) X(8) is full rank for every 8 € ® C IRF. The parameter space ® C IRF is compact without

isolated points and contains a neighborhood of true parameter, say 6.

(R3) Let 0;(0) be the ijth element of 3(@). Assume that 0c;;(0)/00, exists for 8 € O, i,j =
1,...,m,l=1,...,k, and there exists N, > 0 such that, for 8 € @,

80'2']'(0)
00,

|oi;(0)] < Ny, and | | <Ny, 4,j=1,....,m, I=1,... k.



(R4) For given z, conditionally, E(Eﬂz) <oo,j=1,...,m.

Regularity conditions (R1) and (R2) ensure that the IEQL estimating equations are always well
defined. (R3) and (R4) ensure the basic convergence of random variables and the exchangeability
between limit and expectation.

To simplify the notations, denoted by

n Bj g
bl = 23 [ BT, j=1,m, and G
i=1 Y Yij ’U(.T)
m m n m
K(d(p),z,0) = Y di(u)e™ +Y_ ) loglu(yi)] +n Y 2z +z 5(0) 'z, (4)
7j=1 7j=11:=1 7j=1

where d(p) = (dy(p1), - - - dm(m)) - Then, the TEQL (2) is written as:

Q(p,0) o |£(6)] /2 /IR e GW) W

The above integration is difficult and time-consuming during the estimation process. We ap-
ply the Laplace’s approach to approximate the IEQL (2). This technique was used by Luke &
Joseph (1990), Wolfinger (1993), Breslow & Clayton (1993), Edward (1996) and Shun (1997).
This approach allows us to approximate the integral [, exp(—k(d(p),2,0)/2)dz by expanding
k(Y ,d(pn), z,0) in quadratic terms around its maximum point z* before the integration.

The following present the first and second derivatives, respectively, of k(d(u), z, ) with respect

to the elements in the random scales z = (21, 22, ..., 2m)
K. (d(p),z,0) = —d(p)e ? +nl, +22(0)"'z and (5)
k. (d(p),2,0) = diagld(p)e ?]+2%(0)7", (6)

where diag[d(p)e %] is the diagonal matrix with the following elements:
d(“)eiz = (di(p1)e ™, ... 7dm(,um)eizm)—r- (7)

Let z* be the point maximizing the value of k(d(u), z, @) given by k.(d(p),z*,0) = 0. That

is, 2* = 7(d(p), @) is an implicit function determined by the equation
—d(p)e % +nl,, +2X(0)"'z =0. (8)
Thus, the second-order Taylor expansion of k(d(u), z,0) around z* leads to

K(d(),2,0)  k(d(u), 2°,0) + 3 (= — ) K(d(u), =*,0)(= — =°).



Then, the Laplace’s approach gives
k(d (7]
/ exp (—7( (u2),z, )> dz

~ [ oo (—%k(d(m,z*,e) e R W) = 0 - z*)) dz

1 . 1 . oy l—
= exp (—Ek(d(u),z ,o)) - (@m)"2 - SR (d(p), 2, 0)| 7,
Thus, an approximate logarithm IEQL function L(u, @) = log[Q(u, @)] can be obtained as

L(p,0) o —log|2(0)| - k(d(n),2",0) — log |k (d(n), 2", )]
= —log|2(6)diagld(p)e "] +232(6) | — k(d(u), =", 06)

= —log|2I, + diag[d(p)e % 2(8)| - k(d(n), 2", 0), (9)

where I,;, is an m X m unit matrix, and the second equality is from (6).
In the next section, we derive the estimates of parameters g and @ based on the IEQL (9). For
convenience, without any confusion, we will omit the star symbol from z* in the rest of the paper

when we mention z being the point maximizing the value of k(d(u), z,0).

3. The Maximum IEQL Estimation of Model Parameters
3.1 Mean Parameters

Denoted by I(d(u), z, 0) the right side of (9). The IEQL estimator of parameter vector y is obtained
by solving equations dl(d(u), z,0)/0pu = 0. Note that I(d(u),z,0) and z(d(u),0) depend on p
through the d function only. Thus,

ol(d(p), z,0) ol(d(p),2,0) 0d  0l(d(p),z,0) 0z 0Od

op od op oz od op

_ (Od),%,0) | od(n).%,0) 0z od
N od 0z od) ou’
Under the regularity conditions (R2) and (R3), using Lemma 1 in the next subsection, we can show

that the matrix
_0l(d(p),2,0)  0l(d(p),2,0) 0=z
M==—=50"" "7 &z od

is of full-rank. Therefore, the IEQL estimating equation 9l(d(u), z,8)/0p = 0 can be equivalently

written as 0d/0p = 0. It follows from (3) that the estimating equations for mean parameter pu;

6



are:
dd; ~ Yij — 1y
= 2N T j=1,...,m. (10)
Ty Z_Zl v(p;)

Thus, the IEQL estimates ji; = > 7", yij/n = §.4, j = 1,...,m, are the regular averages as expected.

According to the model assumption (1), we have
E(i;lz) = pj + Ul/Q(Hj)ezj/ZE(E__ﬂZ) = l;.

Because E(ji;) = E[E(j;|2)] = puj, j = 1,...,m, we know that fi; is unbiased.

Remark:  Because we will need to calculate 0l(d(u), z,0)/00, dl(d(p), z,0)/0z, and 0z/00
in details when we derive the estimating equations for the scale-variance parameter @ in the next
subsection for the random scales, and their algebraic manipulations are almost the same as in the
calculation of M, we skip the details of their calculation here. U

For Model (1) using the IEQL method, the mean parameter p can be estimated well without
any information about variance-covariance parameter 8. The following theorem presents properties

of the TEQL estimate fi. Note that this theorem works for every j = 1,2,...,m.

Theorem 1. Under the regularity conditions (R2) and (R3), for the random-scale GLM (1),

the IEQL estimates of model mean parameters are: fij = Y i 1 yij/n =94, j =1,...,m, and,
(i) fij is unbiased, j =1,2,...,m;
(ii) f2; is a consistent estimate, as n — 0o, for every j =1,2,...,m with any size of m;

(iii) let p; = (g1, g2, - -, 151) be a l-dimension sub-vector of p. As n — oo, the asymptotic

density of v/n(fy, — p;) is given by
1 1
flm) = (2m)~" /l |24(0)T(2,)| /% exp (_Ewl—rr_l(zl)wl - 52?21(0)_121) dz;, (11
R

where ) = (z1,%j2,..., ), 21 = (21, Zj2, - - -, 2j1), T'(21) = diag (v(pj1)e®, ..., v(u;)et),

and X(0) consists of the components of 3(8) corresponding to (zj1,2j2,- .., Zj1).

Proof: = We only need to show (ii) and (iii).
From model assumption (1), we have fi; = §; = p;j +v*/2(u;)e%/%¢ 5, j = 1,...,m. It follows
that (fi; — p;) = v/?(uj)e®/%¢ ;. Assumption (1) implies that, conditioning on z;, &;;, for i =

1,...,n, are itd with E(g;j|z;) = 0 and var(e;j|z;) = 1. Applying Lindeberg-Levy central limit



theorem, we know that, conditioning on z and any size of m, \/n¢; N N(0,1) as n — oo.
Therefore, conditionally, v/n(i; — 115) LN N[0, v(u;)e%] as n — oo.

For arbitrary ¢ > 0,
Pr(li; — | > ©) = Pr(Valiy — 5| > vine) = B [Pr (v2(u)e5 >V - 64 > V- elz) | = 0,

as n — oo. Thus, fi; is consistent.

Now, let F(z) = Pr(v/n(fy; — p;) < ;) be the unconditional distribution function, where
T = (:Ejl,...,le)T € Rl, and {v/n(f; — ;) <z} = {\/ﬁ(ﬂjs — pjs) < zjs, s=1,...,1} C R'.
We have

F(z) = E[I(Vn(iy —mw) <)) =B{E[I(Vn(ly - ) < z)]|2]}

B {(27r)—l/2|r(z,)|—1/2 [/_oo /_ool exp (—%STI‘(zl)_ls> ds] }

@) [l 2 [ [7 e [T e (<pa T s ) ds)

1
exp (—izf—ﬁl(a)lzl) dz;.

Taking the derivative of F'(x;) leads the asymptotic density (11). L]

Let us explore the variance and covariance of the above (unconditional) asymptotic distribution

in details. It follows from Theorem 1(iii) that the asymptotic density function of v/n(i; — ;) is

22

N L e \—1)2 )2 B x? —u/2 j _
f($g)—27r/ ai;(0) v(pj) e "7 exp 57 € 207,(8) dzj,

—0o0 2v (Mj)

For each j, the asymptotic variance of v/n(fi; — p1;) is calculated by

/RiB?f(xj)dwj = v(p;) exp (U”T(m) ;

where 0;;(0) is the jth diagonal element of variance-covariance matrix 3(@). Use the results of
Theorem 1(iii) and go through some algebra. We can show that the asymptotic covariance of ji;
and fi; is zero.

The above result implies that {; = y(;) and [ = y(;) are asymptotically uncorrelated. There-

fore, for a fixed size m as n — oo, we have that Var[\/n(f — p)] —

%, = diag [v(ul) exp (“”(‘9)> (i) exp (%@H . (12)

8
In practice, the mean vector p is often associated with an unkown parameter vector, say 3, by

a function f(-). See Appendix B for the discussion of the estimate of the parameter 8 in mean



functions, where (12) plays an important role in calculating the asymptotic covariance matrix for

A~

B. Next section will discuss estimates of the parameters 8 in the variance-covariance matrix 3(8).

3.2 Parameters in the Variance-Covariance Matrix

For estimating € in the matrix X(@), we will work on the profile function of the approximated
IEQL (9) with mean parameters estimated from the method given in Section 3.1. To simplify the
expressions, the following notations are used.

Let 7(d(fx),0) be the solution of the equation k/,(d(f1), z,0) = 0 with respect to z, where k,(-)
is defined by (5). Use z* = 7(d(ji),0) and d(f) in (9), and ignore the double summation term in
k(d, z,0) of (4), which is nothing to do with the unknown parameters. This results in the following

profile function of 6:

lo(0) = U(7(i),0),0)

m m
= log|2I,, + diag(d(2)eT)Z(0)| + > _d;(ii)e” +n Y i+ 7 B(O) v, (13)
j=1 7j=1

The IEQL estimator of parameter vector @ is obtained by solving equations 9ly(@)/08 = 0.

Note that 7 involves 0, thus

dlo(6) _ l(r,8) or 0i(r,0)

0 ~  or 90 o8

(14)

Because the implicit function z = 7(d(f1), @) are defined by k’,(d(f1), z,0) = 0, it follows that

or (Bkz'z(d(A),T,O))_l ok’ (d(r), T, 0) 1 0K, (d(R),T,0)
ot

06 90 = — (k7 (d(i), T,0)) 90 . (15)

Plugging (5) and (6) into (15), under the regularity conditions (R2) and (R3), we have

or _
06,

_,0%(0)!

—2[diag(d(fn)e™ +2%=(8)7] —8 T

(16)

The following Lemma, derived from Nering (1983), is used to derive the differentiation of (14)
and (16).

Lemma 1. Let X be an m X m matriz such that each element of X is a real function of t; that

is i = xi;(t). Then, we have

-1
Qog | X| _, (x-19X) g 9AXTB _ 4 x1X x1p
ot ot ot ot

where A is a p X m matriz, B is a m X q matriz, and both A and B are free from t.



Note that, when A = B = I,,, it follows from the Lemma 1 that

X1 40X
= -—Xx'1Z=x"1
ot ot

Denoted by

W) = 2I,+ diag(d(f)e 7)=(0), and

m

K@) = k(d(m,f,o):Zdj(;zj)e*ﬁ+nzfj+ﬂz(0)*1¢.

Then, Iy(0) = log |W(0)|+ K (0). Following Lemma 1 and recalling that 7 satisfies k. (d(f), 7,0) =

0, we have
dlog|W (6)] _, 0w (6)
20, = tr | W(0) 26, and
OK(6) _ /(- T 1 py-19Z(0) & o1 5
= —TTz(e)lago(é)z(O)lT.

Finally, the estimation equations, dly/060 = 0, can be written as

_LOW(6)

o (wio) S50 ) — r(a(i. 0 (6) 1T

00;

2(0) '7(d(jr),0) =0, i=1,...,k.

(20)

(23)

Therefore, the IEQL estimate of variance-covariance parameter 8 is determined by equation (23).

In general, there is no explicit solution from the estimating equations (23) for the parameters

6. Moreover, the complicated nonlinear form of the estimating equations makes it difficult to use

the traditional Taylor expansion method for deriving the asymptotic distribution of 6. However, in

the case of large n we can simplify the estimating equations and obtain nice asymptotic properties

of the resulted estimates. See Sections 4.1 and 4.2 for details. Moreover, in some special cases,

such as 3(0) = diag(X0), where X is a m x k known matrix, and X(6) = 0%, where 6§ is a scalar

parameter and X; is an m X m known positive matrix, we can obtain closed form estimates of 6

and more compact asymptotics. See Section 4.3 for details.

4. Approximate Solutions of TEQL Estimating Equations

4.1 Approximate Solutions of Equation k/, =0

To get IEQL estimate @ by solving estimating equations (23), we have to solve equation (8), i.e.,

k' (d,z,0) = 0. Generally, for finite n, there is no explicit solution of z from (8), and the solution

10



z = 7(d,0) as an implicit function of 6 essentially depends on the structure of the variance-
covariance matrix 3(@). However, when n is large (m fixed), we can get an approximate solution

of (8) in a closed form. In fact, equation (8) can be written as

1 2
—ﬁd(u)efz +1,,+ 52(0)*1z = 0. (24)

Under the regularity conditions (R1) and (R4), there exists N, > 0 such that E(€§|z) < Ne.

2 2
HiY; —x 1 1 1
E (—2/}? 'z];(z) dac) < 5—2E (—2/}? (Y; —:v)da:) = 5—2E[(YJ — )"
= LE(BW - 1)) = 5B (2 (u)? B 2]
Ne")2(,uj)
52

Then,

< E (e2zj) < 00,

if w; = €%, the random scale defined in (1), has a second moment. Thus, we know that

2
ujy, — B Y
E /J I " %4z and E /JYJ gz exist for j=1,...,m.
Y; v(z) y; v(z)

J

It follows from (3) and Kolmogorov Large Number theory, that with probability one (w.p.1),

1 2 Oy (K
L) =23 [
=1 ]

Yij

o By —
Y Ly 5 _9E / LT ) >0 as no 00,
v(z) y;, v(z)

which implies that, with probability one, d;(u;) = O(n).

Under the regularity condition (R3) that the component values of X(@) are bounded uniformly
for @ € ®. When n is large (m fixed), the term 2n~13(8) "'z in equation (24) can be ignored, and
the equation can be solved approximately by n~td(pu)e % = 1,,, or equivalently, d;(u;)e % = n,

j=1,...,m, and thus, the approximate solution of z; is given by

zj = log (@) , j=1,...,m. (25)

Then, approximate solution z; = 7;(d;(f;), @) is given by

4 (i 9 Py (R g
7j = log (%) = log (—52 / g mdrc), j =1y, (26)
=1 J

y; V(@)

in which we replace u; by fi; = 4.

11



To avoid the integration in the expression of d;(u;), which is hard to deal with when we discuss
the asymptotic properties of IEQL estimate 9, we show that d; can be approximated well by the

Pearson x2-statistic, i.e.,

n

1 :
dj(ns) m = (i —15)%, §=1,2,...,m. (27)
v(p;) im1
Denoted by d(u) = —2 f B t)dt. We have
9d(p) 0%d(u) 2
_ ! Oa\p) _ 1" _ .
d(y) - 07 d( ) - 3/1, |,u Y O and d ( ) 8u2 |u—y ,U(u)

Hence, the second-order Taylor expansion of d(u) around p = y gives

dp) = d(y)+dy)(y —p)+ %d"(u*)(y —p)? = w—p” - “)2,

where p* lies between y and p. Then, (27) is obtained by summing over 7 when substituting u with
p; and y with y;;.
It follows from (27) that, for large n, the solution (26) can be further approximated by:
1 - 9 ,
7; = log (m;(yi]——uj) >, ji=1...,m. (28)

The next lemma states that 7; obtained from (28) is asymptotically equivalent to z; as n — occ.

Lemma 2. Under the model assumption (1) and a fized size m, denoted by

n

7; = log (#gj) > (i — y_j)2> , j=1,...,m. (29)

i=1

—_

. oy w.p. .
Then, for given z, as n — oo, conditionally there are T; 2Py zj,j=1,...,m

Proof: It follows from model assumption (1) that we have:

T d](ﬂ]) 1 zn:( . )2
e = = — Yii —Y.5)° = —€.;
n nv(¥4) o) )= ’
€% _
= — (Eij — E.j)z.
n <
=1

Then, from the assumption (1) and Kolmogorov Large Number theory, we know that as n —

0o, conditioning on z, we have e = d;(fi;)/n v e’iVar(g;j|z) = €% or equivalently, 7; =
log(d; (i) /n) U2 2, j = 1,...,m. 0

12



If function v(y) is constant, then 7;’s given by (26) and (29) are exactly the same. When
function v(u) varies slowly in y, those 7;’s are very close. Note that, the approximate solution of
7; does not depend on @. The most important step is to recognize the property of d;(ji;)e™™ = n.
This leads to diag(d(f)e ) = nl,,, where T = (71,...,7)". Thus, the IEQL equation (23)
becomes much simpler.

It follows from (18) that, with the 7; given by (26) or (29), W (0) = 2I,,+diag(d(f)e"T)X(0) =
21, + nX(0). Moreover, we have

oW (0) 0%(0)

=N

00; 00;

Then,

- (W(o)lavge(io)) . ((2Im +n5(0)) ! nage(?)) .

Bring n into the reciprocal function and shorten the notation 7(d(fx), @) to 7. The IEQL estimating
equation (23) thus becomes

r ((2Im/n + 2(0))—16§0(:9)> - TTE(O)—la);e(?) S0)r =0, i=1,. ..k (30)

Next, we discuss the cases that the above IEQL equations of 8 could be simplified.
Case I.  For large n and finite m, 2I,,/n in the first term of equation (30) could be ignored.
Thus, equation (30) can be approximated very well by

_,0%(8)
80);

()l —tr (2(0)1‘9?79(?)) =0, i=1,...,k. (31)

T32(9)

Follow from the properties of quadratic form of multivariate normal distribution. We know

lim E(TTE(O)_lazalg(?)E(G)_lT) — i (z(o)—lagioff)) . (32)
Thus, define
H,(0) = %Jz(e)—lage(?)z(e)—lr - %tr (2(0)—18);9(:9)) =1,k (33)

The approximated IEQL estimate @ can be obtained by solving H;(0) =0, =1,...,k.
Case II.  For finite n and m, when the structure of X(8) is specified, the equations may be
simplified further. For example, If (0) = diag(c1(0),...,0mnm(0)), the estimating equations can

be written as

= 90;(0) n 7']'2 _ .
]Z:; 06; <2+n0j(0) 0 =0 i=1.k (34)



which can be easily solved as the weighted regression equations. Furthermore, for large n (fixed

size m), the equations (34) can be approximated very well by

> 0210) af;gf) (17— 0;(0) =0, i=1,....k, (35)

j=1"7J
which are very similar to the generalized estimating equations (Liang & Zeger, 1986). In some cases

discussed in Section 4.3, equation (35) leads to a consistent estimate, when both n and m — oc.

4.2 Asymptotic properties of the IEQL estimate 0 - General Case

In the situation that m is finite, even if n is sufficiently larger, we are not able to get enough
information about the random scales to get a consistent estimate for variance-covariance parameters
6. However, if we allow m to be sufficiently large comparing with k£ the number of the unknown

7 estimate of @ in the sense of that the asymptotic variance of

parameters, we can get a “consisten
0 is small enough, say O(m™!). Nevertheless, in some special cases, with finite m we can show that
TEQL estimates 0 is asymptotically unbiased, i.e., lim;, E(@) = 0, and we can get the asymptotic
distribution of §. See Theorem 3(i) and 5(ii) in the next section for details.

Since this section discusses the asymptotic properties of 0 in the general case, we let both n
and m go to infinity. We shall discuss the asymptotic properties of H;(0) first. In the following
discussion, the technique of matrix characteristic decomposition will be used without trivial details.

Let 01(0) > d2(0) > --- > 6m(0) > 0 be the characteristic roots of 3(6), and q;(0) satis-
fied ||g;(8)|| = 1 be the standardized characteristic vectors with respect to d§;(0), j = 1,...,m,
respectively. Then we have

2(0) = Q(O)AB)QT(8) = > _5;(6)q;(6)a] (6),

7j=1

where Q(0) = (g,(0),---,q,,(0)), an mxm orthogonal matrix, and A(6) = diag(d1(0),...,n(8))-
According to Lemma 2, as n — oo, we know that ¢ = Q' (0)r LN N, (0, A(8)). Note that

Q' (0)Q(0) = I. Thus, 7 = Q(6)¢. Therefore, we have

Hy(9) = %CTQT(O)E(O)_IBE}G(?)2(0)_1Q(0)C _ %tr (z(e)*%é?) =1,k (36)
Denoted by
Ai(0) = QT(0)2(0)16§9(?)2(0)1Q(0) and B;(0) = 2(0)1‘9?(59),1' =1,...,k

14



Let X\;1(0) > Xi2(@) > -+ > A\im(@) be the characteristic roots of A;(@), and r;;(0) satisfied
||ri;(@)|| = 1 be the standardized characteristic vectors with respect to \;;(@), for j = 1,...,m,

and 1 = 1,...,k, respectively. Then, we know that

_,0%(0)

T _10%(0)
Taiz(e) T=¢'Q'(6)(9)

00;

) 2(0) 'Q(6)¢ = ¢ Ai(6)¢.

Therefore, we have that, as n — oo,

B (77500 T 5(60) 17 ) = BCTALB)C) ~ r(A0)A(6))
= tr()_Nij(0)ri;(0)ri;(6) TA(0)) = > Xi;(8)v];(6), (37)
= =1

where fufj(O) = r;g(O)A(O)mj(O). Note that the charactersitc vectors r;;(0), j = 1,2,...,m, are

orthogonal each other, it follows that

_10%(0)
00;

Var (Hz(e)

23 A (0)v;(9)
j=1

Comparing (32) to (37), for large n H;(@) can be equivalently written as

2(0)—17) — Var(¢T Ai(6)C) = 2tr(Ai(0) A(0) A;(0) A(6))

Zm (€2 —v3(0)),i=1,...,k

1
m

Let 89 € © be the ture parameter. Under the following regularity conditions that, for @ € O,

(R1%)
”’111%11)100 Var[v/mH;(0)] = mh_r)noo p” Zl)\ 3(0) = U(0) exists, and
j
o VarlHi(O)] =l 5 Z X 0

(R2*) OH;(0)/06 and 9%>H;(0)/0000" exist, and the all elements in the first two derivates are

bounded uniformly, i = 1,... k;
(R3*) denoting H(0) = (H((8),...,H(0))", assume that, k x k matrix 0H (0)/98 is fullly ranked

with probability one for sufficient large n and m.

Now, under the regularity conditions (R1*)-(R3*), we are ready to show that 8, as the solution

of (33), is strongly consistent and asymptotic normal.
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Denoted by H(8) = (H1(0),...,H(0))". According to (R1*), we know that H(8g) wry 0,

0y € ©, and based on (R2*), Taylor expansion of H (@) around 8, leads

H(90) = 55 (0 00) + 00— 60) = (6 00) x (=S +0(8 60 b0, (9

which implies that 8 wey 0y, i.e., IEQL estimate of @ is strongly consistent.
Note that condition limy, y,—,0 Var[H;(#)] = 0 in (R1*) implies the Lindeberg-Feller condition,

as m — oo, for each € > 0,
1 m

p D EIE — i) 1(1€5 — vij| > ey'm)] — 0,

j=1
is held in our case (Rao (1973), page 147; Serfling (1980), page 31), and it follows that H (@) is
asymptotic normal, i.e., /mH(8) N N(0,U(0)), as n,m — oo.

With condition (R3*), the asymptotic normality of @ is obtained immediately from (38) as
V(0 — 8y) -4 N(0,V (60)) when n,m — oo, where

v~ (42502) " (20 ) “

We state the asymptotic results formally in the following theorem.

Theorem 2. Denote 0 be a solution of equation (31), and @¢ be the true parameter. Under the
regularity conditions (R1*)-(R3*), we have that, as n,m — oo,
(1) 6 wry 0y, and
(2) V(0 — 8) -2 N(0,V(8y)), where V (8o) is gaven in (39).

In general cases, regularity conditions (R1*) - (R3*) are necessary. However, when the structure
of 3(0) is specified, the equations (31) and (33) and regularity conditions (R1*) - (R3*) may be
simplified further in the derivation of the simplied version of the IEQL estimate @ given in (34)

and (35). Details are presented in the next section.

4.3 Asymptotic properties of the estimate 0 - Special Cases

Let us first consider the case that 2(8) = diag(o(8)), where o(8) = (01(0),...,0m(0))" = X8,
and X is a m X k known matrix with a full column-rank. In this case, the IEQL estimating equation

(35) can be written in the following matrix format:
(- X0)'[2(6)] °X =0, (40)
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where 72 = (72,...,72)T.
The following present an iterative algorithm similar to the generalized least squares (GLS)

method for getting the solution of 8. Consider the initial estimate,
o = (xTx)'xTr2 (41)

Use the following formula to update the estimate,

o7 = xTx20")x ) x =22 (42)
Stop the iteration if |@(p) pirt! )| <e

It can be shown that when X is an orthogonal column-matrix, the iteration process will stop
at the second step, i.e., 0 = 9. Other cases will converge with more iterations. The following
theorem show that the estimates obtained from this iterative algorithm have excellent asymptotic

properties such as asymptotic unbiasness, consistency and normal distribution.

Theorem 3. Under the model assumption (1) and regularity conditions (R1) and (R4), i
3(0) = diag(o(0)), o(0) = X0, and X is an m X k matriz with a full column-rank, then we

have the following results:

(i) For finite m consider

n
T]:10g< Zyw m ), j=1,...,m,
21

A(1)) — 9

in Eq. (41), then 9(1) is asymptotically unbiased as n — oo, i.e., lim, o E(O
(1)

Moreover, when n — oo the asymptotic distribution of @ is a linear sum of independent

chi-square distribution with one degree of freedom.
(ii) Under the regularity condition that
(R.6) X and X(0) satisfy

1 1
lim —X'X=A and lim —X'"3(0)2X = B exists,

m—00 M, m—0o0 M

then 9(1) 250 as n,m — 0.

2 w.p.l 2

Proof: (i) Follows from Lemma 2 that, conditioning on given z, 7 —— 2° as n — 0.

Furthermore, from the multivariate normal assumption on the logarithm of the random scale vector
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z and the fact that 3(0) = diag(X 0), the asymptotic unbiasedness of 8" can be shown as follows:

lim E0") = E[ lim EO"|2)] = E[E( lim 8" 12)]

n—oQ

= E[E(lim (X"X)'X"7?|z] = (X" X) ' X TE(2?)

lim
n—od

= (X'X)'X"Xx0=0,

where 22 = (22,...,22,

)T, and the exchangeability of the limit and expectation is provided by the
model assumption (1) and the regularity conditions.
Similarly, when n is large, with probability one, we have

lim Pr(8" <) = Pr[XTX) 1 X T2% < 4.

n—oo

According to the normal distribution of z in (1) and the indpendence assumption of ¢;; (conditioning
on z), in this special case the asymptotic distribution of the IEQL estimate 9(1) = XTX)_lXTT2
has a linear sum of chi-square distribution with one degree of freedom.
(ii) To show that o is consistent, we only need to show that Var(é(l)) — 0, as n,m — oo.
Note that, when n is large, with probability one, we have
lim Var(@") = lim Var[E(0"|2)] = Var[ lim E(8"|2)]
n—00 n—00

n—oo

= Va(X'X)'X"22) = (XTX)'X"22(0))X(XTX) L

Regularity condition (R.6) implies that (X " X)™! = O(m~'A™!) and (X "2(0)?>X) = O(mB), it

follows that, as n,m — oo, we have

51

Var(' ') =0O(m A 'BA™) = 0.

The proof of Theorem 3 is thus completed. [l

Theorem 4. Under the conditions stated in Theorem 8, we have the following results.

1 A (p+1
(e+1) be the estimate from (42) with any p iteration steps. Then, 0(p+ ) is asymptotically

. . . . ~(p+1 ~(p+1
unbiased and consistent as n — 00, i.e., lim,_ o E(O( )) =0, and as n,m — o0, 0( ) LN

0.

(i) Let @

(ii) Let @ be the sulotion of (40), then /m(0 — 6) LN N.(0,2B 1), where

1
lim —X'X2(0)?X =B

m—oo m,
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Proof:  For (i) and (ii), it is sufficient to show the case when p = 1 only. The proofs follow from

a similar procedure given in Theorem 2 (i) and (ii), respectively. In particular, as m — oo,
Var(0”™) = 0((XT=(0) 2X) 1) = O(m'B~1) = 0.

(iii) The asymptotic normality can be obtained from (35). Note that the equation (35) is
asymptotically equal to

)

d = —(2? —0j(0)) =0, i=1,...,k.
= oi(0) 00;
According to the normal assumption about z; that 2]2-/0]-(0), j = 1,...,m, are iid with x2(1)
distribution. Thus, U;(0) = (z]2 —0(8))/v/204(8), j = 1,...,m, are iid with random variables
having zero-mean and unit-variance. Then, the function on the left side of (35) can be written
as a linear combination of U;(@), j = 1,...,m, such as H(f) = Z;-”Zl a;U;(0), where a; =
0logo(0)/00. Applying Lindeberg-Levy central limit theorem, we can obtain the asymptotic
normality of m'/2H(@). Then, by using the first-order Taylor expansion m~'/2H (9) around 6, we
obtain that

A 0H

V(B - 8) = (5) " H(6)

is asymptotic normal with mean zero, as n,m — oo.
Similar to the proof of Theorem 2 (ii), from (42), we know that, when n is large, with probability

one, we have

lim Var() = lim Var[E(|z)] = Var[ lim E(8)|z)]
n—oo n—oo n—0o0
= Var(XTZ(0)72X) ' X T2(0)7%2?)
= (X'2(0) 2X) X 2(0) 2(22(0)?)2(0) 2X(X"2(0) 2X) !
= 2(XTx2(0) 2Xx) L.
The assumption (R.6) that lim,, ,o X' 2(0)"2X /m = B exists implies that (X ' 2(0)72X)~! =

O(m™'B™1). Tt follows that, as n,m — 0o, we have
Var(v/m(6 — 6)) — 2B™L.

and the proof is completed. L]

Consider another case of ¥(6). The next theorem presents an explicit form of the asymptotic

unbiased IEQL estimator § and its asymptotic distribution.
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Theorem 5. Under the model assumption (1) and regularity conditions (R1) and (R4), when
3(0) = 0%, where Xy is a known, positive definite m X m matriz and 6 > 0 is a scalar

parameter, then

(i) The IEQL estimate for 0 is given by 6= TTZEIT/m, where T = (T1,...,7Tm) |, and

1 n
7 =log | —— vii — 9.2, 5=1,..,m.
’ (nv(y.j) 2. (v = 53)

i=1
(ii) As n — oo, for finite m 0 is asymptotically unbiased, and m/0 4, x2(m).
(iii) As n,m — oo, 0 is consistent, and /m(0 — ) LN N(0,26%).
Proof: (i) For the model that () = 0%, we have 0%/00 = £, and 07" /00 = -2, /6.

Using notations W (0) and K(@) given by (18) and (19), respectively, the profile IEQL of 6 is
lo(0) =1log |W(0)| + K(0). From Lemma 1, we have

dlog |W| _10%(0) —1p—1 -1 m
_ = _ = = I = —
50 tr (2(9) 50 tr(X, 0" %) =tr(I,,07") 7 and
0K Tr -1 9Z(0) g/ 1 5 g 1 7go1
- =) 5 — T2 s 20 Tyl
50 T 32(60) 50 @) —"r T 0T 2T o T
Then the IEQL equation 9ly(0)/06 = 0 becomes
mo TTZJIT _ 0
0 62

Solve this equation. The IEQL estimator of 8 is given by § = TTEalr/m.

(ii) From Lemma 2, we know that, conditioning on z,

A 1 _ w.p.1 1 Te—1
f=—(r' )2 — (272 12).
m(T 0 T) m(z 0 z)

Recall that z = (z1,...,2m,) | has MN(0,0%,) distribution. Thus, 2" 5 '2/6 has x?(m) distribu-
tion, and E(2 ' X;'2) = mf. Then,

lim E(f) = lim E[E(@|z)] = lim E [E (lTTzo—lﬂz)] =FE (%zTE(}lz) = 0.
m

n—00 n—00 n—00

This shows that  is asymptotic unbiased. The model assumption (1) and the regularity conditions
provides the exchangeability of limit and expectation in the above derivation.
(iii) Because m#f/0 is asymptotically x2(m) distributed, we know that, as n — co, E(md/0) — m

and Var(mé/&) — 2m. It follows from the properties of x?(m) distribution that, as n,m — oo,
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(mf/0 — m)/v/2m LN N(0,1), or equivalently, /m(f — 6) LN N(0,20%). The proof is thus

completed. O

5 Simulation Studies and Numerical Results

Simulation studies are conducted to evaluate the performance of estimates for the mean and
variance-covariance parameters of model (1). To conduct a smaller scale estimation for under-
standing simulation results without running into messy computational problems, we fix the true

values of model mean as u = AB where A is a known m X 2 matrix,

A ’
00 ... 01 ... 1

in which each row has m/2 1’s and m/2 0’s. The mean parameter 8 = (31, 2) " and $; = 10 and
B2 = 20.

In the simulation study, random scale z is distributed as a m-dimension normal with zero mean
and some specific variance-covariance structures described below. The cases with different sizes of
m and n were also investigated. The sizes considered in the simulation studies are n = 10, 20, 30,
40, 50, 75, 100, 150 and 200, and m = 0.6n.

The following three cases of the variance-covariance matrices are considered in our simulation

study.

Case I: 3(0) = diag(X @), where

X — ’
00 ... 001 ... 1

in which each row has m/2 1’s and m/2 0’s, and @ = (61,6) ", and 6; = 4 and 6 = 1.

Case II: 3(0) = 0%, where 6 = 1 and

4 05 0 0 0
05 4 05 ... 0 O
3y = )
0 ... 0 05 1 05
0O ... 0 0 05 1

where the first m/2 diagonal elements are 4, and the last m/2 diagonal elements are 1.
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Case III:

0 0, 0 0 )

6, 01 0 0
%(0) = :

0 6, 6 6,

0 0 6 6

where 6; = 4 and 65 = 1.

In all three cases, the mean parameter 8 = (81,2) " is estimated by

Zyj, and fhp="> %7 7
] 1 j=m/2+1

but the variance-covariance parameters 61, 6> or 6 are estimated differently case by case.
In Case I, it follows from (41) and (42) that the IEQL estimate (01, 6s) is given by

m/2

=iy ma b=y o
T, an 2 = H ZT]
j=1 j=m/2+1

where
d (i n
szlog(M> ( —54) > j=1,...,m. (43)
" i= 1
In Case 11, it follows from Theorem 4 that the IEQL estimate 6 is given by 6 = % TZE L,
where T = (11,...,7) ", and 7;, 5 = 1,...,m, are given by (43).

In Case III, the IEQL estimate of (0;,65) is obtained by solving the IEQL estimating equations
(23), i.e.,

tr (W(a)—lav;ie(.e)) — +T2(0)16§9?) (0) =0, j=1,2.
J J

The simulation procedure consists of the following steps.

Step 1. Generating a m-dimensional normal random variables z = (z1,...,2y)" from MN(0,3(8)).

Step 2. Conditioning on z, generating n iid normal random variables {y;;} from N(p;, e ), where

j=1,....,m,and i = 1,...,n, and then obtaining the IQEL estimates 3 and 0.

Step 3. Repeating 1000 times of Step 1 - Step 2, and taking the average of the 1000 estimates as
the E(3) and E(#). Then, the bias of the IEQL estimates are evaluated by p— 21000 3;/1000
and 0 — ,2%° 6,/1000.
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Step 4. Repeating Step 1 - Step 3 for the sizes n = 10, 20, 30, 40, 50, 75, 100, 150 and 200. The
position number m = 0.6n are 6, 12, 18, 24, 30, 45, 60, 90, and 120, respectively.

Step 5. Repeating Step 1 - Step 4 for Case I, II and III.

To investigate the simulation error, for each case, at » = 20 and m = 12, we repeat the 1000
simulations 10 times, and the simulation error is evaluated by the standard deviation from 10
replications of the estimates. The simulation errors are also reported for each estimate in each
case. Tables 5.1, 5.2 and 5.3 present the numerical results of simulations of IEQL estimates for
Case I, IT and III, respectively, and serr is “simulation error” from 10 replications at n = 20 and
m = 12. In the tables, the biases (bias) are calculated in Step 3, and the standard deviation (sdv)
is obtained from the 1000 simulation replicates.

In all three cases, the mean parameters of the IEQL estimates of 81 and By are very close to
the true parameter values even with small sizes of n. Their bias values are less than the simulation
errors when n > 10. The standard deviations are monotone decreasing as n (and m) increasing.
These results agree with the consistency of the i = AB as stated in Theorem 1.

For Case I, Table 1 shows that The variance parameters #; and 5 are over-estimated slightly
in small sizes of n and m. In the cases of small size n, the problem of the slightly over-estimation
is basically due to the approximate solution 7 = log(d(fx)/n), which is derived from a large size n.

However, the biases become smaller as n and m increasing. When n > 40 and m > 24, the
biases of IEQL estimates 6, and 6, are less than the simulation error, and the estimate can be
considered as unbiased. Note that the standard deviations of él and 92 go to zero while sizes of n

and m are increasing, i.e., 0 is consistent as we stated in Theorems 2 and 3.
( Please put Table 1 here.)

Table 2 presents the simulation results for Case II. The results demonstrate very similar per-
formance as that in Case I. Both mean parameters 31 and 32 are very well estimated even with
small sizes of n. The scale parameter 0 is over-estimated slightly with smaller n and m, but the
mean value of the IEQL estimate is very close to the true parameter value when the sizes of n and
m become large. The simulation results agree with the theoretical results of Theorem 4 that IEQL

estimator @ is consistent.
( Please put Table 2 here.)

For Case III, Table 3 shows that, for estimating 6; and 6., the results are similar to the
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corresponding results obtained for Cases I and II. The variance parameter #; is over-estimated
slightly same as in Cases I and IT with small n, but covariance parameter 6, is not over-estimated.
In this case, 8 is well estimated even with small size of n. Although we do not have the theoretical

result for IEQL estimate in this cases, both 6, and 65 appear to be consistent.

( Please put Table 3 here.)

6. Conclusion and Discussion

This article uses a random-scale based generalized linear model to describe possible randomness
in variance components. The quasi-likelihood technique is extended to this model for allowing
flexibility in distribution of modeling errors. Laplace’s expansion method is a good tool to deal
with the complicated integrated quasi-likelihood for getting estimates with expected asymptotic
properties.

We obtained the estimating equations for the variance-covariance parameter 6. Approxima-
tions are performed to simplify the IEQL estimating equations. The results obtained from the
approximated equations and the original estimating equations are the same in the large sample
situation. Simulation results show that our estimating methods performance well. Under the gen-
eral variance-covariance structure of 3(0), the IEQL estimate i of mean parameter is unbiased
and consistent, and the asymptotic distribution of fi is obtained. Under several specific variance-
covariance structures of 6, this paper shows that the IEQL estimators of # have the unbiasedness

property asymptotically, and the asymptotic distributions of @ are obtained.

Appendix A - Review of the GLM, QL and EQL

Consider a GLM that Y = p + €, where Y = (y1,92,...,%,) " and € = (€1,...,6,)". The GLM
framework assumes that the observations y;, ¢ = 1,2,...,n, are independent and have discrete or

absolutely continuous distribution given by the density (McCullagh & Nelder, 1989)

yidi —b(0:) |
“ag) T (ymp)),

where a(y), b(6;), and 7(y;, ¢) are some differentiable functions, and b(9) is twice differentiable with

f(yz,91,¢) = €xp (

b"(0) > 0. This distribution family includes some frequently used models, which have the common
properties

E(y;) = b'(6;), and Var(y;) = b"(6;)a(y).

When ¢ is known, the above density belongs to the exponential family. For example, let a(p) = 1,
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b(0) = —log(1 — p) = log[1 + exp(#)] and 7(y;, ¢) = 1. This family becomes a binary distribution.
Poisson distribution is another example, which is the case with a(¢) = 1, b(f) = exp(d), and
7(ys, ) = —log(y;). This family can also cover the normal distribution with a(¢) = o2, b(8) = 6%/2,
and 7(y, p) = —[log(270?) + y2/0?]/2.

Wedderburn (1974) studied GLM through the following quasi-likelihood (QL) method based on
the link between the mean and variance components. Consider the GLM, Y = u(8) + €, where 3
is the vector of regression parameters. Define the quasi-likelihood ¢(.) by the differential equation:

T
5a =20 = (55) V7Y - ko)
where V' = Var(Y'), which might also involve 8. This quasi-likelihood has similar properties as the
regular log-likelihood such as
-
piQ@)] =0, B (57 ) = (75) V55 = CoviQee))

Quasi-likelihood approach widened the scope of the GLM by replacing the distribution assumption
of response variables with weaker assumptions, where only the first and second moments of the
responses are needed. Nelder & Pregibon (1987) and Davidian & Carroll (1988) extended the
quasi-likelihood approach to handle more flexible variance components.

Nelder & Pregibon (1987) considered a distribution family with mean and variance functions

given by the following model:
E(Y) = u(B) and Var(Y) = o*v*(u,2,0), (44)

where z is a vector of some explanatory variables and 0 is a vector of other parameters. They

proposed the following extended quasi-likelihood (EQL) as a generalization of the quasi-likelihood:

n

ui(B) _
¢(8,6,0) = exp {—% > (1og[2m%2<yi,zi,e)] -/ %dw) } . (@)

=1 Yi
Ifv(z,z,0) =1, ¢*(.) is the regular normal likelihood. The EQL (45) is close related to the following
pseudo-likelihood (Carroll & Ruppert, 1982):

n

118,60 = ~nlogo — Y (Toglo(us(B), 0]

1=1

(g m(B)? >
202’02(/"'1'(:3)’21"0) ’

which is asymptotically equivalent to weighted regression on squared residuals with an estimated
weight. See Davidian & Carroll (1987, 1988) for more discussions about the relationship between
EQL and pseudo-likelihood, and the motivations for the form of the EQL (45).
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Appendix B - Estimates of Parameters in the Mean Function

Suppose that the mean vector p can be expressed by a p-dimension vector of unknown param-

eters B with a link function f(-) and a m X p constant matrix A, i.e.,

n(B) = f(AB) = (f(aiB),---, f(anB)T,

where a; is the ith row vector of A, i.e., AT = (a1,az,...,an), a; = (ai1,...,a;) ,i=1,2,...,m,
m > p and A has column rank p.

In this case, note that

od _0d ou
0B  ou 0B
and
o (auz’ . . )
— = ,vi=1,...,m,5=1,...,
98 9B; J P) o

= (f’(a;rﬁ)aij’i:]"""m’j:]‘""’p)mxp

= diag(f'(AB))A.
The IEQL estimating equation dl(d(u(8)), z,0)/08 = 0 can be written as
0d/0B = (0d/0p)(9u/0B) = 0.
It follows from (10) that the equation dd/J8 = 0 can be expressed in matrix form as

ATV (u(B)(y() — F(AB)) =0, (46)

where

_ dia pi(B)  py(B) Hr (B)
Viea) = d g(v(ul(ﬁ))’v(ﬂz(ﬂ))’""v(um(ﬂ)))
) dmg( f(alf) f(aif) f’(aﬁ;ﬁ))
(@ ) o(F(@) B v(FlanB) )

'.l_/() = (g(.l)ag(.Q)a .. 7?(.m))T7 and g(]) = Z?:l y’tj/na .7 = ]-a 2... 5 M.
The equation (46) can be solved by the following extension of the GLS algorithm:

(1) Estimate p by the preliminary estimator ﬂ(o) =Y()-
(2) Obtain B(q) by solving equation
ATV (59 (g) ~ F(AB)) =0,
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(3) Set plath) = f(AB(q)) as the new preliminary estimator, return to step (2).

This process may be iterated a fixed number of times for convergence. At least one iteration is
recommended.

Denoted the estimator for 8 by B Because [1,(0) = Y(.) Is consistent as n — oo, we know that B
is also consistent as n — oo. The asymptotic distribution of B depends on the link function f(-).

But, in the case of the identical link function, i.e., u = A3, then B = (ATVA)_lATVy(,), where

V = di ( 1 1 )
=dwag| —,-s———< | .
v(T(.1)) V(F(m))

It follows from (12) that the asymptotic corvariance matrix of /(8 — B8) can be calculated by
g = (ATVA)rATVE, VTAATVA)

Note that, in the above discussion of the asymptotic properties for mean parameters, we only

assume that n — oo and let m be fixed. If we also let m — oo, the regularty condition that

(R5.) Both
lim l(ATVA) = B(3,0) and lim i(ATVZﬂVTA) =U(B,0)

m—0o0 M, m—o0 1M,

exist

is necessary. In this case, as n, m — 0o, B obtained from (46) is also consistent, and the asymptotic

variance-covariance matrix of 8 becomes

X3 B(B,0)'U(B,0)B(B,0) .
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Table 1 Bias and Standard Deviation of the Estimates in Case I
(51 = 10, ﬂg = 20, 01 =4 and 02 = 1)

N

~

B Bo 01 02

serr = 0.0027 serr = 0.0011 serr = 0.0233 | serr = 0.0051

n(m) bias sdv bias sdv bias sdv bias sdv
10 (6) | -0.0002 | 0.7961 | 0.0012 | 0.3962 | 0.1533 | 2.5893 | 0.1314 | 0.7762
20 (12) | 0.0016 | 0.4087 | 0.0003 | 0.1782 | 0.0412 | 2.0030 | 0.0284 | 0.4889
30 (18) | 0.0005 | 0.2841 | -0.0003 | 0.1071 | 0.0187 | 1.4207 | 0.0074 | 0.4039
40 (24) | -0.0001 | 0.1803 | 0.0005 | 0.0908 | 0.0053 | 1.3187 | 0.0048 | 0.3464
50 (30) | 0.0006 | 0.1643 | -0.0001 | 0.0611 | 0.0030 | 1.1931 | 0.0028 | 0.2936
75 (45) | 0.0008 | 0.1017 | 0.0001 | 0.0380 | 0.0022 | 0.9374 | 0.0019 | 0.2383
100(60) | 0.0006 | 0.0687 | 0.0002 | 0.0314 | 0.0025 | 0.7898 | 0.0012 | 0.2027
150(90) | -0.0003 | 0.0451 | -0.0002 | 0.0197 | 0.0021 | 0.6374 | 0.0009 | 0.1621
200(120) | -0.0004 | 0.0371 | -0.0001 | 0.0167 | 0.0015 | 0.5499 | 0.0008 | 0.1381
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Table 2 Bias and Standard Deviation of the Estimates in Case 11
(B1 =10, B, =20, and = 1)

B Bo 6
serr = 0.0011 serr = 0.0027 serr = 0.0046

n(m) bias sdv bias sdv bias sdv

10 (6) | -0.0001 | 0.8120 | 0.0061 | 0.8788 | 0.1156 | 1.0753

20 (12) | 0.0004 | 0.3842 | -0.0001 | 0.4142 | 0.0167 | 0.6511
30 (18) | -0.0001 | 0.2484 | -0.0008 | 0.2287 | 0.0048 | 0.5736
40 (24) | 0.0002 | 0.1943 | -0.0005 | 0.2263 | 0.0030 | 0.4576
50 (30) | -0.0003 | 0.1651 | 0.0004 | 0.1965 | 0.0025 | 0.3905
75 (45) | 0.0004 | 0.0874 | -0.0002 | 0.1208 | 0.0024 | 0.3238
100(60) | -0.0001 | 0.0838 | -0.0001 | 0.0676 | 0.0017 | 0.2869
150(90) | 0.0004 | 0.0532 | -0.0001 | 0.0460 | 0.0011 | 0.2248

200(120) | 0.0001 | 0.0394 | 0.0002 | 0.0379 | 0.0007 | 0.1900
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Table 3 Bias and Standard Deviation of the Estimates in Case III
(51 = 10, ﬂg = 20, 01 =4 and 02 = 1)

~

~

A Pa 6 62

serr = 0.0014 serr = (0.0021 serr = (0.0162 serr = 0.0131

n(m) bias sdv bias sdv bias sdv bias sdv
10 (6) | -0.0021 | 0.7809 | -0.0003 | 0.5623 | 0.1368 | 2.0260 | -0.0098 | 2.3129
20 (12) | 0.0008 | 0.3483 | -0.0009 | 0.3193 | 0.0933 | 1.4115 | -0.0120 | 1.4131
30 (18) | 0.0014 | 0.2363 | 0.0001 | 0.1371 | 0.0124 | 1.1200 | 0.0065 | 1.1373
40 (24) | -0.0013 | 0.1738 | 0.0014 | 0.1316 | 0.0046 | 0.8905 | -0.0014 | 0.9694
50 (30) | -0.0009 | 0.1319 | -0.0011 | 0.1268 | 0.0078 | 0.7972 | -0.0087 | 0.7505
75 (45) | 0.0012 | 0.1001 | 0.0008 | 0.0946 | 0.0052 | 0.6532 | -0.0067 | 0.6562
100(60) | -0.0005 | 0.0674 | 0.0010 | 0.0551 | 0.0100 | 0.5524 | 0.0051 | 0.5526
150(90) | 0.0002 | 0.0472 | 0.0000 | 0.0347 | 0.0022 | 0.4434 | -0.0028 | 0.4418
200(120) | -0.0005 | 0.0445 | 0.0002 | 0.0176 | 0.0017 | 0.3819 | 0.0041 | 0.3730
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Figure 1: Antenna Signal Patterns
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Figure 2: Log-variance Patterns from 20 Antennas
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