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Summary
Semiparametric maximum likelihood estimation with estimating equations (SMLE) introduced in
Qin & Lawless (1994) is more flexible than the traditional methods such as the parametric maxi-
mun likelihood estimation (MLE), Cox’s (1972) proportional hazards model, accelerated failure time
model, quasi-likelihood (Wedderburn, 1974) and generalized estimating equations (Liang & Zeger,
1986) with much less restrictions on distributions and regression-models. The needed information
about distribution and regression structures is incorporated in estimating equations of the SMLE to
improve the estimation quality of nonparametric methods. The likelihood of the SMLE in censored
data cases involve several complicated implicit functions without closed-form expressions, and the
first derivatives of the log-profile-likelihood cannot be expressed as summations of independent and
identically distributed random variables. It is quite challenging to derive asymptotic properties of
the SMLE in censored data cases. For group-censored data, the authors verify that all the implicit
functions are well defined and obtain the asymptotic distributions of the SMLE for model parame-
ters and lifetime distributions. This article uses several examples to compare the SMLE, the regular
nonparametric likelihood estimation method and the parametric MLEs in terms of their asymptotic
efficiencies. The article also present a real life example to illstrate the application of SMLE method.
Various asymptotic distributions of the likelihood ratio statistics are derived for testing the adequacy

of estimating equations and a partial set of parameters being equal to some known values.
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1. Introduction

Qin & Lawless (1994) and Lu, Chen & Gan (2002) used many examples to show that semiparametric
maximum likelihood estimation with estimating equations (SMLE) method is very flexible in many
studies including estimating failure time distributions and regression parameters. For example, the
distributions of the failure times in testing printed circuit boards at different humidity levels studied in
Meeker & LuValle (1995) are not the same after scale changes as suggested in the regular accelerated
failure time models (AFT; Nelson, 1990, Chapter 4; Meeker & Escobar, 1998, Chapter 18). Because
the SMLE method is not restricted to the distribution structures assumed in other semiparametric
methods, e.g., the AFT and proportional hazards (PH; Cox, 1972) models, it should perform much
better compared to the parametric MLE when the model is mis-specified.

Similar to MLE procedure, the SMLE has many nice statistical properties. To discuss the proper-
ties of SMLE, asymptotic theory plays an important role in deriving the large sample approximation
of the distribution of the MLE and likelihood ratio test (LRT) statistics. In the complete sample case,
the asymptotic theory of the SMLE is similar to the theory for the maximum empirical likelihood
estimate (MELE). Suppose G(t,0) is a vector of r estimating functions, and @ is a p-dimensional
parameter vector. Owen (1988, 1990) studied asymptotic properties of the MELE in r = p situation.
Qin & Lawless (1994, 1995) discussed more general cases with r > p. Because censored data usually
occurred in real-life applications, extension of the results given in the complete sample to censored
data is necessary.

The main purpose of this article is to provide technical details of SMLE’s asymptotic distribu-
tional results focusing on group-censored data. Section 5 uses several numerical examples to show
the efficiency and the application of the proposed SMLE methods. In general, when compared to
the parametric MLE with a “correct” distribution used, the SMLE does not lose much efficiency
asymptotically. On the other hand, when the parametric MLE mis-specifies the underlying distribu-
tion or does not use the information of distribution structure, the SMLE can be much more efficient
than the mis-specified parametric MLEs or regular nonparametric MLE method, i.e., unconstrained
SMLE. See Tables 1 and 2 for numerical values of the comparison.

Because the likelihood for the censored data in the SMLE approach has no closed expression
and is determined by a set of complicate implicit functions, derivation of its asymptotic distribution
is much more difficult than complete sample cases. Moreover, the log-profile-likelihood cannot be
expressed as a sum of independent and identically distributed (i.i.d.) random variables. Therefore,
it is quite challenging to derive the asymptotic properties of the SMLE for the censored data case.

This article obtains nice results for the grouped data with random censorship. The rest of the

article is arranged as bellow. Section 2 briefly introduces the SMLE procedure. Section 3 presents



the consistency of the SMLE estimators. Section 4 derives asymptotic distributions of the SMLE
for various quantities. Section 5 shows some numerical results of asymptotic efficiencies of the
SMLE and a real life example. Section 6 gives asymptotic distributions of the LRT statistics for
simple hypothesis Hig : @ = 0y, testing partial components of the parameters and model hypothesis
Hyy : E(G(T,0)) = 0. A skeleton of the proofs is presented in the Appendix. Appendix A is a
proof of Lemma, 3.1, and Appendix B shows the differentiability of some implicit functions used in
SMLE procedures. The proofs of a few lemmas and the asymptotic normality of the likelihood are

presented in Appendix C and D.

2. Semiparametric maximum likelihood estimation

with estimating equations (SMLE)
2.1 Nonparametric likelihood for group-censored data

Let T; and W; be the lifetime and censoring time for the ith subject, ¢ = 1,2,...,n, respectively.
Assume that lifetime T and censoring time W are independent. With the random censorship, for
the ith subject, one observes only Y; = min(7;, W;) and A; = I(T; < W;), where I(.) is the indicator
function.

Let dy,; and c,; be the numbers of deaths (lifetime data) and withdraws (censored data) observed
at pre-fixed k time-points 0 < &1 < & < ... < &, respectively, ie., dn; = 3771 I[(Y; = &, A; = 1),
eni = 25 1Y =&, Aj=0),1=12,...,k where 0 < & < & < ... < { are known. In this
article, denote dpx+1 =n — E?:l(dnj + cp;) the number of the subjects whose lifetimes are beyond
Ek-

This article considers T" and W as discrete random variables with the following probability mass
functions, respectively, Pr(T' = &) = P; > 0, and Pr(W = &) =Q; > 0,1 =1,2,...,k+ 1, where
k11 = L, the experiment ending time (L > &), and Y% P, = 1 and YF1! Q; = 1. With these
definitions and the independence between T' and W, we have

k+1
Pr(Y =¢,A=1) = Pr(T =W 26)=P ) Qmi=12...,k+1,
m=1

k+1
Pr(ngl,A:O) = Pr(W:&aT>§z):QZ Z Pn,i=1,2,... k. (1)
m=i+1

Thus, the nonparametric likelihood of the group-censored data d,;’s and cy;’s is

k+1 k+1 dni k+1 Cni

i=1 m=i+1 i=1 m=i+1



Treating the censoring time probabilities @);, ¢ = 1,2,...,k 4+ 1, as nuisance parameters. Then the

nonparametric likelihood is simplified to

k+1 k k+1 Cni
=Tl 5 n) @
i=1

i=1 \m=i+1
Although the data is in groups, random censoring is involved through c¢,; counts.
The likelihood (2) is derived for one-sample group-censored data. Its extension to independent

multiple samples with covariates is straight forward and thus skipped here. See Lu, Chen & Gan

(2002) for details.

2.2 The semiparametric model given by estimating equations

Let @ € ® C RP be the p-dimensional parameter vector associated with the discrete distribution
P = (P,P,...,Pyy1), where © is the parameter space which contains a neighborhood of true
parameter 8. Suppose that the information about @ and P is available in terms of r > p functionally
independent unbiased estimating equations Ep(G(T,8)) = 0, where G(T', 0) is from (0,00) X @ into
R". The parameter of interest, 8, and the distribution P are associated with each other by the
estimating equations Ep(G(T,0)) = 0. In other words, distribution P = (Py, P5,..., Pyy1), can be
considered as the implicit functions of 8 that are described by equation Efill P,G(T,¢&;,0) = 0.

For given § € @, denoted by By the set of all vectors of b = (p1,pa,---,pr41) with non-negative
entries such that Zf+11 p; = 1 and Ef+11 piG(T,&,08) = 0. SMLE 8,, € © of 0 searches b in Bg to

maximize the following function. Let

k+1 k+1
H, = logL - 2()_P-1)-2T) PG(T,%,6)
=1 =1
1 k41 k+1 k+1 k+1
=~ dnilogPi+ Zcm log( Y Pj)—X(d_Pi—1)-A" Y RG(T,&,6), (3)
=1 j=i+1 =1 =1
where Ao and A = (A1, A2, ..., \,) are Lagrange multiplier quantities.

Taking derivatives with respect to F;, Ag, A and 8, we have

o0H, d, 12 c .
8P7-1:n7]z;-+ Z+_AO_ATG(T7£i50)722152"--7k+1’
7 2 m=1 ( ] =m+1 )
oH. k+1 BH k+1
and
a & 9G( T fz, 9)

_—ATZP



Equating the above derivatives to zeros, one can obtain én, the SMLE of 8, by solving the following

equations:
k+1
oG Ta 5'5 0
A0)Y Pa0) X050 @
=1
where
PLi(0) = Ll i=1,2,---,k P :1—Zk:P~ (5)
ni n(l — am(e) n A;—(O)G(T’ fz', 0)), ) 4y y vy n(k+1) s nis
in which
1 -1 o '
am(o) = E Z k+1 1=2,--,k, an =0, (6)

m=1 Zsj=m+1 Pn](e) ,

and A, (@) is given by

1%1 dm'G(Ta fi, 0) _
=1 - ani(0) + A} (0)G(T,,0)

(7)

Note that A\g = 1 by using the fact that ijll P,0H, /OP; = 0. In the case that no censoring is
observed, a,; = 0 and P,; reduces to the results as obtained by Qin & Lawless (1994).

Because equation (4) is defined by a series of implicit functions without closed-form expressions,
it is difficult to study the properties of SMLE 8,,. In particular, for this group-censored data case,
because A, (@) determined by (7) depends on 6, P,;(0) and a,;(@), the left side of (7) is no longer
a sum of i.i.d. random variables like that in completed sample case. Thus, the procedures used in
Owen (1988, 1990) and Qin & Lawless (1994, 1995) are not applicable. Furthermore, in the survival
analysis literature, the asymptotic distribution of FT(t) has been derived only in some special cases
(e.g., Breslow & Crowley (1974) and Tsiatis (1981)). The SMLE of survival functions,

~ d,:
F — mi i} ’
" &2575”(1 — ani(8n) + Ay (0)G(T, &, 61))

is very complicated. To derive the asymptotic distribution of Fip(t), the convergence of a,;(8,) and
An (9n) as well as their convergence rates are needed. Because these quantities involve many implicit
functions, investigating their asymptotic properties is quite challenging.

Before discussing the asymptotic properties of the SMLE, we need to show that the equations
(5) - (7) are well defined, i.e., their solutions exist uniquely. Under some mild regularity conditions,

the next section presents the existence of these solutions and the consistency of the SMLE 0.,

3. Consistency of the SMLE 0

The following regularity conditions are necessary in discussing the properties of the SMLE 0.,.



(R.1) Parameter space ® C RP is compact without isolated points and contains a neighborhood of

true parameter 8y, and supg.@{0 < | max;<;<x+1 G(&i, 0)[} < oo,

(R.2) Denoted by G(t,0) = (¢1(¢,0),92(t,0),...,9-(t,8)). Forgiven 0 < & < &... < & < &1 = L,
let g] (gj(gla ) g](&an)a .- agj(§k+1a0))7j = 172a' <y Ty and G = (gla927"' agr‘)' For every

0 € @, assume that r x r matrix G' G is nonsingular,

(R.3) E(||G(T,8)|]?) < oo and G(T, 8) is second-order differentiable with respect to 8, i.e.,
0’G(T,0)/0008" exists for each 0 € ©.

The regularity condition R1 is to ensure that the maximum of the likelihood function |H,(8)|
defined in (3) exists in the interner of ®@. R2 and R3 state the non-singularity, continuity and
differentiability of estimating function G(t,0) to ensure that equation (4) is well defined and the
SMLE 8,, will be found in the ball ||@ — 8y|| < n~'/3 with probability 1, when n is sufficiently large.
The following result shows that equation (4) is well defined. See Appendix A for its proof.

Lemma 3.1 Under regularity condition R2, for given 8 € O, solutions of the implicit functions

A(O) (5) - (7) exist uniquely.

It follows from Lemma 3.1 that P;(0),i=1,2,...,k+1 given by (5) are well defined. Therefore,
the log-profile-likelihood of @ is

k+1 k k+1
H,(0) = Z dn;ilog Pyi(0) + Z Cni log Z P,.(0) ] . (8)
=1 =1 m=i+1

Under the regularity conditions R2, R3, Appendix B shows that P,;(@),7=1,2,...,k+ 1, and
An(0) are differentiable with respect to 8. Thus, SMLE 0,, can be obtained by solving equations
0H,(0)/06 = 0. From (8), we know that it is equivalent to solving the following equation

k+1 k k+1
Z P,i(0) 06 + Z (Zk+1 Z o0 =0.

1=1 m= z+1 (0) Jj=t+1
For the notation simplicity, the “dot” notation will be used to define the derivative of quantities with

respect to 0, e.g., Pni(0) = 0P,;(8)/06. Because

]%1 dni k Cnm Iil 5
Prui(6) + Fri(0)
i1 Ppi(0) " =1 Zk+'r1n+l Pnj(e) i=m+1 "
_|_1 T 1—1 c .
- (1 — ani(8) + AL G(T, &, 0)) + = )P (6), 9)
g ( m n 4 — Zk+71n+1 Pn](e) "

and recall that
i—1 k+1 k+1

3
m=1 £Luj= m—|—1 (0) i=1




and Y ¥ G(T,&;,0)Pi(0) = — X FHL G(T, &, 0) Pai(8), it follows that the right hand side of (9) is
—nA(0) X G(T, &,0)P,;(0). That is,

OH,(0) i e
50 = A (0) Y- G(T,6,0)Pui(6). (10)

=1

Therefore, equation 0H,(0)/00 = 0 is the same as equation (4). Similar to the results of Qin &
Lawless (1994, Lemma 1) in the completed sample case, we have the following conclusions for the
group-censored data. The proof of Theorem 3.1 is tedious but straightforward by following the
similar procedures used by Qin & Lawless (1994) and Owen (1990), and thus, it is omitted.

Theorem 3.1 Let g € O be the true value of the parameter. Under the regularity conditions
R1-R3, we have

(1) 6, and A\, = /\n(é) satisfy equations (4) and (7).
(2) Aa(8) "3 0 and An(8) = Op(n12), for 8 € {6:]|6 — 8o|| < n~/3}.

(3) When sample size n is large, with probability 1, H, (@) attains its mazimum value at some point
0., in the interior of the ball ||@ — 0|| < n~Y/3. Thus, the SMLE 0., is a strongly consistent

estimate of 0.

4. Asymptotic distribution of the SMLE
4.1 Asymptotic normality of 0H,(0)/060

Before deriving of the asymptotic normality of H,,(0)/06, we need to study the convergence of a;
and the consistency of B,; first. Replacing the parameter @ in equations (5) and (6) by its SMLE @,
leads to Py = n 'dni/(1 — ani + A} G(T, £i,0,)),i=1,2,... k, and Pn(k+1) =1-YF% P, where
an1 =0, ap; =n IZ cnm/(thln_HA i), t=2,...,k.

The following lemmas are needed to derive the asymptotic results given in Theorem 4.1. See

Appendix C for their proofs.

Lemma 4.1 With the above notations, we have that a,; wpy ;;11 i, 4 = 2,3,...,k, and

PP P i=1,2,... k.

Lemma 4.2  Under the conditions of Theorem 3.1, for given 0 € {8 : ||6 — 8o|| < n'/3},

s d’mG Ta iao GT Ta i70 - s anG Ta iae —
O =& e )] [Z ey ] Fo,(n7, ()

where Pp;i(0), an; and A, (0) are the solution of equations (5) - (7).



Let

» | = kil dnzG(Ta é.’ia on)GT(T’ €ia én) and 21 — ]il -P’LG(T 627 )GT(T é.ia 0) ) (12)
" i=1 n(l - ani)2 ’ i=1 Zk_H Qm

According to Lemma 4.1, we know that

w.p.1 %PEIH_I Qm (T 617 ) T(Tagiae)

Enl — = 21.
= (Emls Qm)?

Let Z;, = n'/2 Y5 d,,G(T, &, 0)/n(1 — an;)- Appendix D shows that Z, 4, N,(0,%1), where 4
is given in (12). Then, Applying the results of A, (@) given in (11) to equation (10), we have

1 0H,(6) Tp-1 -1
— ——A'B-'7* /2 1
\/ﬁ 80 n-=—mn n + Op(n )1 ( 3)
where A, = Y G(T, ¢;,0)Pi(8), B, = n~' Y5 d,,,G(T, &,0)GT (T, £:,0)/(1—ay;)?. Under the
regularity conditions R.2 and R.3, we know that
E+1
lim A, = 21 G(T,&,0)P; = %, (14)
3

exists with probability 1, and B, = n~t Y d,,G(T, &, 0)GT (€:,0)/(1 — ans)? 25 ¥1. Then, it
follows from (13) that n~'/20H,(0)/00 % N,(0,%,), where £, = 2] 515,515, = 27515,

We state the this conclusion formly as the next theorem.

Theorem 4.1  Under the conditions of Theorem 3.1, for the derivatives of the log-profile-likelihood
given in (10), n '/?0H,(0)/06 LN N;(0,%,), as n — oo, where B, = g 57 'Sy, and Ty and
Yo are as defined in (12) and (14), respectively.

4.2 Asymptotic distribution of the SMLE 6,

Applying Taylor’s expansion to the left hand side of (4) at 8,, = 8y, we obtain that

k+1 k+1

n AL ST G(T,6,0) P = —n Tt ON) Y G(T, €1,0) Pril /08/1(8,, — 6) + 0,(v/1]|8,, — 6))),

i=1 i=1
where A\, = An(0) and P,; = P,;(0) are determined by (5) and (6) implicitly. Before deriving
the asymptotic distribution of the SMLE én, we need to show that the following limit exists with

probability 1, and the limiting matrix is nonsingular (rank = r),

19 gy
lim ——7 (AZ(G) ZG(T,&-,O)PM-(G)> =%, (15)



Assume that the derivative and the limit are exchangeable. The above limit can be written as

T k—|—1 k+1
[‘” > GT.6,0)P(60) +AT(0) a%(ZGT&,) <0>>]. (16)

i=1

tm
Because the derivative of 0 (Z’H'l G(T, &;,0)Pi(0 )) /00 exists, and A\, (0) “Zs O under the con-
ditions R.2, R.3, it can be shown that the limit of the second term of equation (16) is zero with
probability 1. Then, the limit in (15) is equal to lim, o, A, (8)/00 S E4L G(T, &, 0) Pri(6).
Under the conditions of Theorem 3.1, it follows from the expression of 0\, (8)/00 (see Appendix
B) that we have lim,,_,, A, (6)/06 = 2;122 w.p.1. Thus, from (14), we know that X, = lim,_,, =
%) 2718y, With this result, the limiting covariance matrix of v/n(8,,—8) becomes £ = [£) £71 55!
Therefore, it follows from the Taylor expansion and the results given in Lemma, 3.3 and Theorem
3.1 that the asymptotic distribution of the SMLE 0., can be derived. The result is stated in the next

theorem.

Theorem 4.2  Let 0 be the true parameter and 9n, the solution of the equation in Theorem 3.1,
be the SMLE of 8. Under the regularity conditions R.2, R.3, we have v/n(0,, — 0)i>Np(0, %),
where ¥ = [Xg 87150 7L, 1 and Xy are given in (12) and (14), respectively .

The following offer some interpretation of the covariance matrix ¥. Recall from (12) and (14)
that ¥; and 3 are the following expectations, £ = E[G(T, 0)G (T, 0)/Sw (T)], £ = E[G(T, 8)],
where Sy (t) = > iigi>t Qi- The denominator of X; represents the proportion of uncensored data in
the observations. The more uncensored data are observed, the smaller asymptotic variance of the
SMLE ,, is. For example, in the completed sample case, this denominator becomes one, and the
result of Theorem 4.2 is the same result as given in Qin & Lawless (1994). In the Type-I censoring
case that the censoring time wi,ws, ..., w, are as fixed (not random variables). The denominator
Sw(T) = Pr(W > T) = Fr(W) can be replaced by Q = lim,_,00 = Y Fr(w;) (assume it exists).
Then, 31 becomes E(G(T,8)G' (T, 0))/Q.

As a simple illustration, assume that 7" has an exponential distribution with the mean parameter
6. Based on the classical parametric MLE result for the exponential distribution (Lawless (1982),
page 105-107) in the type-I censored data case, its asymptotic variance is 8?/Q*, where Q* =
lim, % Yol — e‘“’i/e). In this case, from Theorem 4.2 the SMLE with a single estimating
equation, G(T,0) =T — 6, has the limiting variance as

» ET-60)?% Var(T)
o° = 0 -0 =0°/Q.

The quantity Q* matches the quantity () defined above, and the asymptotic variances are the same in

the parametric MLE and SMLE approaches. See Lu, Chen & Gan (2002) for additional comparisons.



4.3 Asymptotic normal distributions of the SMLEs P,; and ﬁ’n(t)

Let us consider the asymptotic distribution of ]5m = Pm(én) first. Because

dni
(1 — Gn; + )‘;L_(on)G(Ta §ia en))

Bri = and || An|| = Op(n~'72),

Taylor expansion of P at A, = 0 results in

, i dpiGT (€i,0,) A0 (6,) -
P. = ne T ,Yn n\Yn 1/2 )
" n(l - am') * n(l - a'm')2 * Op(n )

k+1 5 7
A =31 (Z M) + Op(nfl/Z)_

= n(l—ap

From (11) and (12),

Therefore, \/ﬁ(pm - P) =

. GT(. B i
ﬂ( dni P) N \/ﬁ<de (fz,en)xn(en)> o(1)

'n(l — am') n(l - am')2
_ dm' y dm'GT (517 én) —1 A, de(T, &ia én)
= Vn (n(l — Qni) B B) + n(1 — ap;)? 1 ; n(l — ap;) + 0p(1)-

Denoted by Z,(L? and Z,(L? the first and the second terms, respectively, in the above expression. It
is obvious that Zfz? is asymptotic normal. Appendix D shows that Zr(j) is also asymptotic normal.
Therefore, the asymptotic distribution of P,; is obtained as stated in the next theorem with the
asymptotic variance equal to the limit of the following quantity as n — oo:

= Var(Z z4 )) + Var(Z, 72 )) 2Cov(Z zW (2)).

ni

Theorem 4.3  Under the conditions of Theorem 3.1, \/n(Pni — P;) LN N(0,02), where

N (A ,2<Pi
)

2
a; Ek—H Q]) GT(&MG)ZI_IG(Ta 5210)

? Ek—|—1 Qj

Next, let us discuss the asymptotic distribution of Fy(t) = 3., i<t Pi(0,) = E’H'l i(0)I(& <)
First, we show that \/n(F,(t) — Fr(t)) can be written in terms of S byi(dni/n — i) + 0p(1) for
some quantities by;, where Fp(t) = Efill PI(& <t), ¢; = E(dni/n) = EkH Q. Note that Taylor
expansion of F’n(t) =De<t Pm(én) at the true parameters 0 yields

R k+1
Fn(t) = me fzgt)‘f'

k+1 dnil(§i < 1) OA(0)\ »
z; n(l — ani + A, (8)G(T, &:,0)) ( (€075 ) (6 — 8) + 0p(n~1/?).

10



Moreover, recall that O\, /08 — B7 %9, and, based on (13), we know that (6,—0) = STA BN S ML, G(T €5,
ani) + o(n~1), where ,, is the left hand side of (15). Because A, = 33 + 0,(1), Bn =31 + 0p(1),

and

Sne = T +0p(1) = B3 755 4 0,(1), va(F(t) — Fr(t)) =

SIEED (i) iy Y OGO () o

i=1 ) i=1 n
k+1
I(& <t) — p' ()G(T, &, )(m )
= 1 + o ]‘ 7
i:z; (1 _ a'n,z) n ¢Z p( )
where
pl(t) =BT (1) T[S By ' Te] '8y BT, and B(1) = Y G(T,;,6) (17)
&<t
Because dp;, 1 = 1,2,...,k + 1, have a multinomial distribution with cell probabilities ¢;, i =
1,2,...,k + 1, respectively, \/n(F,(t) — Fr(t)) LI N(O, O'%,(t)), where O'%,(t) =24t - u%(t),
k+1 T(¢ 2 k41
I 5 <t p T,f',
Eﬁ'(t) = Z ( ( : )Zk—l—l(q)? ( : ) P ZQJa a‘nd
i=1 J
k+1 k+1 k+1
I(& <t)—p (T,¢&,0
up(t)y = 3 1E=Y z’f“( R > 0= 316 < 0B = Frid)
i=1 J i=1

After some algebraic manipulations, we have E;( ) = i<t il (Zk+1 Q;)—p' (t)Z1p(t). Therefore,

k+1
760 = B0 =ui) = 3 RIL Q) =~ FW) =~ (Ol
1:£;<t
k+1
= Y P/ Q) - FA®) - BT (ST Sals) £rIT S] BTA(), (18)
1:£;<t Jj=t

where 3(t) is given in (17) and 3 and X, are given by (12) and (14), respectively. We state this

result formally in the next theorem.

Theorem 4.4  Let P ={Py,...,Pyi1} and Q = {Q1,...,Q+1} be the true discretized distribu-
tions of the lifetime T and censoring time W, at the pre-fized time-points 0 < & < & < ... <
£k < L =&g41 as defined in (4), and Pr(t) = 3,.¢,<, Pi and E,(t) = Ye<t P,i(8,). Under the
conditions of Theorem 3.1, we have that /n(F,(t) — Fr(t,0)) LN N(0, G%(t)), where a%(t) is
given in (18).

In the complete sample case, Sy (T) = 1. Thus, 0% (t) < Fr(t)(1 — Fr(t)) as long as B(t) =
Yiei<t G(T,&,0) P, = E(G(T,0)I(T < t)) #0.

11



5. Numerical examples
5.1 Asymptotic efficiency studies

This section provides some numerical comparisons (in the sense of asymptotic relative efficiency)
of the parametric (MLE), constrained SMLE, unconstrained SMLE (uSMLE), and mis-specified
parametric MLE (misMLE) in both the completed and censored data cases.

Consider type II censored data with the censoring rates, 10%, 20% and 30%. Let 0 = & < &1 =
h <& =2h<...<kh=¢& < (k+1)h =L be k pre-fixed points, and L is the ending time of the
experiment. This setup allows us the study the effect of changing interval sizes by varying a single
constant h. See Tables 1 and 2 for details. Thus, the profile likelihood of # becomes

L(T,0) = ﬁ(ST(ih, 0) — S7((i + 1)h, 0))% Sy (kh, 6)°++1, (19)

i=1
where d; is the number of deaths observed in the interval [ih, (i + 1)h), i = 1,2,...,k, and ¢y is
the number of withdrawals after &, = hk.

Consider the case that the lifetime 7" is from an exponential distribution Ezp(6) with mean 6 = 1.5
or a log-normal distribution that ¥ = log(T") has a normal distribution with mean g = 0.0589
and variance 02 = 0.693 such that Var(T) = E(T)2. Note that the lognormal mean parameter
0 = E(T) = e#+9°/2 and the variance parameter Var(T) = 249" (e7” — 1).

Denoted by éML E= él the MLE from the parametric models. Then, the asymptotic variance of
/(61 —0) can be obtained from the expectation of the Fisher information matrix [E(82 log L(T, 0)/862)] 1,
where L(T,0) is defined in (19) with S7(¢,0) = e~/? in the exponential case.

For the MLE 6; of the lognormal mean, the asymptotic of variance of \/ﬁ(él —6) can be obtained
from applying the dmethod to the Fisher information matrix of the MLEs 4 and &, I(u,0) =
E(0? log L(Y, p,0)/0udc), where L(Y, u,0) is defined in (19) with

Sy (y, p,0) = /Oo ! erp (—M> dr=1-® (u) .

y oV2T 202 o

Denoted by 6, the constrained SMLE of 6 with model assumption Var(T') = E(T)2. The estimat-
ing equations for the SMLE are Go(T,0) = (T — 0, T? — 26) = 0. Denoted by 5 the unconstrained
SMLE (uSMLE) of mean parameter . The estimating equation of the uSMLE is G1(T,0) =T — 6.
Note that this estimating function does not impose any constraint on 6, but define 8 as the mean
parameter. In the completed sample case, 03 is nothing but the sample mean, and is the same as the
MLE of € in the exponential case. The asymptotic variance of both uSMLE \/ﬁ(éQ — 6) and SMLE
/n(f3 — ) are as given in Theorem 4.2.
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The parametric MLE is sensitive to assumption of the true models, and always loses efficiency
if the model is mis-specified. We use the exponential MLE in the log-normal situation to assess
the efficiency loss in the case of mis-specified MLE. Denoted by 8, the mis-secified MLE (misMLE)
from using the exponential likelihood with mean 8 = 1.5, i.e., 64 is obtained by solving likelihood
equation dlog L(T,0)/00 = 0, where L(T,6) is defined in (19) with Sp(t,0) = e~*/%. However, the
asymptotic mean square error of fy, asvar(fy) = lim,_,o E((64 — 0)?) is calculated with respect to
the true model, the log-normal distribution.

Define the asymptotic relative efficiency of éi, 1 = 2,3 and 4, as follows:

asy. MSE of MLE
asy. MSE of 0;

asyeff(0;) = ( > x 100%.

For various interval size h, Table 1 presents the asymptotic relative efficiency of SMLE 65 and uSMLE

05 compared with the parametric MLE in the exponential case.
(Please place Table 1 here.)

Note that, the exponential distribution has the property of Var(T) = E(T)2. In the completed
sample case, with smaller interval sizes, uSMLE and SMLE are almost fully asymptotically efficient.
However, the loss of information in uSMLE is faster than in SMLE as the interval size becomes
larger. For example, when interval size h = 1.25, SMLE remains more than 90% efficiency, while
uSMLE is about 70%.

In censoring cases, the advantage of SMLE is clearer. For the 10%, 20% and 30% censoring cases,
and all interval sizes used, SMLE has about 90%, 80% and 70% efficiency, respectively, while uSMLE
only has about 40%, 35% and 33% efficiency, respectively.

It should be noted that varying the interval size does not change the conclusion of the asymptotic
efficiency much in both completed and censored sample cases. For example, even in the exponential
distribution case, in which variance is equal to the square of mean, the constrained SMLE has an
average of 100% better asymptotic efficiency than non-constrained SMLE if the lifetime data are
censored.

For various interval size h, Table 2 presents the asymptotic relative efficiency of SMLE 92, uSMLE

63 and misMLE 6, compared with parametric MLE in the log-normal case.
(Please place Table 2 here.)

Table 2 shows that, in the completed sample case, SMLE has an average of 80% efficiency,
uSMLE has an average of 70% efficiency, and misMLE has about 65% efficiency. In this case,

because exponential MLE from grouped data is very close to the sample mean (the same as uSMLE
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in this case), the misMLE does not loss efficiency much. However, in censoring cases, the performance
of misMLE is terribly bad.

In the light censoring case (10% censoring), the performances of SMLE and uSMLE are almost
same, which is about 60% efficiency, but SMLE is slightly better than uSMLE uniformly over all
interval sizes. The asymptotic efficiency of the misMLE is slightly over 10% for interval size h < 0.2,
and about 6.5% for 0.3 < h < 0.5. The efficiency of misMLE is sensitive to the interval size. The
larger interval size h is, the less efficiency it is.

For 20% and 30% censoring cases, and all interval sizes used, SMLE has about 48% and 43%
efficiency, respectively, while uSMLE only has about 38% and 30% efficiency, respectively. The
constrained SMLE has an average of 25% better asymptotic efficiency than the non-constrained
SMLE if the lifetime data are censored more than 20%. The performance of misMLE is unacceptable
in this case. When censoring is more than 20%, misMLE only has about 10% efficiency for small
interval sizes (h < 0.3), and almost has no efficiency at all (less than 3%) if the interval size h > 0.4.
Moreover, misMLE has problems other than the efficiency. The misMLE obtained from exponential
likelihood is not consistent. It is easy to know that Pr(lim, 64 #6)=1.

From Tables 1 and 2, we can conclude that the SMLE has an average of 15% better asymptotic
efficiency than uSMLE in completed sample cases. If the distribution assumption is correct for
the parametric MLE, the performance of the SMLE is rather close to the MLE with more than
80% asymptotic efficiency. When the distribution assumption is incorrect, we know that misMLE
performs terribly. In the censored sample cases, SMLE has an average of 100% better asymptotic
efficiency than uSMLE. The misMLE has almost no efficiency if the censoring is more than 20%.
The interval size for the data grouping does not impact SMLE efficiency much in both completed
and censored samples.

In conclusion, when compared to the parametric MLE with a “correct” distribution used, the
SMLE does not lose much efficiency asymptotically. On the other hand, when the parametric MLE
mis-specifies the underlying distribution or does not use the information of distribution structure
such as variance is a function of mean, the SMLE can be much more efficient than the mis-specified

parametric MLEs or regular nonparametric MLE method, i.e., unconstrained SMLE.

5.2 Real life example: HIV Data

This section presents an example of using SMLE method to evaluate the survival time of HIV+
infected subjects. It was a follow-up study conducted by Health Maintenance Organization (Hosmer
& Lemeshow, 1999, p.1-17 and 76-77). 100 HIV+ subjects were enrolled in the study from January
1, 1989 to December 31, 1991. The study ended on December 31, 1995. After a confirmed diagnosis
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of HIV, subjects were followed until death due to AIDS or AIDS-related events. The survival time
is considered as censored if the subject was lost to follow-up. Data presented in Figure 1 for 100
subjects are the number of deaths (closed symbol) and censoring (open symbol) by time. The survival

time is in month. The data have the group-censored structure as studied in this paper.
(Please place Figure 1 here.)

Note that the data collected in the follow-up study was ended at the 60th month, and two subjects
were censored at the end. Conservatively, we assume that the distribution of the survival probability
has a very lighter tail beyond ¢ = 65, and assign the survival probability beyond survival time ¢ = 60
at time point L = &1 = 65.

The commonly used Kaplan-Meier (KM) method provides an estimate the survival probability
as given in Figure 2. The mean survival time and the standard deviation (SD) are 14.86 and 18.34,
respectively. Note that the mean and the SD are rather close, and the survival function resembles
to the exponential. Thus, the exponential distribution is entertained, and the estimate of survival
function is plotted in Figure 2. Its estimates of survival probabilities for time smaller than 24 months
are higher, but for time greater than 25 months are lower.

In the next experiment, we try the semi-parametric approach with the SMLE. The constraint
"Variance = Mean®” from the exponential property is used in the estimating equations G(T,9).
However, we note that this constraint does not impose the full distribution assumption like the
exponential model.

In this case, G(T,0) = (T — 0,T? — 20?), where § = E(T) is the mean parameter, and 0G /90 =
(—1,—46). It follows from equation (4) that we have A\; = —4X90, and then, equation (7) can be

written as following two equations:

k+1 e k+1 (£2 _ 2
Pt 1 —a; + Xo(€2 — 4£,0 + 262) Pt 1—a; + Ao (€2 — 48,0 + 26?)

Solving the equations in (20) simultaneously with careful grid search technique and the initial value
Ao = 0 and 6 = 14.86, we have the solution of Ay = 0.000545 and 6 = 19.414. Then the P; can be
calculated with (5), i.e., P; = di/n(1 — a;(0) + Ao (€2 — 4£;0 +260%), i = 1,2, - - - | k, where a; = 0, and
@i = a; 1+ Cam/nS(€i 1), 1 =2, k,and Ppy1 =1 - 5(&) =1-XF | B,

SMLE’s estimate of survival function is plotted in Figure 2. For time smaller than 15 months,
SMLE estimate is between the exponential and the KM estimates. For time greater than 15 months,
the SMLE estimate is higher than the other two estimates. Because that there are lots of censored
data occurred in the early stage, e.g., 17% of subjects are censored before 25 months, the use of

certain "knowledge” about the modeling distribution in the constraint can make a difference in the
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estimate. Investigations of the standard deviation (SD) of the survival function show that the SMLE
has smaller SD than the KM and exponential estimates in the early stages. See Figure 3 for details.

According to Lawless (1982, p.74), the SD for Kaplan-Meier estimate is calculated by o(t) kap =

St xar \/ > jig;<t dj/nj(ny — dj), where S(t) ka1 is the Kaplan-Meier estimate of survival probability.

The SD of the SMLE is calculated according to (18). Based on Lemma 4.1 and equation (12)
and (14), the following formula is used in calculation.

o?(O)smre = Y. Pi/(1—a;) — FE(t) - BT (1) B~ A[ATBTA| ' ATB715(1),
i<t
where A = Y G(T,&,0) B = (-1, -40), B = ¥ BG(T,¢;,0)GT(T,€:,0)/n(1—a;), and B(t) =
i<t G(T,6i,0) P,

The SD of SMLE for survival probability is smaller then that of Kaplan-Meier estimate for the
survival time t j 36 months. But, for longer survival time, the SD of SMLE remains about 0.049.
It is reasonable in the sense that due to the heavy censoring at early stages, the estimating survival
probability for longer survival time is harder. From the first term in (18), we can see that the
censoring has an important impact on the asymptotic SD. When the censoring is heave in early
stage, the denominator 3 ;... ~; Qi = 1 —a; in the first term would be smaller for longer survival time

t, which could result in a larger SD for SMLE S(t) there.

(Please place Figures 2 and 3 here.)

6. Semiparametric likelihood ratio tests (SLRT)

The large sample confidence intervals of P; and Fp(t) for a given ¢ can be obtained from the normal
theory with the asymptotic distributions given in Theorems 4.3 and 4.4, respectively, or from invert-
ing likelihood ratio tests. This section presents the SLRTs for a simple hypothesis Hig : @ = g,
testing of partial components of parameters, and a hypothesis Hy : E(G(T,8)) = 0 for checking the
adequacy of the estimating equation model.

The SLRT statistic for the hypothesis Hyg : 8 = 0 is A, (8y) = 2n(H,(8,) — H,(8))), where
H,(8) is given in (8). Taylor expansion of nHy,(8,) at 8 = 6,, yields

nHL(0.) 4 (B, — gy S Hn ()
an(GO) - an(en) + 2 (on 00) 80801— (en 00) +0(1)-

It follows from Theorem 4.1 that 82H,,(8,)/8000" = flq vy ¥y BT,
From the above two equations, we note that A, (6y) has the same asymptotic distribution as
n(6, — 0o) '[9 £7'%,](8, — 0o) does. Then, applying Theorem 4.2, we obtain the needed result as

stated in the next theorem.
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Theorem 6.1 Under the regularity conditions R.1 - R.3, when Hyg : @ = 0y is true,
An(80) = 2n(H,(8,) — H,(0y)) 4, x2(p), where p is the number of the parameters in .

Consider testing hypothesis Hyg : 81 = @19 of partial components of parameters in @ = (601, 02),
where 61 and @5 are m and p — m dimensional parameter vectors, respectively. The SLRT statistic
for testing Hop is Aoy (010) = 2n(Hy, (01, 02) — Hy(010,02)), where 85 maximizes H, (019, 02) with
respect to @5. One can derive the asymptotic distribution of A, based on the fact that, under the
regularity conditions R.1 - R.3, there is 0y — 0, = op(n_1/2) when Hoygy : 81 = 01 is true. The fact
can be shown by applying Taylor expansions to nH, (6810, 820) at (619, 82) and (810, 82), respectively.
Then, concentrating on @, parameters and using the results in Theorems 4.1 and 4.2, we obtain the

next theorem similar to Theorem 6.1.

Theorem 6.2 When Hyg : 1 = 01 is true, under the reqularity conditions R.1 - R.3,
Aon(619) = 2n(Hn(é1,92) — Hn(elo,ég)) LN x2(m), where m is the number of parameters in

01, and 0y mazimizes H, (610, 02) with respect to 6.

It is important to test if the model E(G(T,0)) = 0 assumed in the estimating equations is true.
For testing this hypothesis, the SLRT statistic is Ay, (0) = 2n(H* — H,(8,)), where H* is the
maximum of the empirical likelihood in the NPMLE approach without any constraint (given by the
Kaplan-Meier estimate), and H, (9n) is the maximum of the same likelihood in the SMLE approach.

To derive the asymptotic distribution of A9, (@), we first recall that G(¢,8) = (g1(¢, ), g2(t, 0),

-+,9r(t,0)), and @ = (01,02,---,0,). Note that any p of r (r > p) equations E(g;(T,8)) = 0,
i =1,2,...,r, can define parameter 8 = (61,02, --,0,). Conveniently, let 8 = (61,802,---,0),) be
defined by the first p equations, i.e., E(¢g;(T,80)) = 0,7 = 1,2,...,p. Denoted by 8; = E(g;(7,9)), j =
p+1,p+2,...,r, and 7 = (601,02,..., 0,,51,052,...,5r—p). Then, the r-dimensional parameter
vector 7 can be determined by the following estimating equations, E(G*(T, §)) = 0, where G*(t,§) =
(91(2,0),95(¢,0), .., g7 (t,0)), and g;(t,0) = gi(¢,0), i = 1,2,....p, gi(t,6) = gi(t,0) — Bip, © =
p+1,p+2,...,r. With this re-parameterization, testing the model Hyy : E(G(T, 0)) = 0 is equivalent
to testing Hy, : B = 0, where 8 = (81, B2, ..., Br—p)-

Let us use a simple example to illustrate this re-parameterization process. Consider testing a
simple hypothesis that Hog : E(T)? = Var(T). The G function in this case is
G(T,0) = (T — 6, T% — 26?) with r = 2 and p = 1. One can choose either function in G to define
0. Let 0 be defined by E(T — 6) = 0, i.e., § = E(T). Let 8 = E(T? — 26?), and 7 = (6,3). Then,
G*(T,7) = (T — 0,T? — 20 — B). Because B = E(T? — 20%) = E(T?) — E(T)? — 6? = Var(T) — 6 =
Var(T) — E(T)?, testing model Hyy : E(T)? = Var(T) is equivalent to testing Hj, : 8 = 0. By
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augmenting the parameters @ with § in the new estimating equations, we change the problem of
testing the model defined by the estimating equations into testing partial set of parameters 7 = (6, )
equal to a set of specified values.

In the above example, the SLRT statistic in this case becomes Ao, = 2n(H,(#) — Hy,(6,0)).
Because in the case of p = r the estimating equations E(G*(7,7)) = 0 makes no constraint on
parameter 7, Hy(7) is then equal to H, the maximum of the empirical likelihood in the NPMLE
approach. With H,(6,,0) = Hy,(6,), the maximum likelihood in the SMLE approach, we have
Aoy = 2n(Hy(7) — Hp(6,,0)) = 2n(H* — Hy,(6,)) = Agy. Then, it follows from Theorem 6.2 that we
have the following theorem.

Theorem 6.3. When the model E(G(T,0)) = 0 is true, under the regularity conditions R.1 -
R.3, we have Ay, (0) = 2n(H: — H,(0,)) LN x2(r —p), where r is the number of the functions
in G(T,80) and p is the number of the parameters in 6.

Appendix

Here we give proofs for the results in Sections 3 and 4.

A. The proof of Lemma 3.1

Recall that G(£,0) = (91(¢,0),92(£,0),--.,9-(€,0)). Denoted G = (g1,92;---,9,), where g; =
(95(60,9),9;(&1,90),---,9i(&,0)), 5 =1,2,...,r,and g, € RFt! and G is a (k + 1) x r matrix. Let
C(G) denote the linear space spanned by the column vectors of matrix G, C*(G) is the orthogonal
complement of C(G). Then, Efill P;jG(&j-1,0) = 0 implies GTP =0, i.e., P € C*(G). It follows
from the linear space theory that P has the general form P = [I;; — G(GTG)™'G "]a, for some
o € RFtL. For P = (P, P2,...,Pyy1)" given in (5), let a1 = 0, aj = n! Zzn_zll cm/ Zf;iH_lPl,
j=2,3,....,k+1, as given in (6), and 8;* = d;/nP; —(1—a;), j =1,2,...,k+1. Then the equation
system (5) can be expressed equivalently as G\ = 3*.

The linear equation system with respect to X has a solution, if and only if 8* € C(G), i.e., 8 P =
0. Note that we have 8*' P = Z;“Ill P;p; = n_l(Zf;rll dj —n+ Sk . ¢m) =0. Then, we know that
the equation system of (5) - (7) has (at least) one solution, and it follows from linear space theory

that the solution is unique if the rank of matrix G is r.

B. The derivatives of P;(6) and \(6)

Denoted ¥ be the lefe hand side of (7) and P = (P, P,,...,Py1). Then, ¥ = G" P, where G is
the (k + 1) x r matrix with the ith row defined as G (&;,0). Let B be the (k+1) x (k + 1) diagonal
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matrix with the ith diagonal element b; = d;/(1 — a; + AT G(T,;,0))%, i =1,2,...,k+ 1. Then, we
have —0¥/0A = G BG > 0, provided by regularity condition R.2 that G' G > 0.

Note that P;(@) defined in equation (5) involves the vector A obtained from solving equation
(7), and OX/OP = —[0¥ /O] 10V /0P = —[G' BG|~10U /P, where 0¥/0P = G'BA, A =
0A/OP = [0ai/OP;j](k+1)x (k+1);

,

0, =1,
Cm+1 . .
da; — ——Z lepz’ Jj >,
8PJ ] 1 lm )
1 c .
Tn 2 kal , 1<j<ii=23,.. k+1,
\ lmp)

and da; /0P; =0, j = 1,2,...,k + 1. Therefore, 9A\/0P = —[G' BG] 'G" BA.

With similar algebraic manipulations, we have /08 = —[G' BG] '[0¥/06]. Note that
ov/00 = EkHPG(T ¢,0) — G'BG* is well defined according to regularity condition R.3,
where G(&;,0) = 0G(T,&;,0)/00 is a r x p matrix, and G* is a (k + 1) X p matrix with ith row
given as )\TG(&,O),Z’ =1,2,...,k+1. Let T = Ef;ll PiG(éi,B), a r X p matrix, then we get
OA/00 = —|G"BG] [l - G'BG™].

Based on equations (5) and (7) that, for given 6, P;,i =1,2,...,k+ 1 can be determined by the
following equation L; = d;/P; — 1 +a; — A" G(T,&;,0) =0,i=1,2,...,k + 1.

Denote L = (L1,Lo,...,Lgy1), and D = diag(dl/Pf,dg/PQQ,...,dk_|_1/P,?+1). Then, it follows
that OL/OP = —D — A — G[G'BG]'G"BA and L/80 = G* — G|G"BG]"'[l - G' BG"].

The matrix D is full ranked by definition, and the rank of A is at most k because of the first
column and the first row of A are all 0’s. Therefore, the inverse of 0L/OP exists. Thus, we know
that 0P /08 == —[0L/0P]~'[0L/00] is well defined. Therefore, P;(0), i = 1,2,...,k+1, and A(0)

are differentiable with respect to 6.

C1. Proof of Lemma 4.1

We will use the inductive method in this proof. When i = 1, P,; = dp1/n(1 + )\;—G(fl, én)) Under

the given condition, hmn_,oO Pnl = limp 00 dpi/n =P Z QZ P, w.p.l.

Now, suppose Py, wry P;, for all i < m. It follows from (1) that cm/n Q] —9+1 P;. Then,
m Cnj 1 wpl k+1 1 m
an,m—klzz_i ZQ] Z 7]22627
j:lnl_ zlP = i=j+1 1_ z’:le' j=1

Similarly, from (1), we know that d, m+1/n R P EZ a1 @i = Py (1 =300 Qq). Therefore,

dnm+1 Prp1(1 =300 Q)
lim P = lim = ¢
oo MM T S n(1 = dnmy1)  (1— 2y Qi)

= Ppy1 (w.p.l).
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C2. Proof of Lemma 4.2

Denote h(A,) = S5 d,,G(T,&;,0)/n(l — an; + A\ G(T,&;,8)). Because A, = Oy(n~'/?), Taylor
expansion of A(Ay,) at Ay, = 0 yields 0 = h(A,) =

on(0)1" _ M1 gG(T,6,0) " d,G(T, &, 0)GT (&, 0 _
h(0)+[a)(\n)] An + 0p(n 1/2)=; n(l(_(fm))‘l-; (n(f_im)f )An+0p(n 2,

and then we have (11).

D. Asymptotic normality of Z;

It follows from Lemma 4.1 that Z; and

*% k+1 T §za k+1 T i3 dnz A
Z \/_Z lc+1 ém _le(k+fQ7j n<7_P12Qm)

have the same asymptotic distribution. In the group-censored data case, these d,; have a multinomial
distribution with cell probabilities ¢; = Zk“ Qm,t=1,...,k+1, it follows from the asymptotic
normality of multinomial distribution that Z;* is asymptotically normal with mean 0 and asymptotic

covariance matrix

HG(T,6,0)4:(1 — $:)G(T,&,0)T l’““ G(T,¢;,0) H’““ G(T,§;,0) ]T
Y = _
pet (CEL Q)2 Z: YL Qm i’ Z; YR Qm ”

Finally, after some algebraic manipulations, it is easy to show that 3 = ¥;.
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TABLE 1

Asymptotic efficiency comparison: exponential distribution cases

mean 6 = 1.5 interval size b 0.10 0.25 0.50 0.75 1.00 1.25
Competed sample SMLE 6, 99.6% 99.2% 97.9% 95.9% 93.3% 90.4%
uSMLE 65 99.4% 98.4% 94.8% 88.8% 81.1% 71.9%
10% censoring SMLE 0, 88.4% 88.6% 89.5% 87.1% 85.3% 92.3%
uSMLE 05 44.1% 44.2% 43.8% 41.8% 38.9% 37.0%
20% censoring SMLE 0, 77.4% 77.8% 792% 85.0% 78.2% 93.9%
uSMLE 65 36.8% 36.9% 36.8% 36.3% 33.6% 32.7%
30% censoring SMLE 6, 64.4% 64.4% 65.6% 66.3% 72.2% 72.5%
uSMLE 05 34.9% 35.0% 35.0% 34.1% 33.1% 30.6%
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TABLE 2

Asymptotic efficiency comparison: log-normal distribution cases

mean 6 = 1.5 interval size h 0.1 0.2 0.3 0.4 0.5

Competed sample SMLE 6, 80.8% 80.5% 80.0% 79.3% 178.6%
uSMLE 63 70.7% 70.6% 170.2% 69.9% 69.5%
misMLE 0, 71.4% 64.5% 62.8% 68.8% 66.0%

10% censoring SMLE 6, 61.2% 63.1% 59.1% 62.7% 58.6%
uSMLE 65 60.0% 62.5% 57.1% 62.2% 57.3%
misMLE 6, 10.2% 15.6% 6.30% 6.70% 6.72%

20% censoring SMLE 6, 48.0% 48.0% 46.7% 49.8% 45.1%
uSMLE 03 38.9% 39.0% 37.1% 43.4% 35.4%
misMLE 6, 11.5% 12.4% 14.3% 2.56% 2.72%

30% censoring SMLE 6, 42.9% 43.9% 43.8% 41.9% 41.1%
uSMLE 63 29.8% 31.6% 31.7% 29.0% 28.1%
misMLE 6, 10.2% 10.3% 10.2% 2.35% 2.38%
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Data Table: HIV Data and the Estimates of Survival Probability
with SMLE and Kaplan-Meier Methods

& di ¢ ni | Pokm S(E)rm SDiwm | Pismie S(E)smie  SDsmie
1 15 2 100 | 0.1500 0.8500 0.0425 | 0.1095 0.8905 0.0308
2 5 5 83 | 0.0512 0.7988 0.0479 | 0.0383 0.8522 0.0349
3 10 2 73 | 0.1094 0.6894 0.0564 | 0.0828 0.7694 0.0416
4 4 1 61 | 0.0452 0.6442 0.0588 | 0.0350 0.7344 0.0436
b) 7 0 56 | 0.0805 0.5637 0.0616 | 0.0641 0.6703 0.0465
6 2 1 49 | 0.0230 0.5407 0.0621 | 0.0190 0.6513 0.0471
7 6 1 46 | 0.0705 0.4702 0.0627 | 0.0597 0.5916 0.0484
8 4 0 39 | 0.0482 0.4220 0.0625 | 0.0419 0.5497 0.0489
9 3 0 35 | 0.0362 0.3858 0.0619 | 0.0326 0.5171 0.0490
10 3 1 32 | 0.0362 0.3496 0.0609 | 0.0337 0.4834 0.0489
11 3 0 28 | 0.0375 0.3121 0.0596 | 0.0358 0.4476 0.0485
12 2 2 25 | 0.0250 0.2871 0.0584 | 0.0248 0.4228 0.0481
13 1 0 21 | 0.0137 0.2734 0.0579 | 0.0137 0.4001 0.0479
14 1 0 20 | 0.0137 0.2597 0.0572 | 0.0142 0.3949 0.0476
15 2 0 19 | 0.0273 0.2324 0.0556 | 0.0295 0.3654 0.0470
19 O 1 17 0 0.2324 0.0556 0 0.3654 0.0470
22 1 0 16 | 0.0145 0.2179 0.0548 | 0.0202 0.3452 0.0468
24 0 1 15 0 0.2179 0.0548 0 0.3452 0.0468
30 1 0 14 | 0.0156 0.2023 0.0539 | 0.0282 0.3170 0.0470
31 1 0 13 | 0.0155 0.1868 0.0529 | 0.0290 0.2880 0.0471
32 1 0 12 | 0.0156 0.1712 0.0516 | 0.0297 0.2583 0.0471
34 1 0 11 | 0.0155 0.1557 0.0501 | 0.0308 0.2275 0.0472
35 1 0 10 | 0.0156 0.1401 0.0484 | 0.0313 0.1962 0.0471
36 1 0 9 0.0155 0.1246 0.0465 | 0.0317 0.1645 0.0468
43 1 0 8 0.0156 0.1090 0.0442 | 0.0311 0.1334 0.0472
53 1 0 7 0.0155 0.0935 0.0416 | 0.0237 0.1097 0.0478
54 1 0 6 0.0156 0.0779 0.0386 | 0.0229 0.0868 0.0483
56 0 1 5 0 0.0779 0.0386 0 0.0868 0.0483
57 1 0 4 0.0195 0.0584 0.0352 | 0.0266 0.0602 0.0493
58 1 0 3 0.0195 0.0389 0.0302 | 0.0252 0.0350 0.0497
60 0 2 2 0 0.0389 0.0302 0 0.0350 0.0497
656 2 O 0 | 0.0389 0 0.0350

Note: &; is survival time (in month). At time point &;, d; is the number of the deaths, ¢; is the number of

censoring and n; is the number of subjects at risk.
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