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Abstract

We consider sparse image decomposition, in the hope that a sparser decomposition of an
image may lead to a more efficient method of image coding or compression.

Recently, many transforms have been proposed. Typically, each of them is good at
processing one class of features in an image but not other features. For example, the 2-D
wavelet transform is good at processing point singularities and patches in an image but not
linear singularities, while a recently proposed method—the edgelet-like transform—is good
for linear singularities, but not for points. Intuitively, a combined scheme may lead to a
sparser decomposition than a scheme using only a single transform.

Combining several transforms, we get an overcomplete system or dictionary. For a
given image, there are infinitely many ways to decompose it. How to find the one with
the sparsest coefficients? We follow the idea of Basis Pursuit—finding a minimum ¢' norm
solution. Some intuitive discussion and theoretical results show that this method is optimal
in many cases. A big challenge in solving a minimum ¢! norm problem is the computational
complexity. In many cases, due to the intrinsic nature of the high-dimensionality of images,
finding the minimum ¢* norm solution is nearly impossible. We take advantage of the recent
advances in convex optimization and iterative methods. Our approach is mainly based on
two facts: first, we have fast algorithms for each transform; second, we have efficient iterative
algorithms to solve for the Newton direction.

The numerical results (to some extent) verify our intuitions, in the sense that: [1]
the combined scheme does give sparser representations than a scheme applying only a
single transform; [2] each transform in the combined scheme captures the features that this
transform is good at processing. (Actually, [2] is an extension of [1].)

With improved efficiency in numerical algorithms, this approach has the promise of

producing more compact image coding and compression schemes than existing ones.
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Chapter 1

Introduction

1.1 Overview

Recently, many new methods of image representation have been proposed, including wavelets,
cosine packets, brushlets, edgelets, ridgelets, and so on. Typically each of these is good for a
specific class of features, but not good for others. We propose a method of combining image
representations, more particularly, a method based on the 2-D wavelet transform and the
edgelet-like transform. The 2-D wavelet transform is good at capturing point singularities,
while the newly proposed edgelet-like transform is good at capturing linear singularities

(edges). Both transforms have fast algorithms for digital images.

Wavelets and edgelet-like features (together) form an overcomplete dictionary. To find
a sparse representation, we have had success by minimizing the objective function: |y —
®x||3 4+ Ap(z), where y is the image, ® is the matrix whose columns are all the basis vectors
in all the image representations, x is the vector of coefficients and p(x) is a penalty function
that is convex, l1-like, and separable. Sparsity of representation is achieved by adding the

penalty term: Ap(z) to balance the goodness of fit measure ||y — ®z|.

To develop an efficient algorithm to solve this problem, we utilize insights from convex
optimization and the LSQR solver from computational linear algebra. These methods
combine to give a fast algorithm for our problem. Numerical experiments provide promising

results.



2 CHAPTER 1. INTRODUCTION

1.2 Outline

This thesis is organized as follows:

e Chapter 2 explains why sparse decomposition may lead to a more efficient image
coding and compression. It contains two parts: the first part gives a brief description
of the mathematical framework of a modern communication system; the second part
presents some quantitative results to explain (mainly in the asymptotic sense) why

sparsity in coefficients may lead to efficiency in image coding.

e Chapter 3 is a survey of existing transforms for images. It serves as a background for

this project.

e Chapter 4 explains our approach in finding a sparse decomposition in an overcomplete
dictionary. We minimize the objective function that is a sum of the residual sum
of squares and a penalty on coefficients. We apply Newton’s method to solve this
minimization problem. To find the Newton’s direction, we use an iterative method—
LSQR—to solve a system of linear equations, which happens to be equivalent to a
least squares problem. (LSQR solves a least square problem.) With carefully chosen
parameters, the solution here is close to the solution of an exact Basis Pursuit, which

is the minimum ¢! norm solution with exact equality constraints.

e Chapter 5 is a survey of iterative methods and explains why we choose LSQR. Some

alternative approaches are discussed.

e Chapter 6 presents some numerical simulations. They show that a combined approach
does provide a sparser decomposition than the existing approach that uses only one

transform.
e Chapter 7 discusses some thoughts on future research.

e Appendix A documents the details about how to implement the exact edgelet trans-

form in a direct way. This algorithm has high complexity. Some examples are given.

e Appendix B documents the details about how to implement an approximate edgelet
transform in a fast way. Some examples are given. This transform is the one we used

in simulations.



Chapter 2
Sparsity in Image Coding

This chapter explains the connection between sparse image decomposition and efficient
image coding. The technique we have developed promises to improve the efficiency of
transform coding, which is ubiquitous in the world of digital signal and image processing.
We start with an overview of image coding and emphasize the importance of transform
coding. Then we review Donoho’s work that answers in a deterministic way the question:
why does sparsity lead to good compression? Finally we review some important principles

in image coding.

2.1 Image Coding

This section consists of three parts. The first begins with an overview of Shannon’s math-
ematical formulation of communication systems, and then describes the difference between
source coding and channel coding. The second part describes a way of measuring the spar-
sity of a sequence and the connection between sparsity and coding, concluding with an
asymptotic result. Finally, we discuss some of the requirements in designing a realistic
transform coding scheme.

Since all the work described here can easily be found in the literature, we focus on

developing a historic perspective and overview.

2.1.1 Shannon’s Mathematical Communication System

Nowadays, it is almost impossible to review the field of theoretical signal processing without

mentioning the contributions of Shannon. In his 1948 paper [127], Shannon writes, “The

3



4 CHAPTER 2. SPARSITY IN IMAGE CODING

fundamental problem of communication is that of reproducing at one point either exactly
or approximately a message selected at another point.” With these words, he described a
mathematical framework for communication systems that has become the most successful
model in communication and information theory.

Figure 2.1 gives Shannon’s illustration of a general communication system. (The figure
is reproduced according to the same figure in [127].) There are five components in this

system: information source, transmitter, channel, receiver, and destination.

1. An information source produces a message, or a sequence of messages, to be commu-
nicated to the destination. A message can be a function of one or more continuous
or discrete variables and can itself be continuous- or discrete- valued. Some examples
of messages are: (a) a sequence of letters in telegraphy; (b) a continuous function
of time f(t) as in radio or telephony; (c) a set of functions r(x,y,t),g(x,y,t) and
b(x,y,t) having three variables—in color television they are the intensity of red, green
and blue as functions of spatial variables x and y and time variable ¢; (d) various

combinations—for example, television signals have both video and audio signals.

2. The transmitter, or encoder, transfers the message into a signal compatible with the
channel. In old-fashioned telephony, this operation consists of converting sound pres-
sure into a proportional electrical current. In telegraphy, we have an encoding system
to transfer a sequence of words to a sequence of dots, dashes and spaces. More complex

operations are applied to messages in modern communication systems.

3. The channel is the physical medium that conducts the transmitted signal. The math-
ematical abstraction of the transmission is a perturbation by noise. A typical as-
sumption on the channel is that the noise is additive, but this assumption can be

changed.

4. The receiver, or decoder, attempts to retrieve the message from the received signal.

Naturally, the decoding scheme depends on the encoding scheme.
5. The destination is the intended recipient of the message.

Shannon’s model is both concrete and flexible. It has been proven efficient for model-
ing real world communication systems. From this model, some fundamental problems of

communication theory are apparent.



2.1. IMAGE CODING 5

INFORMATION
SOURCE
TRANSMITTER CHANNEL RECEIVER  DESTINATION
B
SIGNAL RECEIVED
SIGNAL
MESSAGE MESSAGE
NOISE
SOURCE

Figure 2.1: Shannon’s schematic diagram of a general communication system.

1. Given an information source and the characterization of the channel, is it possible
to determine if there exists a transmitter and receiver pair that will transmit the

information?

2. Given that the answer to the previous question is yes, how efficient can the system

(including both transmitter and receiver) be?

3. To achieve the maximum capacity, how should the transmitter and receiver be de-

signed?

To answer these three questions thoroughly would require a review of the entire field
of information theory. Here, we try to give a very brief, intuitive and non-mathematically-
rigorous description. A good starting point in information theory is the textbook [33] by
Cover and Thomas.

We need to introduce three concepts: entropy rate, channel capacity and distortion.

The entropy rate is a measure of complexity of the information source. Let us consider
only a discrete information source. At times n € N, the information source emits a message
X, from a discrete set X; thus, X, € X, for all n. So an infinite sequence of messages
X = {X,,n € N} is in X*°. Suppose each X,, is drawn independently and identically
distributed from X with probability density function p(z) = Pr.{X,, = z}. Then the

entropy rate of this information source is defined as

H = H(X) = H(p()) = — 3 p(a) log, p(a). (2.1)
rzeX
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Another intuitive way to view this is that if p(z) were a uniform distribution over X, then
the entropy rate H(p(-)) would be log, |X|, where |X] is the cardinality (size) of the set X.
In (2.1) we can view 1/log, p(z) as an analogue to the cardinality such that the entropy is

the average logarithm of it.

The channel capacity, similarly, is the average of the logarithm of the number of bits
(binary numbers from {0,1}) that can be reliably distinguished at receiver. Let Y denote
the output of the channel. The channel capacity is defined as

C=maxI(X,Y),
p(X)

where I(X,Y) is the mutual information between channel input X and channel output Y:
I(X,)Y)=H(X)+H({Y)-H(X,Y).
[33] gives good examples in introducing the channel capacity concept.

The distortion is the statistical average of a (usually convex) function of the difference
between the estimation X at the receiver and the original message X. Let d(z — z) be the
measure of deviation. There are many options for function d: e.g., (1) d(¢ — x) = (2 — )2,

(2) d(z — x) = | — z|. The distortion D is simply the statistical mean of d(z — z):

D= / d(i — 2)p(x)dz.

For (1), the distortion D is the residual mean square (RMS); for (2), the distortion D is
the mean of the absolute deviation (MAD).

The Fundamental Theorem for a discrete channel with noise [127] states that commu-
nication with an arbitrarily small probability of error is possible (from an asymptotic point

of view, by coding many messages at once) if H < C' and impossible if H > C.

A more practical approach is to code with a prescribed maximum distortion D. This
is a topic that is covered by rate-distortion theory. The rate-distortion function gives the
minimum rate needed to approximate a source for a given distortion. A well-known book

on this topic is [10] by Berger.
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2.1.2 Source and Channel Coding

After reviewing Shannon’s abstraction of communication systems, we focus our attention on
the transmitter. Usually, the decoding scheme at the receiver is determined by the encoding
scheme at the transmitter. There are two components in the transmitter (as shown in Figure
2.2): source coder and channel coder. For a discrete-time source, without loss of generality,
the role of a source coder is to code a message or a sequence of messages into as small a
number of bits as possible. The role of a channel coder is to transfer a bit stream into a
signal that is compatible with the channel and, at the same time, perform error correcting

to achieve an arbitrarily small probability of bit error.

,,,,,, TRANSMITTER
~ SOURCE CHANNEL
CODER CODER
MESSAGE BITS | SIGNAL

Figure 2.2: Separation of encoding into source and channel coding.

Shannon’s Fundamental Theorem of communication has two parts: the direct part and
the converse part. The direct part states that if the minimum achievable source coding
rate of a given source is strictly below the capacity of a channel, then the source can be
reliably transmitted through the channel by appropriate encoding and decoding operations;
the converse part states that if the source coding rate is strictly greater than the capacity of
channel, then a reliable transmission is impossible. Shannon’s theorem implies that reliable
transmission can be separated into two operations: source coding and channel coding. The
design of source encoding and decoding can be independent of the characteristic of the
channel; similarly, the design of channel encoding and decoding can be independent of the
characteristics of the source. Owing to the converse theorem, the reliable transmission is
doable either through a combination of separated source and channel coding or not possible
at all—whether it is a joint source channel coding or not. Note that in Shannon’s proof, the
Fundamental Theorem requires the condition that both source and channel are stationary
and memoryless. A detailed discussion about whether the Fundamental Theorem holds in
more general scenarios is given in [138].

One fact I must point out is that in statistical language, Shannon’s theorem is an
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asymptotic result, because it based on an infinite amount of information. In practice,
both the source coder that compresses the message to the entropy rate and the channel
coder that transmits the bits at almost channel capacity may require intolerable amount
of computation and memory. In general, the use of a joint source-channel (JSC) code can
lead to the same performance but lower computational and storage requirements. Although
separate source and channel coding could be less effective, its appealing property is that a
separate source coder and channel coder are easy to design and implement.

From now on, we consider only source coding.

2.1.3 Transform Coding

The purpose of source encoding is to transfer a message into a bit stream; and source
decoding is essentially an inverse operation. There is no need to overstate the ubiquity
of transform coding in modern digital communication systems. For example, JPEG is an
industry standard for still image compression and transmission. It implements a linear
transform—a two-dimensional discrete cosine transform (2-D DCT'). The MPEG standard
is an international standard for video compression and transmission that incorporates the
JPEG standards for still image compression. The MPEG standard could be the standard
for future digital television.

Figure 2.3 gives a general depiction of a modern digital communication system with em-
bedded transform coding. The input message is . The operator T is a transform operator.
Most of the time, T" is a linear time invariant (LTI) transform. After the transform, we
get coefficients y. Operator @ is a quantizer—it transfer continuous variables (in this case,
they are coefficients after transform 7T') into discrete values. Without loss of generality, we
can assume each message is transferred into a bit stream of finite length. The operator FE
is an entropy coder. It further shortens the bit stream by using, for example, run-length
coding for pictures [23], Huffman coding, arithmetic coding, or Lempel-Ziv coding, etc. Op-
erators T', Q and E together make the encoder. We assume that the bit stream is perfectly
transmitted through an error-corrected channel. The operators E~' and Q~! are inverse
operators of the entropy coder F and the quantizer @), respectively. The operator U is the
reconstruction transform of transform 7. If transform T is invertible, then the transform
U should be the inverse transform of T, or equivalently, U = T~!. The final output at the

-1

receiver is the estimation, denoted by , of the original message. Operators E~!, Q~! and

U together form the decoder.
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ERROR-CORRECTED
CHANNEL

FE N

T Q Q! U

Y
Y
Y

Y
Y
Y

Figure 2.3: Structure of a communication system with a transform coder. The signal is
x. Symbol T' denotes a transform operator. The output coefficients vector (sequence) is
y. Symbols @ and E denote a quantizer and an entropy coder, respectively. Symbols Q!
and E~! denote the inverse operators (if they exist) of operations Q and E. Symbol U
stands for the reconstruction transform of transform 7. Symbol Z stands for the estimated
(/received /recovered) signal.

The idea of transform codingis simply to add a transform at the sender before a quantizer
and to add the corresponding reconstruction (or sometimes inverse) transform at the receiver
after an inverse of the quantizer. Transform coding improves the overall efficiency of a
communication system if the coefficient vector in the transform domain (space made by
coefficient vectors) is more sparse than the signal in the signal domain (space made by
original signals). In general, the sparser a vector is, the easier it is to compress and quantize.
So when the coeflicient vector is sparser, it is relatively easy to quantize and compress in the
transform domain than in the signal domain. The transform should have a corresponding
reconstruction transform, or even be invertible, as we should be able to reconstruct the signal
at the receiver. The efficiency of the communication system in Figure 2.3 is determined
mostly by the effectiveness of the transform coder.

Now we talk about the history of transform coding in digital communication. The orig-
inal idea was to use transforms to decorrelate dependent signals; later some researchers
successfully explored the possibility of using transforms to improve the efficiency of com-
munication systems. The next paragraph describes this history.

In 1933, in the Journal of Educational Psychology, Hotelling [82] first presented a decor-
relation method for discrete data. This is the starting point of a popular methodology
now called principal component analysis (PCA) in the statistics community. The analogous
transform for continuous data was obtained by Karhunen in 1947 and Loéve in 1948. The
two papers by Karhunen and Loéve are not in English, so they are rarely cited. Readers can
find them in the reference in [126]. In 1956, Kramer and Mathews [115] introduced a method
for transmitting correlated, continuous-time, continuous-amplitude signals. They showed

that the total bandwidth (which in theory is equivalent to the capacity of the channel)
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necessary to transmit a set of signals with prescribed fidelity can be reduced by transmit-
ting a set of linear combinations of the signals, instead of the original signals. Assuming
Gaussian signals and RMS or mean-squared error (MSE) distortion, the Karhunen-Loéve
transform (KLT) is optimal. Later, Huang and Schultheiss [84, 85] extended this idea to
a system that includes a quantizer. Nowadays, PCA has become a ubiquitous technique
in multivariate analysis. Its equivalent—KLT—has become a well-known method in the

electrical engineering community.

To find a transform that will generate even sparser coefficients than most of the existing
transform is the ultimate goal of this thesis. Our key idea is to combine several state-of-the-
art transforms. The combination will introduce redundancy, but at the same time it will
provide flexibility and potentially lead to a decomposition that is sparser than one with a
single transform.

When describing image coding, we cannot avoid mentioning three topics: quantization,
entropy coding and predictive coding. Each of the following subsubsections is dedicated to

one of these topics.

Quantization

All quantization schemes can be divided into two categories: scalar quantization and vector
quantization. We can think of vector quantization as an extension of scalar quantization in
high-dimensional space. Gray and Neuhoff 1998 [76] provides a good review paper about
quantization. Two well-written textbooks are Gersho and Gray 1992 [70] and Sayood 1996
[126].

The history of quantization started from Pulse-code modulation (PCM), which was
patented in 1938 by Reeves [122]. PCM was the first digital technique for conveying an
analog signal over an analog channel. Twenty-five years later, a noteworthy article [37] was
written by Reeves and Deloraine. It gave a historical review and an appraisal of the future
of PCM. Some predictions in this article turned out to be prophetic, especially the one

about the booming of digital technology.

Here we give a brief description of scalar quantization. A scalar quantization is a map-

ping from a real-valued source to a discrete subset; symbolically,

Q:R—C,
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where Q stands for the quantization operator and set C is a discrete subset of the real

number set R:

C={yi,y2,-- .y} CR, 11 <y2<...<yxk. (2.2)

Set C is also called a codebook.

The procedure of designing a quantizer can be divided into two steps: partitioning
and representers selection. In the partitioning step, the real number set R is partitioned
into a group of subsets ¢, ca,...,cx—Note that this K is the same K as in (2.2)—so
that these subsets are mutually exclusive (¢; N¢; = 0,Vi # j) and also comprehensive
(UZ‘:LQ’._. K Ci = R). Each of these ¢;’s are called a cell. In the step of choosing representers,
each cell ¢; is associated with a real value y; (the representer), such that when x € ¢;, the

quantization of x (denoted by ¢(z)) is equal to y;. Equivalently,

re€c=qlx)=y;, i=12... K.

In the measurement of quantization efficiency, two quantities, distortion and rate, are
important. The difference between a quantizer input = and a quantizer output ¢(x), namely,
q(x) — x, is called the quantization error. The distortion of a quantizer is defined as a

statistical average of a non-negative convex function, say d, of the quantization error:

The rate, in the finite number of cells case, is the logarithm of the number of cells. For
example, in (2.2) the rate is log(K). In a given system, the rate and distortion are two
competing quantities. The larger the rate is, the smaller the minimum distortion could be.

And vice versa.

Consider the MSE distortion measure, D(q) = E[(¢q(z) — x)?]. For each step in quanti-
zation, there is a necessary condition for the optimality of the design. So we have in total

two conditions:

e Nearest neighbor classification: This is a rule for partitioning. Consider the codebook

to be fixed. In encoding a source sample x, one should choose the codebook element
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closest to . This is written as

q(z) = argmin |z — y;l.

y; € C

Each cell ¢; (¢; = {x : q(z) = y;}, where the quantization output is y;) is called a

Voronoi cell.

e (entroid condition: When the partitioning R = Uj;¢; is fixed, the MSE distortion is
minimized by choosing a representer of a cell as the statistical mean of a variable

restricted within the cell:

yi=Elz|lreq], i=12,... K.

Given a source with a known statistical probability density function (p.d.f.), designing a
quantizer that satisfies both of the optimality conditions is not a trivial task. In general, it
is done via an iterative scheme. A quantizer designed in this manner is called a Lloyd-Mazx
quantizer [94, 104].

A uniform quantizer simply takes each cell ¢; as an interval of equal length; for example,
for fixed A, ¢; is (iA — £,iA + £]. (Note that the number of cells here is not finite.) The
uniform quantizer is easy to implement and design, but in general not optimal.

A detailed discussion about quantization theory is easy to find and beyond the scope of

this thesis. We skip it.

Entropy Coding

Entropy coding means compressing a sequence of discrete values from a finite set into a
shorter sequence combined from elements of the same set. Entropy coding is a lossless
coding, which means that from the compressed sequence one can perfectly reconstruct the
original sequence.

There are two important approaches in entropy coding. One is a statistical approach.
This category includes Huffman coding and arithmetic coding. The other is a dictionary
based approach. The Lempel-Ziv coding belongs to this category. For detailed descriptions
of these coding schemes we refer to some textbooks, notably Cover and Thomas 1991 [33],
Gersho and Gray 1992 [70] and Sayood 1996 [126].
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Predictive Coding

Predictive coding is an alternative to transform coding. It is another popular technique
being used in source coding and quantization. The idea is to use a feedback loop to reduce
the redundancy (or correlation) in the signal. A review of the history and the recent

developments of the predictive coding in quantization can be found in [77].

Summary and Problem

For an image transmission system applying transform coding, the general scheme is depicted
in Figure 2.4. First of all, a transform is applied to the image, and a coefficient vector y is
obtained. Generally speaking, the sparser the vector y is, the easier it can be compressed.
The coefficient vector y is quantized, compressed, and transmitted to the other end of
the communication system. At the receiver, the observed vector § should be a very good
approximation to the original coefficient vector . An inverse transform is applied to recover
the image.

We have not answered the question on how to quantify the sparsity of a vector and why
the sparsity leads to a “good” compression. In the next section, to answer these questions,
we introduce the work of Donoho that gives a quantification of sparsity and its implication

in effective bit-level compression.

2.2 Sparsity and Compression

In the previous section, we imply a slogan: sparsity leads to efficient coding. In this section,
we first quantify the measure of sparsity, then explain an implication of sparsity to efficiency
of coding. Here coding means a cascade of a quantizer and a bit-level compresser. In the
transform coding, the following question is answered to some extent:

“What should the output of a transform be to simplify the subsequential quantization
and bit-level compression?”

There are two important approaches to quantify the difficulty (or the limitation) of
coding. One is a statistical approach, which is sometimes called an entropy approach. The
other is a deterministic approach introduced mainly by Donoho in [46] and [47]. We describe
both of them.

First, the statistical approach. If we know the probability density function, we can cal-

culate the entropy defined in (2.1). In fact, the entropy is a lower bound on the expected
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DECOMPRESSION/RECONSTRUCTION
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Y

INVERSE TRANSFORM

IMAGE

Figure 2.4: Diagram of image transmission using transform coding. The sequence (or

vector) y is the coefficient sequence (or vector) and g is the recovered coefficient sequence
(or vector).
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average length of a bit string that is necessary to code a signal in a quantization-compression
scheme. A variety of schemes have been developed in the literature. In different circum-
stances, some schemes approach this entropy lower bound. The field that includes this
research is called vector quantization.

Furthermore, if the coefficients after a certain transform are independent and identically
distributed (IID), then we can deploy the same scalar quantizer for every coordinate. The
scalar quantizer can nearly achieve the informatic lower bound (the lower bound specified
in information theory). For example, one can use the Lloyd-Max quantizer.

The statistical (or entropic) approach is elegant, but a practical disadvantage is that in
image coding we generally do not know the statistical distribution of an image. Images are
from an extremely high-dimensional space. Suppose a digital image has 256 x 256 pixels and
each pixel is assigned a real value. The dimensionality of the image is then 65, 536. Viewing
every image as a sample from a high-dimensional space, the number of samples is far less
than the dimensionality of the space. Think about how many images we can find on the
internet. The size of image databases is usually not beyond three digits; for example, the
USC image database and the database at the Center for Imaging Science Sensor. It is hard
to infer the probability distribution in such a high-dimensional space from such a small
sample. This motivates us to find a non-stochastic approach, which is also an empirical
approach. By “empirical” we mean that the method depends only on observations.

The key in the non-stochastic approach is to measure the empirical sparsity. We focus
on the ideas that have been developed in [46, 47]. The measure is called the weak IP norm.

The following two subsections answer the following two questions:

1. What is the weak [P norm and what are the scientific reasons to invent such a norm?

(Answered in Section 2.2.1.)

2. How is the weak [P norm related to asymptotic efficiency of coding? (Answered in
Section 2.2.2.)

2.2.1 Weak [ Norm

We start with the definition of the weak [P norm, for 1 < p < 2, then describe its connec-
tion with compression number, measure of numerosity and rate of recovery, and finally we
introduce the concept of critical index, which plays an important role in the next section
(Section 2.2.2).
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First, the formulation. Suppose § = {6; : i € N} is an infinite-length real-valued
sequence: 6 € R*°. Further assume that the sequence 6 can be sorted by absolute values.
Suppose the sorted sequence is {|0](;,7 € N}, where |6 is the i-th largest absolute value.

The weak [P norm of the sequence 0 is defined as
16]wir = supi'/?|6)] ;). (2.3)
K3

Note that this is a quasi-norm. (A norm satisfies a triangular inequality, ||z+y|| < |||+ ||lyll;
a quasi-norm satisfies a quasi-triangular inequality, ||x+y| < K(||z|+]y||) for some K > 1.)
The weak [” norm has a close connection with three other measures that are related to vector

sparsity.

Numerosity

A straightforward way to measure the sparsity of a vector is via its numerosity: the number
of elements whose amplitudes are above a given threshold 6. In a more mathematical
language, for a fixed real value §, the numerosity is equal to #{i : [#;] > ¢}. The following

lemma is cited from [47].

Lemma 2.1 For any sequence 0, the following inequality is true:
#{i:|0;] >}y <|0]P ,67P, 6>0.

From the above lemma, a small weak [P norm leads to a small number of elements that
are significantly above zero. Since numerosity, which basically counts significantly large
elements, is an obvious way to measure the sparsity of a vector, the weak [? norm is a
measure of sparsity.

Compression Number
Another way to measure sparsity is to use the compression number, defined as
0o 1/2
2
c(n) = ( Z ’9|(i)> :
i=n+1

Again, the compression number is based on the sorted amplitudes. In an orthogonal basis,

we have isometry. If we perform a thresholding scheme by keeping the coefficients associated
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with the largest n amplitudes, then the compression number ¢(n) is the square root of the
RSS distortion of the signal reconstructed by the coefficients with the n largest amplitudes.
The following result can be found in [47].

Lemma 2.2 For any sequence 0, if m = 1/p — 1/2, the following inequality is true:
c¢(N) <op N "|0|yrr, N >1,
where o, is a constant determined only by the value of p.

From the above lemma, a small weak [P norm implies a small compression number.

Rate of Recovery

The rate of recovery comes from statistics, particularly in density estimation. For a sequence

0, the rate of recovery is defined as
[e.e]
r(e) = Zmin{ﬂ?, e}
=1
Lemma 2.3 For any sequence 0, if r = 1 — p/2, the following inequality is true:
r(e) < aplbln (), >0,

where a;, 1S a constant.

This implies that a small weak [P norm leads to a small rate of recovery. In some cases
(for example, in density estimation) we choose rate of recovery as a measure of sparsity.
The weak [P norm is therefore a good measure of sparsity too.

Lemma 1 in [46] shows that all these measures are equivalent in an asymptotic sense.

Critical Index

In order to define the critical index of a functional space, we need to introduce some new
notation. A detailed discussion of this can be found in [47]. Suppose © is the functional
space that we are considering. (In the transform coding scenario, the functional space ©

includes all the coefficient vectors.) An infinite-length sequence § = {6; : i € N} is in a weak
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IP space if and only if 6 has a finite weak [P norm. For fixed p, the statement “O C wiP”
simply means that every sequence in © has a finite weak [P norm. The critical index of a
functional space ©, denoted by p*(©), is defined as the infimum of p such that the weak I?

space includes O:
p*(©) =inf{p: © C wiP}.

In Section 2.2.2, we describe the linkage between critical index and optimal exponent,

where the latter is a measure of efficiency of “optimal” coding in a certain functional space.

A Result in the Finite Case

Before we move into the asymptotic discussion, the following result provides insight into
coding a finite-length sequence. The key idea is that the faster the finite sequence decays,
the fewer bits required to code the sequence. Here the sparsity is measured by the decay of
the sorted amplitudes, which in the 1-D case is the decay of the sorted absolute values of a
finite-length sequence.

In general, it is hard to define a “universal” measure of speed of decay for a finite-length
sequence. We consider a special case. The idea is depicted in Figure 2.5. Suppose that
two curves of sorted amplitudes of two sequences (indicated by A and B in the figure) have
only one intersection. We consider the curve that is lower at the tail part (indicated by
B in the figure) corresponds to a sparser sequence. (Obviously, this is a simplified version
because there could be more than one intersection.) We prove that by using the most
straightforward coding scheme, which is to take an identical uniform scalar quantizer at
every coordinate, we need fewer bits to code B than to code A.

To be more specific, without loss of generality, suppose we have two normalized non-
increasing sequences. Both of these sequences have L? norm equal to 1. One decays “faster”
than the other, in the sense that when after a certain index, the former sorted-amplitude
sequence is always below the latter one, as in Figure 2.5. (Curve A is always above curve
B after the intersection.) Suppose we deploy a uniform scalar quantizer with the same
quantization parameter ¢ on every coordinate. Then the number of bits required to code
the ith element 6; in the sequence 6 is no more than log,[6;/q] + 1 (where [z] is the closest
integral value to z). Hence the total number of bits to code vector § = {6, : 1 < i < N}
is upper bounded by >N log,[6;/q] + N. Since ¢ and N are constants, we only need to
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log(el )

i
Figure 2.5: Intuition to compare the speeds of decay for two sequences. A sequence whose

sorted-amplitudes-curve B is, as we consider, sparser than the sequence whose sorted-
amplitudes-curve is A.

consider Zf\il log |6;|. The following theorem shows that a “sparser” sequence needs fewer
bits to code.
First suppose {z; : 1 <7 < N} and {y; : 1 <1i < N} are two non-increasing positive

real-valued sequences with a fixed 1% norm:

)

Ty >19 > ... > 2N >0, Zf\ilx?

C
N 2 _ .
y1>y2> ... 2>2yn >0, Y.L yr=C;

where C' is a constant. When 3k,Vj > k,z; > y;, and Vj < k,x; < yj, we say that
“sequence {x; : 1 < i < N} majorizes sequence {y; : 1 < ¢ < N}”, or simply say “z

majorizes y”.

Theorem 2.1 If sequence x majorizes sequence y and both of them have the same (% norm,
then sz\il log z; > Zfil log y;.

A proof is contained in Section 2.4.

2.2.2 Kolmogorov Entropy and Compression

In the previous section, we described the weak [P norm and critical index. It is interesting
to note that the critical index is closely related to the asymptotics of compression in a

functional space. To describe this relationship, we need to introduce a new concept: optimal
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exponent. We first introduce the definition of optimal exponent, then cite the result that

states the connection between critical index and optimal exponent.

Optimal Exponent

We consider a functional space © made by infinite-length real-valued sequences. An e-ball
in ©, which is centered at 6y, is (by definition) B.(6y) = {6 : |0 — bp||2 < €,0 € O}, where
|| - |l2 is the I2 norm in © and y € ©. An e-net of © is a subset of © {f; : i € I, f; € O} that
satisfies © C |J;cy Be(fi), where Iis a given set of indices. Let N (e, ©) denote the minimum
possible cardinality of the e-net {f;}. The (Kolmogorov-Tikhomirov) e-entropy of © is (by
definition)

H.(©) =logy N(e,0).

The e-entropy of O, H.(0), is to within one bit the minimum number of bits required
to code in space © with distortion less than e. If we apply the nearest-neighbor coding,
the total number of possible cases needed to record is N (e, ©), which should take no more
than [logy N (e, 0)] bits. (The value [z] is the smallest integer that is no smaller than z.)
Obviously the e-entropy of ©, which is denoted by H,(©), is within 1 bit of the total number
of bits required to code in functional space ©.

It is not hard to observe that when € — 0, H.(©) — +o00. Now the question is how fast
the e-entropy H(©) increases when € goes to zero. The optimal exponent defined in [47] is

a measure of the speed of increment:
o*(©) = sup{a : H(O) = O(e /%), e = 0}.
We refer readers to the original paper [47] for a more detailed discussion.

Asymptotic Result

The key idea is that there is a direct link between the critical index p* and the optimal

exponent a*. The following is cited from [47], Theorem 2.

Theorem 2.2 Let © be a bounded subset of I? that is solid, orthosymmetric, and minimally
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tail compact. Then
o =1/p" —1/2. (2.4)

Moreover, coder-decoder pairs achieving the optimal exponent of code length can be derived
from simple uniform quantization of the coefficients (6;), followed by simple run-length

coding.

A proof is given in [47].

2.2.3 Summary
From above analysis, we can draw the following conclusions:

1. Critical index measures the sparsity of a sequence space, which usually is a subspace
of 2. In an asymptotic sense, the smaller the critical index is, the faster the sequence

decays; and, hence, the sparser the sequence is.

2. Optimal exponent measures the efficiency of the best possible coder in a sequence
space. The larger the optimal exponent is, the fewer the bits required for coding in

this sequence space.

3. The optimal exponent and the critical index have an equality relationship that is
described in (2.4). When the critical index is small, the optimal exponent is large.
Together with the previous two results, we can draw the main conclusion: the sparser
the sequences are in the sequence space, the fewer the bits required to code in the

salne space.

2.3 Discussion

Based on the previous discussion, in an asymptotic sense, instead of considering how many
bits are required in coding, it is equivalent to study the sparsity of the coefficient sequences.
From now on, for simplicity, we only consider the sparsity of coefficients. Note that the
sparsity of coefficients can be empirically measured by the decay of sorted amplitudes. For
infinite sequences, the sparsity can be measured by the weak [P norm.

We required the decoding scheme to be computationally cheap, while the encoding

scheme can be computationally expensive. The reason is that in practice (for example, in
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the broadcasting business), the sender (TV station) can usually afford expensive equipment
and a long processing time, while the receiver (single television set) must have cheap and
fast (even real-time) algorithms.

Our objective is to find sparse decompositions. Following the above rule, in our algo-
rithm we will tolerate high complexity in decomposing, but superposition must be fast and
cheap. Ideally, the order of complexity of superpositioning must be no higher than the order
of complexity of a Fast Fourier Transform (FFT). We choose FFT for comparison because
it is a well-known technique and a milestone in the development of signal processing. Also
by ignoring the logarithm factor, the order of complexity of FFT is almost equal to the
order of complexity of copying a signal or image from one disk to another. In general, we
can hardly imagine any processing scheme that can have a lower order of complexity than
just copying. We will see that the order of complexity of our superposition algorithm is

indeed no higher than the order of complexity of doing an FFT.

2.4 Proof

Proof of Theorem 2.1

We only need to prove that

N N
Zlog z? > Zlogyf. (2.5)
i=1 i=1

Let’s define the following function for a sequence x:

N
fl@) =" logai.
i=1

Consider the following procedure:

1. The sequence z() is the same sequence as x: z(%)

=z.
2. For any integer n > 1, we do the following:

(a) Pick an index [ such that

(n—l)}‘

| =min{i:y > x;
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The index [ does not exist if and only if the two sequences {z;,1 <i < N} and
{yi, 1 <i < N} are the same.

(b) Pick an index u such that

(n—l)}_

u=max{i:y; <

Again, the index u does not exist if and only if the two sequences {z;,1 <i < N}

and {y;, 1 <i < N} are the same.

(c) Take

e = min{y} — (2" V)2, (2(""D)2 — 42}

(d) Make a new sequence according to the following rules:

N
o) = el -
(

:Uk") — :E,(Cn_l), where k # [ and k # u.

(e) Go back to step (a) unless there is no change in (d).
It should be easy to prove the following facts:

1. Bach sequence (™, n > 0, will be a non-increasing positive real-valued sequence

satisfying all the conditions imposed on sequence x in the Theorem 2.1.

2. The difference u© — [ has an integral value bounded between 1 and N — 1. At each step,
the difference v — [ should reduce by at least one. Based on this, the above procedure

can repeat at most N — 1 times.

3. It is clear that f(z(™~ D) > f(z(™),n > 1. And because f(z) = f(z@) and f(y) is
equal to the last function value in f(z(™),n > 1, we have f(x) > f(y), which is the
inequality (2.5).

The last item concludes our proof for Theorem 2.1.
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Chapter 3

Image Transforms and Image

Features

This chapter is a summary of early achievements and recent advances in the design of
transforms. It also describes features that these transforms are good at processing.

Some mathematical slogans are given, together with their quantitative explanations. As
many of these topics are too large to be covered in a single chapter, we give pointers in the
literature. The purpose of this chapter is to build a concrete foundation for the remainder
of this thesis.

One particular message that we want to deliver is: “Fach transform is good for one
particular phenomenon, but not good for some others; at the same time, a typical image is
made by a variety of phenomena. It is natural to think about how to combine different trans-
forms, so that the combined method will have advantages from each of these transforms.”
This belief is the main motivation for this thesis.

We give emphasis to discrete algorithms and, moreover, fast linear algebra, because the
possibility of efficient implementation is one of our most important objectives.

Note that there are two important ideas in signal transform methods: decomposition and
distribution. The idea of decomposition, also called atomic decomposition, is to write the
image/signal as a superposition (which is equivalently a linear combination) of pre-selected
atoms. These atoms make a dictionary, and the dictionary has some special property;
for example, orthonormality when a dictionary is made by a single orthonormal basis, or
tightness when a dictionary is made by a single tight frame. The second idea is to map the

signal into a distribution space. An example is the Wigner-Ville transform, which maps a

25
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1-D signal into a distribution on the time-frequency plane (which is 2-D). Since this thesis
mainly emphasizes decomposition, from now on “transform” means only the one in the
sense of decomposition.

Some statements could be seemingly subjective. Given the same fact (in our case,
for example, it could be a picture), different viewers may draw different conclusions. We

manage to be consistent with the majority’s point of view. (Or at least we try to.)

Key message

Before we move into the detailed discussion, we would like to summarizes the key results.
Readers will see that they play an important role in the following chapters. Table 3.1
summarize the correspondence between three transforms, three image features, and orders
of complexity of their fast algorithms. Note that the 2-D DCT is good for an image with
homogeneous components. For an N by N image, its fast algorithm has O(NZ?log N)
order of complexity. The two-dimensional wavelet transform is good for images with point
singularities. For an N by N image, its fast algorithm has O(N?) order of complexity. The
edgelet transform is good for an image with line singularities. For an N by N image, its
order of complexity is O(N?log N), which is the same as the order of complexity for the
2-D DCT.

Transform Image Feature Complexity of Discrete Algorithms
(for N x N image)

DCT Homogeneous Components | N2log N

Wavelet Transform | Point Singularities N?

Edgelet Transform | Line Singularities N?log N

Table 3.1: Comparison of transforms and the image features that they are good at process-
ing. The third column lists the order of computational complexity for their discrete fast
algorithms.

Why so many figures?

In the main body of this chapter, we show many figures. The most important reason is that
this project is an image processing project, and showing figures is the most intuitive way

to illustrate points.
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Some of the figures show the basis functions for various transforms. The reason for
illustrating these basis functions is the following: the ith coefficient of a linear transform is

the inner product of the ¢th basis function and the image:
coefficient; = (basis function;, image),

where (-,-) is the inner product of two functions. Hence the pattern of basis functions

determines the characteristics of the linear transform.

In functional analysis, a basis function is called a Riesz representer of the linear trans-

form.

Notations

We follow some conventions in signal processing and statistics. A function X (¢) is a contin-
uous function with a continuous time variable t. A function X[k] is a continuous function
with variable k that only takes integral values. Function X is the Fourier transform of X.

We use w to denote a continuous frequency variable.

More specifics of notation can be found in the main body of this chapter.

Organization

The rest of this chapter is organized as follows. The first three sections describe the three
most dominant transforms that are used in this thesis: Section 3.1 is about the discrete
cosine transform (DCT); Section 3.2 is about the wavelet transform; and Section 3.3 is
about the edgelet transform. Section 3.4 is an attempt at a survey of other activities.!
Section 3.5 contains some discussion. Section 3.6 gives conclusions. Section 3.7 contains

some proofs.

Tt is interesting to note that there are many other activities in this field. Some examples are the Gabor
transform, wavelet packets, cosine packets, brushlets, ridgelets, wedgelets, chirplets, and so on. Unfortu-
nately, owing to space constraints, we can hardly provide many details. We try to maintain most of the
description at an introductory level, unless we believe our detailed description either gives a new and useful
perspective or is essential for some later discussions.
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3.1 DCT and Homogeneous Components

We start with the Fourier transform (FT). The reason is that the discrete cosine transform
(DCT) is actually a real version of the discrete Fourier transform (DFT). We answer three

key questions about the DFT:
1. (Definition) What is the discrete Fourier transform?
2. (Motivation) Why do we need the discrete Fourier transform?
3. (Fast algorithms) How can it be computed quickly?

These three items comprise the content of Section 3.1.1. Section 3.1.2 switches to the

discrete cosine transform (DCT). It has two ingredients:
1. definition,
2. fast algorithms.

For fast algorithms, the theory follows two lines: (1) An easy way to implement fast DCT is
to utilize fast DFT; the fast DFT is also called the fast Fourier transform (FFT). (2) We can
usually do better by considering the sparse matrix factorization of the DCT matrix itself.
(This gives a second method for finding fast DCT algorithms.) The algorithms from the
second idea are computationally faster than those from the first idea. We summarize recent
advances for fast DCT in Section 3.1.2. Section 3.1.3 gives the definitions of Discrete Sine
Transform (DST). Section 3.1.4 provides a framework for homogeneous images, and explains
when a transform is good at processing homogeneous images. The key idea is that the
DCT almost diagonalizes the covariance matrix of certain Gaussian Markov random fields.
Section 3.1.4 shows that the 2-D DCT is a good transform for images with homogeneous

components.

3.1.1 Discrete Fourier Transform
Definition

In order to introduce the DFT, we need to first introduce the continuous Fourier transform.
From the book by Y. Meyer [107, Page 14|, we learn that the idea of continuous Fourier
transform dates to 1807, the year Joseph Fourier asserted that any 2m-periodic function

in L?, which is a functional space made by functions whose square integral is finite, is
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a superposition of sinusoid functions. Nowadays, Fourier analysis has become the most
powerful tool in signal processing. Every researcher in science and engineering should know

it.

The Fourier transform of a continuous function X (¢), by definition, is

~ 1 +oo )
X(w)=— X (t)e ?mtqr,
2 J_
where i2 = —1. The following is the inversion formula:
+oo .
X(t) = X (w)e?™ dw.
—0o0

Since digital signal processing (DSP) has become the mainstream in signal processing,
and only discrete transforms can be implemented in the digital domain, it is more interesting

to consider the discrete version of Fourier transform.

For a finite sequence X|[0], X[1],..., X[V — 1], where N is a given integer, the discrete

Fourier transform is defined as
—~ 1 2
X[l]=— Y X[kei®H 0<I<N-1; (3.1)

and consequently

N-—1
XK = 1 ST RS, 0<k<N -1
[]_\/N []6 9 >~ >~ .
=0

The discrete Fourier transform can be considered as a matrix-vector multiplication.

Let X and X denote the vectors made by the original signal and its Fourier transform

respectively:
X10] X[0]
. X[1] 2 X[1]
X = _ and X = .
X[N —1] X[N —1]
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Also let DFT 5 denote the N-point DFT matrix
DFTy = {e ¥k},
l

where k is the row index and [ is the column index. We have

—

X = DFTy - X.

Apparently DFTy is an N by N square symmetric matrix. Both X and )j(: are IN-
dimensional vectors.

It is well known that the matrix DFTy is orthogonal, which is equivalent to saying
that the inverse of DFT y is its complex conjugate transpose. Thus, DFT is an orthogonal
transform and consequently it is an isometric transform. This result is generally attributed
to Parseval.

Since the concise statements and proofs can be found in many textbooks, we skip the

proof.

Why Fourier Transform?

The preponderant reason that Fourier analysis is so powerful in analyzing linear time invari-
ant system and cyclic-stationary time series is the fact that Fourier series are the eigenvectors
of matrices associated with these transforms. These transforms are ubiquitous in DSP and
time series analysis.

Before we state the key result, let us first introduce some mathematical notation:
Toeplitz matriz, Hankel matriz and circulant matriz.

Suppose Anx n is an N by N real-valued matrix: A = {a;;}1<i<n,i1<j<n withall a;; € R.
The matrix A is a Toeplitz matrix when the elements on the diagonal, and the rows that
are parallel to the diagonal, are the same, or mathematically a;; = t;—; [74, page 193]. The

following is a Toeplitz matrix:

to t_1 ... t_(n_g) t—(n—l)
t1 to e t,(n,g) t—(n—2)
T— . . . .
theo tng ... to t 4
th—1 tph—2 ... t1 to

NxN



3.1. DCT AND HOMOGENEOUS COMPONENTS 31

A matrix A is a Hankel matrix when its elements satisfying a;; = h;j;;j—1. A Hankel
matrix is symbolically a flipped (left-right) version of a Toeplitz matrix. The following is a

Hankel matrix:

hl h2 B hn—l hn
T R
g . ) ) )
hn-1  hn ... hop—3 hop_o
hpn  hapyr ..o hap—2 hopo

NXN

A matrix A is called a circulant matrix [74, page 201] when a;; = ¢ {i—j mod N}» where
x mod N is the non-negative remainder after a modular division. The following is a circulant

matrix:

Co CN—-1 ... (2 C1
C1 Co ... C3 Co
C = (3.2)
CN—2 CN-3 ... Co CN-1
CN—-1 CN—2 ... (C1 Co

NxN

Obviously, a circulant matrix is a special type of Toeplitz matrix.
The key mathematical result that makes Fourier analysis so powerful is the following

theorem.

Theorem 3.1 For an N x N circulant matriz C' as defined in (3.2), the Fourier series
{e‘izﬁwkl :k=0,1,2,... ,N =1}, forl = 0,1,2,... ,N — 1, are eigenvectors of the ma-
trix C, and the Fourier transforms of the sequence {\/NC(), VNey, . .. ,\/NCN_l} are its

etgenvalues.

A sketch of the proof is given in Section 3.7.
There are two important applications of this theorem. (Basically, they are the two

problems that were mentioned at the beginning of this subsubsection.)

1. For a cyclic linear time-invariant (LTI) system, the transform matrix is a circulant
matrix. Thus, Fourier series are the eigenvectors of a cyclic linear time invariant

system, and the Fourier transform of the square root N amplified impulse response is
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the set of eigenvalues of this system. Note: when the signal is infinitely long and the
impulse response is relatively short, we can drop the cyclic constraint. Since an LTI
system is a widely assumed model in signal processing, the Fourier transform plays

an important role in analyzing this type of system.

2. A covariance matrix of a stationary Gaussian (i.e., Normal) time series is Toeplitz
and symmetric. If we can assume that the time series does not have long-range de-
pendency?, which implies that off-diagonal elements diminish when they are far from
the diagonal, then the covariance matrix is almost circulant. Hence, the Fourier series
again become the eigenvectors of this matrix. The DFT matrix DFT y nearly diago-
nalizes the covariance matrix, which implies that after the discrete Fourier transform
of the time series, the coefficients are almost independently distributed. This idea can

be depicted as
DF Ty - {the covariance matrix} - DFT4 ~ {a diagonal matrix}.

Generally speaking, it is easier to process independent coefficients than a correlated
time series. The eigenvalue amplitudes determine the variance of the associated co-
efficients. Usually, the eigenvalue amplitudes decay fast: say, exponentially. The
coeflicients corresponding to the eigenvalues having large amplitudes are important
coefficients in analysis. The remaining coeflicients could almost be considered con-

stant. Some research in this direction can be found in [58], [59] and [101].
From the above two examples, we see that FT plays an important role in both DSP and
time series analysis.
Fast Fourier Transform

To illustrate the importance of the fast Fourier transform in contemporary computational
science, we find that the following sentences (the first paragraph of the Preface in [136]) say

exactly what we would like to say.

The fast Fourier transform (FFT) is one of the truly great computational devel-

opments of this century. It has changed the face of science and engineering so

2No long-range dependency means that if two locations are far away in the series, then the corresponding
two random variables are nearly independent.
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much so that it is not an exaggeration to say that life as we know it would be
very different without the FFT. — Charles Van Loan [136].

There are many ways to derive the FFT. The following theorem, which is sometimes
called Butterfly Theorem, seems the most understandable way to describe why FFT works.
The author would like to thank Charles Chui [30] for being the first fellow to introduce this
theorem to me. The original idea started from Cooley and Tukey [32].

To state the theorem, let us first give some notation for matrices. Let P; and P» denote
two permutation matrices satisfying for any mn-dimensional vector z = (zg, z1,... , Tmn—1)

€ R™" we have,

Zo
Tn
Tm=1n ) s
T1
" x1+n
0
T
Py = Lit(m-1)n /) 4 ) (33)
°
Lmn—1 mnx1 °
°
T(n-1)
T(n—-1)4n

T(n—1)4+(m—1)n mxl
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and
Zo
I
L(p—
(n—1)m nx1
T
$1+m
Lo
xr1 '
p| - o )| (3.4)
' [}
Tmn—1 mnx1
[}
L)
T(m—1)
T(m—1)+m

T(m—1)+(n—1)m nxl

Obviously, we have PlPlT = I,,, and PQPQT = I,un, where I, is an mn X mn identity
matrix. Like all permutation matrices, P, and P, are orthogonal matrices with only one

nonzero element in each row and column, and these nonzero elements are equal to one.

Let Q,,,, denote a diagonal matrix, and let I, be an n X n identity matrix. For wy,, =

27 . .
e ‘mn, the matrix ,,, is

I,

1x1
Wmn

(n—1)x1
wmn

1x(m—1)
mn

w’gnnnfl)x(mfl)
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Armed with these definitions, we are now able to state the Butterfly Theorem. The

following is a formal statement.

Theorem 3.2 (Butterfly Theorem) Consider any two positive integers m and n. Let
DFT,,,, DFT,, and DFT,, be the mn-, m- and n- point discrete Fourier transform ma-
trices respectively. The matrices Pi, Pa and Qyy, are defined in (3.3), (3.4) and (3.5),

respectively. The following equality is true:

DFT,,, = P|

DFT,,

DFT,,

PQan

DFT,

DFT,

~~
n m

The proof would be lengthy and we omit it. At the same time, it is not difficult to find

a standard proof in the literature; see, for example, [136] and [134].

Why does Theorem 3.2 lead to a fast DFT? To explain this, we first use (3.6) in the
following way. Suppose N is even. Letting m = N/2 and n = 2, we have

DFT,
PQy . Pl
DFT,

DFTy ),

DFTy = Pl DET
N/2

(3.7)

2

I N/2 ]
Let C(N) denote the number of operations needed to multiply a vector with matrix DFT y.
Operations include shifting, scalar multiplication and scalar addition. Since P; and P» are
permutation matrices, it takes IV shifting operations to do vector-matrix-multiplication with

PlT, P, and P2T. Note that DFT5 is a 2 x 2 matrix. Obviously, it takes 3N operations (2N
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multiplications and N additions) to multiply with the following matrix:

DFT.

DFT,

N/2

Finally, since ) is a diagonal matrix, it takes N multiplications to multiply with it. From

all the above, together with (3.7), we can derive the following recursive relationship:

C(N) = N+2C(N/2)+N+N+3N+N
= 20(N/2) + 7N. (3.8)

If N =2™, we have

C(N) =" 20(N/2) + 7N

= 210 (2) + 7(m — 1)N
= 7Nlogy N — 6N
Nlogy N, (3.9)

X

where symbol “<” means that asymptotically both sides have the same order. More specif-

ically, we have

CN)

—_— = tant.
N—+oo N logy N a constan

We see that the complexity of the DFT can be as low as O(N log, N). Since the matrix
corresponding to the inverse DFT (IDFT) is the element-wise conjugate of the matrix
corresponding to DFT, the same argument also applies to the IDFT. Hence there is an
O(N log, N) algorithm for the inverse discrete Fourier transform as well.

We can utilize FFT to do fast convolution, According to the following theorem.

Theorem 3.3 (Convolution Theorem) Consider two finite-length sequences X and 'Y
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of length N, N € N:

X = {XOaXla"' aXN—1}7
Y = (YoYi,... Yyl

Let X and Y denote the discrete Fourier transform (as defined in (3.1)) of X and Y

respectively. Let X *Y denote the convolution of these two sequences:

k N—-1
XYkl => X[iY[k—il+ > X[{Y[N+k—i], k=012 .. N-1
=0 i=k+1

Let X Y denote the discrete Fourier transform of the sequence X xY . We have

—

X «Y[k] = X[KY[k], k=0,1,2,... N—1. (3.10)

In other words, the discrete Fourier transform of a convolution of any two sequences, is equal

to the elementwise multiplication of the discrete Fourier transforms of these two sequences.

We skip the proof.

A crude implementation of the convolution would take N multiplications and N — 1
additions to calculate each element in X Y , and hence N (2N — 1) operations to get the
sequence X «Y. This is an order O(N?) algorithm.

From (3.10), we can first calculate the DFT of the sequences X and Y. From the result
in (3.9), this is an O(Nlogy N) algorithm. Then we multiply the two DFT sequences,
using N operations. Then we can calculate the inverse DFT of the sequence {X[k]Y[k] :
k =0,1,...,N — 1}: another O(N log, N) algorithm. Letting C'(NN) denote the overall

complexity of the method, we have

C'(N) = 2C(N)+ N+ C(N)
=  3C(N)+N
by 99) Nlog, N.

Hence we can do fast convolution with complexity O(N logy N), which is lower than order

O(N?).
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3.1.2 Discrete Cosine Transform
Definition

Coefficients of the discrete cosine transform (DCT) are equal to the inner product of a
discrete signal and a discrete cosine function. The discrete cosine function is an equally
spaced sampling of a cosine function. Note that we stay in a discrete setting. Let the

sequence
X ={X[]:1=0,1,2,... ,N -1}
be the signal sequence, and denote the DCT of X by
Y ={Y[k]:k=0,1,2,... ,N —1}.

Then by definition, each Y[k] is given by

N—
Yk =) CuX[l], 0<k<N-1,
1=

—_

and the element CY; is determined by

Cri = o (k)az(l) 2 oS (W(k + 5}\2(1 + d2)

< <N -1 11
2 ). oshis .11

For i = 1,2, the choice of function «;(k), k € N is determined by the parameter §;:

L ifk=0,
if ; =0, then  ay(k)={ V2
1, ifk=1,2...,N—1;

if 0; =1/2, then «;(k) = 1.

The purpose of choosing different values for the function «;(k) is to make the DCT

an orthogonal transform, or equivalently to make the transform Cn = {Cl;}x=0.1,..
1

,N—1 an
1=0,1,...,N—1

orthonormal matrix.
A good reference book about DCT is Rao and Yip [121].
By choosing different values for ¢; and d2 in (3.11), we can define four types of DCT, as

summarized in Table 3.2.
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‘ Type of DCT H 01 ‘ 09 ‘ transform matrix

type-I DCT 0 0 C]IV
type-Il DCT || 0 |[1/2 cl!
type-IIl DCT || 1/2 | 0 ci!
type-IV DCT || 1/2 | 1/2 cty

Table 3.2: Definitions of four types of DCTs.

For all four types, the DCT matrices are orthogonal (C’X,1 = C?\;) Since they are real,

of course they are unitary. Another noteworthy fact is that C4f = (C1H1)~L.

We can view the four types of DCT as choosing the first index (which usually corresponds
to the frequency variable) and the second index (which usually corresponds to the time
variable) at different places (which can be either integer points or half integer points).

Figure 3.1 depicts this idea.

DCT via DFT

Particularly for the type-I DCT, the transform matrix C']IV is connected to the transform
matrix of a 2N-point DFT (DFT,y) in the following way:

S N -
V2 V2
Cl o 1 1
=R ' DFTon _ :

where R is a real operator: R(A) is the real part of matrix A. Symbol “e” represents an
arbitrary N x N matrix.

The other types of DCT, generally speaking, can be implemented via the 8 N-point DFT.
We explain the idea for the case of type-IV DCT. For type-II and type-III DCT, a similar
idea should work. Note that in practice, there are better computational schemes.

Let us first give some mathematical notation. Let symbol Zy_.gsny denote an insert
operator: it takes an N-D vector and expand it into an 8 N-D vector, so that the subvector

at locations {2,4,6,... ,2N} of the 8N-D vector is exactly the N-D vector, and all other
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Xapul puoJss
AN = AN AN AN N
NVARE AN VAR AN VAR A VAR
T S x> =z S = > =
AN = AN — AN AN N
NVARE AN VAR AN VAR AN VAR
= S = > =z S =z > =
AN N AN N
== = < =
T S x> =z S =z > =
AN = AN AN AN N
= <= 7 = =
T S T > =z S = > =
AN = AN — AN AN N
NARE AN VAR AN VAR A VAR
Lo < (42) N —

first index

Figure 3.1: Sampling of four types of DCT at the index domain. For example, both the

first index and the second index for the type-I DCT take integral values.
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elements in the 8N-D vector are zero. Equivalently, for {X[0], X[1],..., X[N — 1]} € RY,

IN—>8N({X[OLX[1]7 ?X[N_ 1]})
= {0,X[0],0,X[1],0,...,0, X[N —1],0,...,0} € R®,

6N

Let symbol Sgny_.x denote the inverse operator of Zy_.gy. The operator Sgy_,n is actually

a downsampler:

Ssnvn({e, X[0], 0, X[1],0,... 0 X[N —1],0, ... e})={X[0], X[1],... , X[N — 1]},
6N

[P

where “o” represents any complex number. If DFTgy denotes the 8 N-point DF'T operator
and DCT{VV denotes the N-point type-IV DCT operator, then the following is true (note
the index of DFT starts at zero):

DCTY =R oSsy_.nyoDFTgy oIy _sN.

In order to do an N-point type-IV DCT, we can first insert the sequence into an eight-times
expanded sequence, and then apply the 8 N-point DFT to the expanded vector, and then
downsample the output of DFT, and then take the real part of the downsampled result.
Note in this section, we always assume that the input is a real sequence or a real vector.
The reason that we need a much higher dimension (8 times) in DFT to implement DCT

is because DCT could be sampled at half integer points (multipliers of 1/2).

Summary of Development in Fast Algorithms

We summarize the development of fast algorithms for DCTs. Since the type-II DCT
has been used in JPEG—an international standard for image coding, compression and
transmission—research in this area has been very active. The 2-D DCT on small blocks—
for example, an 8 x 8 block or an 16 x 16 block—is of particular importance. JPEG uses
2-D DCT on an 8 x 8 block.

Let’s start with the 1-D DCT. Table 3.3 summarizes some key results. (The table is
originally from Antonio Ortega for a talk given at ISL, Stanford University.) By definition,
the 1-D N-point DCT takes N? multiplications and N (N — 1) additions; when N = 8,
it is equivalent to 64 multiplications and 56 additions. In 1977 [28], Chen, Smith and
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Fralick developed a fast algorithm that would take N log, N —3N/2+ 4 multiplications and
3N/2(logy N — 1) 4 2 additions; when N = 8, their algorithm would take 16 multiplications
and 26 additions. This is a significant reduction in complexity. In 1984, Wang [139] gave an
algorithm that would take N(3/4logy N — 1) + 3 multiplications and N(7/4logs N —2) + 3
additions; when N = 8, this is 13 multiplications and 29 additions. Also in 1984, Lee [92]
introduced an algorithm that would take N/2log, N multiplications and 3N/2logs N—N+1
additions; when N = 8, this is 12 multiplications (one less than 13) and 29 additions.

Algorithm # of Multiplications # of Additions
Definition N? N(N —-1)

{64} {56}

Chen, Smith and | Nlogy, N —3N/2+4 | 3N/2(logg N — 1) +2
Fralick, 1977 [28] (16 1261

Wang, 1084 [130] | N(3/4logy N — 1) + 3 | N(7/4logy N — 2) + 3
{13} {29}

Lee, 1084, [92] N/2logy N 3N/2log, N — N + 1
{12} {29}
Duhamel, 1987 [62] 2N —logy N —2 Not Applicable
(theoretical bound) {11}

Table 3.3: Number of multiplications and additions for various fast one-D DCT/IDCT
algorithms. The number in { - } is the value when N is equal to 8.

The overall complexity of the DCT arises from two parts: multiplicative complexity
and additive complexity. The multiplicative complexity is the minimum number of nonra-
tional multiplications necessary to perform DCTs. The additive complexity, correspond-
ingly, is the minimum number of additions necessary to perform DCTs. Since it is more
complex to implement multiplications than additions, it is more important to consider mul-
tiplicative complexity. In 1987, Duhamel [62] gave a theoretical bound on the 1-D N-point
DCT: it takes at least 2N — logy N — 2 multiplications. In 1992, Feig and Winograd [67]
extended this result to an arbitrary dimensional DCT with input sizes that are powers
of two. Their conclusion is that for L-dimensional DCTs whose sizes at coordinates are
2ma 2m2 . 2™ML with myp < me < ...mp, the multiplicative complexity is lower bounded
by 2mitmetetmi_y(gmitl _py— 2) When L = 1, this result is the same as Duhamel’s
result [62].

In image coding, particularly in JPEG, 2-D DCTs are being used. In 1990, Duhamel
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and Guillemot [61] derived a fast algorithm for the 2-D DCT that would take 96 multipli-
cations and more than 454 additions for an 8 x 8 block. In 1992, Feig and Winograd [66]
proposed another algorithm that would take 94(< 96) multiplications and 454 additions for
an 8 x 8 block. They also mentioned that there is an algorithm that would take 86 (< 94)
multiplications, but it would take too many additions to be practical.

In practical image coding/compression, a DCT operator is usually followed by a quan-
tizer. Sometimes it is not necessary to get the exact values of the coefficients; we only need
to get the scaled coefficients. This leads to a further saving in the multiplicative complexity.
In [66], Feig and Winograd documented a scaled version of DCT that would take only 54
multiplications and 462 additions. Moreover, in their fast scaled version of the 2-D DCT,
there is no computation path that uses more than one multiplication. This makes parallel

computing feasible.

3.1.3 Discrete Sine Transform

As for the DCT, the output of the 1-D discrete sine transform (DST) is the inner product
of the 1-D signal and the equally sampled sine function. The sampling frequencies are
also equally spaced in the frequency domain. Again, there are four types of DST. More
specifically, if we let

X={X[]:1=0,1,2,... ,N -1}
be the signal sequence, and denote the DST of X by
Y ={Y[k]:k=0,1,2,... ,N — 1},

we have

N—
Yk =Y Sn(kDX[l], k=0,1,2,... ,N—1,
=0

[y

where Sy (k,l),k,l =0,1,2,... ,N — 1, are values of sine functions. For the four types of
DST, let

{ L if k=0or N,
b ==

V2 (3.12)
1 if k=1,...,N—1;
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then we have
o DSTT: Sy (k,1) = /% sin 5,
o DST-IL: Sy (k,1) = bkﬂ\/% sin TEHD0HE),
o DST-IIL: Sy(k,1) = bm\/% sin DD,

1 1
o DST-IV: Sy (k1) =/ sin 32,

For all the four types of DST, the transform matrices

{Sn(k, D)} r=o.,

1
1=0,1,

N o

v, N—1
N-1

are orthogonal (and also unitary).
If DSTY and DSTLH denote the DST-IT and DST-IIT operators, similar to DCT, we

have
DSTY = (DSTIH) L.

3.1.4 Homogeneous Components

The reason that the DCT is so powerful in analyzing homogeneous signals is that it is
nearly (in some asymptotic sense) the Karhunen-Loéve transform (KLT) of some Gaussian
Markov Random Fields (GMRF's). In this section, we first describe the definition of Gaus-
sian Markov Random Fields, then argue that the covariance matrix is the key statistic for
GMRFs; for a covariance matrix, we give the necessary and sufficient conditions of diag-
onalizability of different types of DCTs; finally we conclude that under some appropriate
boundary conditions, the DCT is the KLT of GMRFs.

As we stated earlier, in this thesis, not much attention is given to mathematical rigor.

Gaussian Markov Random Field

This subsubsection is organized in the following way: we start with the definition of a
random field, then introduce the definition of a Markov random field and a Gibbs random
field; the Hammersley-Clifford theorem creates an equivalence between a Markov random
field and a Gibbs random field; then we describe the definition of a Gaussian Markov random
field; eventually we argue that DCT is a KLT of a GMRF.
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Definition of a random field. We define a random field on a lattice. Let Z? denote the
d-dimensional integers, or the lattice points, in d-dimensional space, which is denoted by
R The finite set D is a subset of Z%: D c Z%. For two lattice points x,y € Z%, let |z — y|
denote the Euclidean distance between x and y. The set D is connected if and only if for any
x,y € D, there exists a finite subset {1, z2,... ,z,} of D, n € N, such that (1) |z —z1| < 1,
(2) |z —zit1] < 1,i=1,2,... ,n—1, and (3) |z, —y| < 1. We call a connected set D a
domain. The dimension of the set D is, by definition, the number of integer points in the
set D. We denote the dimension of D by dim(D). On each lattice point in set D, a real
value is assigned. The set R?, which is equivalent to R4™(D) s called a state space. Follow
some conventions, we denote the state space by (2, so we have () = RAM(D) Tt F be the
o-algebra that is generated from the Borel sets in ). Let P be the Lebesgue measure. The
triple (2, F,P) is called a random field (RF) on the domain D.

Note that we define a random field on a subset of all the lattice points.

Now we give the definition of a neighbor. Intuitively, under Euclidean distance, two
integer (lattice) points x and y are neighbors when |z — y| < 1. This definition can be
extended. We define a non-negative, symmetric and translation-invariant bivariate function

N(z,y) on domain D, such that for z,y € D, the function N satisfies
1. N(z,z) =0,
2. N(z,y) > 0 (non-negativity),
3. N(z,y) = N(y,z) (symmetry),
4. N(z,y) = N(0,y — z) (homogeneity, or translation invariance).

Any two points are called neighbors if and only if N(z,y) > 0. For example, in Euclidean
space, if we let N(z,y) = 1 when |x —y| = 1, and N(z,y) = 0 elsewhere, then we have the
ordinary definition of neighbor that is mentioned at the beginning of this paragraph.
Definition of a Markov random field. The definition of a Markov random field is based
upon conditional probability. The key idea of Markovity is that conditional probability
should depend only on neighbors. To be more precise, we need some terminology. Let w
denote an element of Q. We call w a realization. Let p(w) denote the probability density
function of w. The p.d.f. p is associated with the Lebesgue measure P. Let w(x) be the

value of the realization w at the point . For a subset A C D, suppose the values at points
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in A are given by a deterministic function f(-), the conditional p.d.f. at point = € D given

values in A is denoted by p{w(z)|w(y) = f(y),y € A C D}. To simplify, we let

plw(@)|w() = f(-) on A} = plw(z)lw(y) = f(y).y € AC D}.
If the p.d.f. satisfies the following conditions:
1. positivity: p(w) > 0,Vw € D,

2. Markovity: p{w(z)|lw(z) = f(2),z € D,z # x} =
plw(z)|lw(z) = f(2),z € D,x and z are neighbor},

3. translation invariance: if two functions f, f’ satisfy f(x+z) = f'(y+ z) for all z € D,

then p{w(z)lw(-) = f(-), on D —{z}} = p{w(y)lw(-) = f'(-), on D —{y}},

then the random field (2, F,P) is a Markov random field (MRF).

Definition of a Gibbs random field. The key idea of defining a Gibbs random field is
writing the p.d.f. as an exponential function. Let p(w) represent the same p.d.f. as in the
previous paragraph. A random field is a Gibbs random field (GRF) if function p(w) has the

form
pw) =2 e | 3 30 wl@e)Uy) | (3.13)
zeD yeD

where the constant Z is a normalizing constant, and the function U(z,y) has the following

properties: for z,y € D, we have
1. U(z,y) =Ul(y,z) (symmetry),
2. U(z,y) =U(0,y — z) (homogeneity),
3. U(z,y) = 0 when points z and y are not neighbors (nearest neighbor property).

The function U(x,y) is sometimes called pair potential [129].

Albeit the two types of random field are ostensibly different, they are actually equiva-
lent. The following theorem, which is attributed to Hammersley and Clifford, creates the
equivalence. Note that the theorem is not expressed in a rigorous form. We are just trying

to demonstrate the idea.
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Theorem 3.4 (Hammersley-Clifford Theorem) Every Markov random field on a do-

main D is a Gibbs random field on D and vice versa.

The rigorous statement and the actual proof is too long to be presented here, readers
are referred to [12, 129] for technical details.

Definition of a Gaussian Markov random field. In (3.13), if the p.d.f. p(w) is also the
p.d.f. of a multivariate Normal distribution, then there are two consequences: first, from
the Hammersley-Clifford Theorem, it is a Markov random field; second, the random field is
also Gaussian. We call such a random field a Gaussian Markov random field (GMRF). Let
& denote a vector corresponding to a realization w. (The vector & is simply a list of all the
values taken by w.) We further suppose the vector & is a column vector. Let ¥ denote the

covariance matrix of the corresponding multivariate Normal distribution. We have

_ (o y—idimp) 1 ( 1 _r _1ﬁ>
w) = 27T 2 — 00— €X — =W E w | .
p(w) = (2) et (x) p(—5

This is a p.d.f. of a GMRF.

A Gaussian Markov random field is a way to model homogeneous images. In the image
case, the dimensionality of the domain is 2 (d = 2). The gray scale at each integer point in
7?2 is a continuous value. The fact that an image is homogeneous and only has the second
order correlation, is equivalent to the fact that the image is a GMRF.

For a GMREF, if there is a transform that diagonalizes the covariance matrix ¥, then this
transform is the KLT of the GMRF. Since we are discussing the connection between DCT
and the homogeneous signal, the interesting question to ask is “Which kind of covariance
matrices does the DCT diagonalize?”. We answer in the next subsubsection.

There have been some efforts to extend the GMRF model; for example, the work by
Zhu, Wu and Mumford [145].

Covariance Matrix Diagonalization

In this subsubsection, we answer the question raised in the previous subsubsection. We
answer it in a converse manner. Instead of giving the conditions of the covariance matrices
and then discussing the diagonalizability of matrices associated with this type of DCT, we
try to find out which group of matrices can be diagonalized by which type of DCT.

The following Theorem is a general result. A reason we list it here is that we have not

seen it documented explicitly in any other references.
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The basic idea is that if the covariance matrix can be diagonalized by a type of DCT,
then the covariance matrix must be written as a summation of two matrices. Moreover,
the two matrices must have some particular properties. One matrix must be Toeplitz
and symmetric, or such a matrix multiplied by some diagonal matrices. The other matrix
must be Hankel and counter symmetric, or counter antisymmetric, or a matrix obtained by
shifting such a matrix and then multiplying it with a diagonal matrix. Furthermore, for an
N x N covariance matrix, the dimensionality (or the degrees of freedom) of the matrix is
no higher than N.

To be more clear, we have to use some notation. Let N denote the length of the signal,
so the size of the covariance matrix is N x N. Let bx,k =0,1,... , N — 1 be the sequence

defined in (3.12). Let B be the diagonal matrix
B = ' . (3.14)

Let {co,c1,c2,... ,con—1} and {cf, ¢, ch, ... ,chy_1} be two finite real-valued sequences

whose elements ¢; and ¢, satisfy a symmetric or an antisymmetric condition:
(A

C; = Co2N—j i:0,1,2,...,2N—1,
¢ =—cyn_; ©=0,1,2,... 2N — 1.

Note that when ¢ = N, the second condition implies ¢y = 0. Suppose C; and C] are the

Toeplitz and symmetric matrices

Co C1 e CN—-1 CO Cl e CN—l

C1 Co CN—-2 C C Cnr_
Cy _ . |, and =] © 3y

/
CN—-1 CN—92 ... Co CNfl CN72 Cy
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Suppose Cy and CY, are the two Hankel matrices

c1 c2 CN—-1 CN
Cco c3 CN CN—-1
Cy =
CN—1 CN ... c3 co
CN CN-1 ... Co C1
d c vy 0
¢ cf 0 —n_q
cl = . .
N1 0 - =G
0 —Cy_y - —Ch —c}

49

(3.16)

(3.17)

Note that Cy is counter symmetric (if ay;;, is the {i,j}th element of the matrix, then

afijy = QN41—i,N+1—j}-00r 4,5 = 1,2,

., N) and CY is counter antisymmetric (if agigy is

the {7, j}th element of the matrix, then ag; jy = —ayni1-iN41—j}, for i,5 =1,2,... ,N)

Let D denote a down-right-shift operator on matrix, such that

o c1 CN-2 CN-1
€1 ) CN—-1 CN
D(C) = ;
CN—2 CN—-1 ... Cq4 C3
CN-1 CN c. C3 C9
and
ch . dy_y vy
cy ¢ ... dy4 O
D(Cy) =
g vy .. —C  —ch
vy 0 L. =y =4

Note that D(C3) and D(CY%) are still Hankel matrices.

(3.18)

(3.19)
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Let ¥ denote the covariance matrix, and let ¥; and Y5 denote two matrices that have

special structures that we will specify later.

We will refer to the following table (Table 3.4) in the next Theorem.

Y1 (Toeplitz part) | ¥o(Hankel part) | X1 + 3o(covariance matrix)
type-I B-C, B B-D(C)-B | B-C,-B+B-D(Cs) B
type-I1 C1 Oy Ci+ Oy
type-III B-C|-B B-D(CY)-B | B-C.-B+B-D(C}) B
type-IV C] c, C1+ G,

Table 3.4: Decomposition of covariance matrix that can be diagonalized by different types
of DCT.

Theorem 3.5 (DCT Diagonalization) If a covariance matriz ¥ can be diagonalized by
one type of DCT, then it can be decomposed into two matrices, ¥ = ¥1+39, and the matrices

Y1 and X9 have special structures as listed in Table 3.4. For example, if a covariance matriz
3 can be diagonalized by DCT-I, then

The matrices B, C1, C1, Ca, Ch, D(Cs) and D(CY) are defined in equations (3.14), (3.15),
(3.16), (3.17), (3.18) and (3.19), respectively.

Moreover, the elements ¢; and ¢, are determined by the following expressions:

) .
G o= % b2 cos ——,i=0,1,... ,2N — 1,
k=0
N-1 1
1 m(k+3)i
= — A 2 i=0,1 2N — 1
c Nkio k?cos N ’1’ b} ) M

where the sequence {\ : k=0,1,... ,N — 1} is a real-valued sequence.
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The diagonal matriz
Ao
diag{ Ao, A\1,... ,AN_1} =
AN—1

is the result of DCT diagonalization.

Since Y is a covariance matriz, the value of A\ is the variance of the kth coefficient of

the corresponding DCT.

Why is this result meaningful? Because it specifies the particular structure of matrices
that can be diagonalized by DCTs. Some previous research has sought the specifications
(for example, the boundary conditions) of a GMRF so that the covariance matrix has one
of the structures that are described in Table 3.4, or has a structure close to one of them.

The research reported in [110, 111] is an example.

Conclusion of Section 3.1.4

When an image, or equivalently a GMRF, is homogeneous, the covariance matrix should
be Toeplitz. Generally we also assume locality, or Markovity; hence the covariance matrix

is nearly diagonal.

In order to show that DCT almost diagonalizes the covariance matrix of a class of
homogeneous signals, we take type-II DCT as an example. We explain in a reverse order. If
a covariance matrix can be diagonalized by type-II DCT, based on Theorem 3.5 and Table
3.4, the covariance matrix should look like Cy + Cy. If we take the sequence {cg, c1,... ,cn},
such that the sequence has large amplitude at ¢y and vanishing elements at the other end
(which is equivalent to saying [¢;| — 0 as ¢ — 0), then the Toeplitz part C; becomes
significant and the Hankel part C vanishes—only the upper-left corner and the bottom-
right parts of the matrix Cs are significantly nonzero. It would be possible for us to choose
a sequence {cop,cy,...,cn} such that the matrix C; + Cy is a close approximation to the
covariance matrix. Hence the type-II DCT can approximately diagonalize the covariance

matrix, and is nearly the KLT of this class of images or GMRFs.
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3.1.5 2-D DCT

The 2-D DCT is an extension of the 1-D DCT. On a matrix, we simply apply a 1-D DCT
to each row, and then apply a 1-D DCT to each column. The basis function of the 2-D
DCT is the tensor product of (two) basis functions for the 1-D DCT.

The optimality of the 2-D DCT is nearly a direct extension of the optimality of the 1-D
DCT. As long as the homogeneous components of images are defined consistently with the
definition corresponding to 1-D homogeneous components, we can show that the 2-D DCT
will diagonalize the covariance matrices of the 2-D signal (images) too. Based on this, we
can generate a slogan: “The 2-D DCT is good for images with homogeneous components.”

Another way to show the optimality of the DCT is to look at its basis functions. The
properties of the basis functions represent the properties of a transform. A coefficient after a
transform is equal to the inner product of an input and a basis function. Intuitively, if basis
functions are similar to the input, then we only need a small number of basis functions to
represent the original input. Note here that the input is a signal. When the basis functions
are close to the features we want to capture in the images, we say that the corresponding
transform is good for this type of images.

To show that the 2-D DCT is good for homogeneous images, let’s look at its basis func-
tions. Figure 3.2 shows all 2-D DCT basis functions on an 8 x 8 block. From these figures,
we should say that the basis functions are pretty homogeneous, because it is impossible to
say that the statistical properties in one area are different from the statistical properties in

another.

3.2 Wavelets and Point Singularities

It is interesting to review the history of the development of wavelets. The following de-
scription is basically from Deslauriers and Dubuc [60, Preface]. In 1985 in France, the first
orthogonal wavelet basis was discovered by Meyer. Shortly thereafter Mallat introduced
multiresolution analysis, which explained some of the mysteries of Meyer’s wavelet basis.
In February, 1987, in Montreal, Daubechies found an orthonormal wavelet basis that has
compact support. Next came the biorthogonal wavelets related to splines. In Paris, in May
1985, Deslauriers and Dubuc used dyadic interpolation to explain multiresolution, a term

that by then was familiar to many. Donoho and Johnstone developed the wavelet shrinkage
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Figure 3.2: Two-dimensional discrete cosine transform basis functions on an 8 x 8 block.
The upper-left corner corresponds to the low-low frequency, and the lower-right corner
corresponds to the high-high frequency.
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method in denoising, density estimation, and signal recovery. Wavelets and related technolo-
gies have a lot of influence in contemporary fields like signal processing, image processing,

statistic analysis, etc. Some good books that review this literature are [20, 34, 100, 107].

It is almost impossible to cover this abundant area in a short section. In the rest of the
section, we try to summarize some key points. The ones we selected are (1) multiresolution
analysis, (2) filter bank, (3) fast discrete algorithm, and (4) optimality in processing signals
that have point singularities. Each of the following subsections is devoted to one of these

subjects.

3.2.1 Multiresolution Analysis

Multiresolution analysis (MRA) is a powerful tool, from which some orthogonal wavelets

can be derived.

It starts with a special multi-layer structure of square integrable functional space L?.
Let V;, j € Z, denote some subspaces of L?. Suppose the V;’s satisfy a special nesting

structure, which is:

L CV3C Vo CV TV CWVIC W C... C L2
At the same time, the following two conditions are satisfied: (1) the intersection of all
the V;’s is a null set: (;czV; = 0; (2) the union of all the V;’s is the entire space L?:
We can further assume that the subspace V) is spanned by functions ¢(x — k), k € Z,
where ¢(x — k) € L?. By definition, any function in subspace V), is a linear combination of
functions ¢(z — k), k € Z. The function ¢ is called a scaling function. The set of functions
{p(x—k) : k € Z} is called a basis of space Vy. To simplify, we only consider the orthonormal

basis, which, by definition, gives

/¢(x)¢(a; — k)dz = §(k) = { (1) : ; 8’ ke (3.20)

A very essential assumption in MRA is the 2-scale relationship, which is: for Vj € Z, if
function f(z) € V;, then f(2x) € V;11. Consequently, we can show that {27/2¢ (272 — k) :
k € Z} is an orthonormal basis of the functional space V;. Since ¢(z) € Vo C Vi, there
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must exist a real sequence {h(n) : n € Z}, such that

d(x) =Y h(n)¢(2z —n). (3.21)

neL

Equation (3.21) is called a two-scale relationship. Based on different interpretations, or
different points of view, it is also called dilation equation, multiresolution analysis equation
or refinement equation. Let function ®(w) and function H(w) be the Fourier transforms of
function ¢(x) and sequence {h(n) : n € Z}, respectively, so that
0 .
/ o(x)e " dux;
—00
Z h(n)e™ ",
nez

The two-scale relationship (3.21) can also be expressed in the Fourier domain:

Consequently, one can derive the result
ad w
d(w) = ®(0) l_IlH(g). (3.22)
]:

The last equation is important for deriving compact support wavelets.

Since the functional subspace V; is a subset of the functional subspace V1, or equiva-
lently V; C Vj41, we can find the orthogonal complement of the subspace V; in space V1.

We denote the orthogonal complement by W;, so that
Vi, @ W; = Vjq1. (3.23)

Suppose {¢(x — k) : k € Z} is a basis for the subspace Wy. The function v is called a
wavelet. Note that the function ¢ is in the functional space Vy and the function 9 is in
its orthogonal complement. From (3.23), we say that a wavelet is designed to capture the

fluctuations; and, correspondingly, a scaling function captures the trend. We can further
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assume that the basis {¢)(z — k) : k € Z} is orthonormal:

/ D@z — ke = 6(k), ke Z. (3.24)

Since () is in Vi, there must exist a real-valued sequence {g(n) : n € Z} such that

=> g(n)¢(2z — n) (3.25)

ne”

Since functional subspace Vy and functional subspace W), are orthogonal, we have

/1/1 (x—k)=0, kel (3.26)
From (3.20) and (3.21), we have

> h(n)h(n - 2k) = 25(k), ke Z. (3.27)
nez

From (3.24) and (3.25), we have
> gln)g(n —2k) = 26(k), k€ Z. (3.28)
neZ
From (3.26), (3.21) and (3.25), we have
> g(n)h(n—2k) =0, ke (3.29)
neZ

Actually, if relations (3.27), (3.28) and (3.29) hold, then the sequence g can only be the
reverse of the sequence h modulated by the sequence {(—1)" : n € Z}. The following

theorem provides a formal description.

Theorem 3.6 (Quadratic Mirror Filter) If two sequences {h(n) : n € Z} and {g(n) :
n € Z} satisfy the relations listed in (3.27), (3.28) and (3.29), then the sequence {g(n) :
n € Z} is uniquely determined by the sequence {h(n) : n € Z} via

VneZ, gn)=(—1)"h(1+2k—n), (3.30)

where k is a pre-determined integer.
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After we specify the sequence {h(n) : n € Z}, the sequence {g(n) : n € Z} is determined.
The Fourier transform of {h(n) : n € Z}, which is denoted by H(w), is determined too.
From relation (3.22), the function ¢(z) is determined, so the sequence {h(n) : n € Z} plays
a deterministic role in the whole design scheme. The choice of {h(n) : n € Z} is determined
by the conditions that are imposed on the wavelet functions. Some such conditions are
symmetry, vanishing moments, compact support, etc. Details on how to design wavelet
functions (or, equivalently, how to choose the h sequence) are not directly relevant to this

thesis. Interested readers are referred to [34] and other books.

3.2.2 Filter Banks

The previous subsection is based on a functional analysis point of view— in particular,
the multi-layer structure of the functional space. The filter bank takes a signal processing
point of view. The basic idea is to partition a signal dyadically at the frequency domain.
More specifically, we assume a signal is made by some basic components, with different

“perfect”

components residing at different frequencies. Suppose we have a pair of filters: a
low-pass filter (LPF) and a “perfect” high-pass filter (HPF). Simultaneously applying this
pair of filters divides the signal into two parts: one part contains only low-frequency com-
ponents; the other part, high-frequency components. Typically, the low-frequency part is
more important, and we want to know more about its structure. We deploy a pair of filters
on the low-frequency part. Note that the low-frequency part is the same as the output of
the previous low-pass filter. Repeating this process, we get a detailed structure in the low
frequency part; at the same time, we keep the information in the high frequency part. In a

discrete case, we apply downsamplers to make the previously described scheme consistent.

Figure 3.3 illustrates the scheme described in the previous paragraph. We call this
scheme a filter bank scheme, ostensibly from the figure (Figure 3.3). The advantages of
applying filter banks are: (1) usually, the implementation of an LPF and an HPF can be
very efficient; (2) if a signal is indeed made by components at a few frequencies, the filter
bank scheme tends to provide an abbreviated description of the input. (The output is

sparse.)

In the latter part of this section, we see that it is not necessary to restrict ourselves to
the filters arrangement depicted in Figure 3.3. We can deploy a pair of filters after an HPF.

This idea leads to a theory of wavelet packets.
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Figure 3.3: Illustration of a filter bank for forward orthonormal wavelet transform.

3.2.3 Discrete Algorithm

Nowadays, computers are widely used in scientific computing, and most of a signal pro-
cessing job is done by a variety of chips. All chips use digital signal processing (DSP)
technology. It is not an exaggeration to say that a technique is crippled if it does not have
a corresponding discrete algorithm. A nice feature of wavelets is that it has a fast discrete
algorithm. For length N signal, the order of computational complexity is O(N). It can be

formulated as an orthogonal transform. Each of the wavelets can have finite support.

To explain how the discrete wavelet transform (DWT) works, we need to introduce some
notation. Consider a function f € L?. Let O‘i: denote a coefficient of a transform of f; ai

corresponds to the kth scaling function at the jth scale:
of = / F@)6(2x — k)da.

Let ﬂi, also denote a coefficient of a transform of f corresponding to the k'th wavelet

function at the jth scale:
/= /f(:v)i/)(ij — K)dz.

Note that coefficients ai and ﬁj , are at the same scale. The following two relations can be
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derived from the two-scale relationships in (3.21) and (3.25):

> h(n) / F(@)p(27 e — 2k — n)da

= Z h(n)aiiék; (3.31)

= Z g(n)ai:_lgk. (3.32)

These two relations, (3.31) and (3.32), determine the two-scale relationship in the discrete

algorithm.

Suppose that function f resides in a subspace V;: f € V;, j € N. By definition, there

must exist a sequence of coefficients a? = {ai, k € Z}, such that

f= Z a£¢(2jx — k).

ne”

The subspace V; can be divided as
Vj :Vo@Wo@...@ijl.

We want to know the decompositions of function f in subspaces Vy, Wy, Wi, ..., and
W;_1. Let gt = {ﬁi, k € Z} denote the set of coefficients that correspond to the wavelets in
the subspace W, 1 <1 < j,l € N. Let o} = {0‘27 k € Z} denote the set of coefficients that
correspond to the scaling functions in the subspace V, for 1 <1 < j,1 € N. From (3.31), for
any j € N, the sequence o/~! is a downsampled version of a convolution of two sequences

o’ and h:

o= (hxdl) | 2. (3.33)
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Similarly, from (3.32), for any j € N, the sequence 3°~! is a downsampled version of a

convolution of two sequences o/ and g¢:
o= (hxal) | 2. (3.34)

The algorithm for the DWT arises from a combination of equations (3.33) and (3.34). We
start with o/ in subspace V;, j € N. From (3.33) and (3.34) we get sequences o/ =1 and 7/}
corresponding to decompositions in subspaces V;_1 and W;_1, respectively. Then we further
map the sequence a?/~! into sequences o/ =2 and (3?72 corresponding to decompositions
in subspaces V;_o and W;_o. We continue this process until it stops at scale 0. The
concatenation of sets a®, 3°, g, ..., 3971 gives the decomposition into a union of all the

O corresponds to a projection of function

subspaces Vo, Wy, Wi, ..., W;_1. The sequence «
f into subspace Vy. For 1 = 0,1,...,7 — 1, the sequence 3' corresponds to a projection of
function f into subspace W,. The set o’ U B U Bt U ... U 377! is called the DWT of the
sequence o .

The first graph in Figure 3.4 gives a scaled illustration of the DW'T algorithm for se-
quence . Note that we assume a sequence has finite length. The length of each block is
proportional to the length of its corresponding coefficient sequence, which is a sequence of
a’s and B’s. We can see that for a finite sequence, the length of the DWT is equal to the

length of the original sequence. The second graph in Figure 3.4 is a non-scaled depiction

for a more generic scenario.

3.2.4 Point Singularities

We will explain why the wavelet transform is good at processing point singularities. The
key reason is that a single wavelet basis function is a time-localized function. In other
words, the support of the basis function is finite. Sometimes we say that wavelet basis
function has compact support. The wavelet basis is a system of functions made by dilations
and translations of a single wavelet function, together with some scaling functions at the
coarsest scale. In the discrete wavelet transform, for a signal concentrated at one point
(or, equivalently, for one point singularity) at every scale because of the time localization
property, there are only a few significant wavelet coefficients. For a length-NN signal, the
number of scales is O(log N), so for a time singularity, a DWT should give no more than

O(log N) wavelet coefficients that have significant amplitudes. Compared with the length
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Figure 3.4: Illustration of the discrete algorithm for forward orthonormal wavelet transform
on a finite-length discrete signal. The upper graph is for cases having 3 layers. The width
of each block is proportional to the length of the corresponding subsequence in the discrete

signal. The bottom one is a symbolic version for general cases.
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of the signal (namely N), O(log N) can be treated as a constant. Hence, we say that the

wavelet transform is good at processing point singularities.

Figure 3.5 illustrates a multiresolution analysis of a time singularity. The top left curve
is a function that contains a time singularity—it is generated by a Laplacian function. The
other plots in the left column show its decompositions into the coarsest scale subspace
Vo (made by dilation and translation of a scaling function) and the wavelet subspace W)
through Ws. The right column contains illustrations of the DW'T coefficients corresponding
to different functional subspaces at different scales. Note that at every scale, there are only
a few significant coefficients. Compared with the length of the signal (which is N), the total
number of the significant DWT coefficients (O(log N)) is relatively small.

A

signal
Wavelet Coefficients

vv__ | 1
w \

’ l
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w, N ‘l‘
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Figure 3.5: Multiresolution analysis of a point singularity with Haar wavelets.
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2-D Wavelets

The conclusion that the 2-D wavelet is good at processing point singularities in an image
is a corollary of the 1-D result.

We consider a 2-D wavelet as a tensor product of two 1-D wavelets. It is easy to observe
that the 2-D wavelet is a spatially localized function. Utilizing the idea from the filter bank
and multi-resolution analysis, we can derive a fast algorithm for 2-D wavelet transform.
The fast algorithm is also based on a two-scale relationship.

Using a similar argument as in the 1-D case, we can claim that for an N x N image,
no more than O(log N) significant 2-D wavelet coefficients are needed to represent a point
singularity in an image. Hence the wavelet transform is good at processing point singularities
in 1mages.

Figure 3.6 shows some 2-D wavelet basis functions. We see that wavelet functions look

like points in the image domain.

Figure 3.6: Two-dimensional wavelet basis functions. These are 32 x 32 images. The upper
left one is a tensor product of two scaling functions. The bottom right 2 by 2 images and
the (2,2)th image are tensor products of two wavelets. The remaining images are tensor
products of a scaling function with a wavelet.
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3.3 Edgelets and Linear Singularities

We describe the edgelet system and its associated transforms. They are designed for linear
features in images.
Detailed description of edgelet system, edgelet transform and fast approximate edgelet

transform are topics of Appendix A and Appendix B.

3.3.1 [Edgelet System

The edgelet system, defined in [50], is a finite dyadically-organized collection of line segments
in the unit square, occupying a range of dyadic locations and scales, and occurring at a range
of orientations. It is a low cardinality system. This system has a nice property: any line
segment in an image (in the system or not) can be approximated well by a few elements
from this system. More precisely, it takes at most 8log,(NN) edgelets to approximate any
line segment within distance 1/N + §, where N is the size of the image and ¢ is a constant.
The so-called edgelet transform takes integrals along these line segments.

The edgelet system is constructed as follows:

[E1] Partition the unit square into dyadic sub-squares. The sides of subsquares are 1/2,
1/4,1/8, ....

[E2] On each subsquare, put equally-spaced vertices on the boundary. The inter-distance

is prefixed and dyadic.
[E3] If a line segment connecting any two vertices is not on a boundary, then it is an edgelet.
[E4] The edgelet system is a collection of all the edgelets as defined in [E3].

The size of the edgelet system is O(N?logy N).

3.3.2 Edgelet Transform

Edgelets are not functions and do not make a basis; instead, they can be viewed as geometric
objects—Iline segments in the square. We can associate these line segments with linear
functionals: for a line segment e and a smooth function f(z1,22), let e[f] = [ f. Then
the edgelet transform can be defined as the mapping: f — {e[f] : e € &,}, where &, is the
collection of edgelets, and e[f] is, as above, the linear functional fe f.

Some examples of the edgelet transform on images are given in Appendix A.
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3.3.3 Edgelet Features

Suppose we have a digital image I and we calculate f = ¢ *x I, the filtering of image [
by ¢ according to semi-discrete convolution: f(z1,22) = >4 1, ¢(@1 — k1,22 — ko) I, k,-
Assuming ¢ is smooth, so is f, and we may define the collection of edgelet features of I via
T[I] = {e[f] : e € &,}. That is, the edgelet transform of the smoothed image f = p* I. In
terms of the unsmoothed image I = > ks ey 11 ko Oky by With Ok, k, the Dirac mass, we may
write (T[I])e = [ tpe(z1,22) (a:l,azg)dajldmg, where ¥, (1, x2) fo (z1—e1(t), zo—ea(t))dt,
where t — (el(t), ea(t)) is a unit-speed parameterized path along edgelet e. In short, v, is
a kind of “smoothed-out edgelet” with smoothing .

Since edgelets are features with various locations, scales and orientations, the associated

transform—the edgelet transform—is well-suited to processing linear features.

3.3.4 Fast Approximate Edgelet Transform

The edgelet transform (defined in previous sections) is an O(N?log, N) algorithm. The
order of complexity can be reduced to O(N?log, N), if we allow a slight modification of the
original edgelet system.

Recently, a fast algorithm for calculating a discrete version of the Radon transform has
been developed. The Radon transform of a 2-D continuous function is simply a projection
of the 2-D function onto lines passing through the origin. In discrete case, people can utilize
the idea from the Fourier Slice Theorem (see Appendix B) to design a fast algorithm. It
takes the following three steps:

image — 2-D FFT — X-interpolation — 1-D inverse FFT — output

(using fractional FT)

The so-called fast approzimate edgelet transform is essentially the discrete Radon transform
of an image at various scales: we partition a unit square into subsquares having various
widths, and then apply the discrete version of the Radon transform on images limited within
each of these subsquares. This method was described in [48] and will be described in detail
in Appendix B. As we can see, the existence of this fast algorithm relies on the existence
of FFT and fractional FT.

The Riesz representers of the fast approximate edgelet transform are close to edgelets

but not exactly the same. Illustrations of some of these representers and some examples
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of this transform on images are given in Appendix B, together with detailed discussion on

algorithm design issues and analysis.

3.4 Other Transforms

In this section, we review some other widely known transforms. The first subsection is
for one-dimensional (1-D) transforms. The second subsection is for 2-D transforms. We
intend to be comprehensive, but sacrifice depth and mathematical rigor. The motivation

for writing this section is to provide us with some starting points in this field.

3.4.1 Transforms for 1-D Signals

We briefly describe some 1-D transforms. Note that all the transforms we mention are
decomposition schemes.

As mentioned at the beginning of this chapter, there is another popular idea in designing
the 1-D transform. This idea is to map the 1-D signal into a 2-D function, which is sometimes
called a distribution. This idea is called the idea of distribution. Typically the mapping is
a bilinear transform; for example, the Wigner-Ville distribution. In this thesis, we are not
going to talk about the distribution idea. Readers can learn more about it in Flandrin’s
book [68].

We focus on the idea of time-frequency decomposition. Suppose every signal is a super-
position of some elementary atoms. Each of these elementary atoms is associated with a
2-D function on a plane, in which the horizontal axis indicates the time and the vertical axis
indicates the frequency. This two-dimensional plane is called a time frequency plane (TFP).
The 2-D function is called a time frequency representation (TFR) of the atom. Usually
the TFR of an atom is a bilinear transform of the atom. Accordingly, the same transform
of a signal is the TFR of the signal. We pick atoms such that the TFR of every atom
resides in a small cell on the TFP. We further assume that these previously mentioned cells
cover the entire TFP. The collection of these cells is called a time frequency tiling. When
a signal is decomposed as a linear combination of these atoms, the decomposition can also
be viewed as a decomposition of a function on the TFP, so we can call the decomposition
a time-frequency decomposition.

Based on Heisenberg’s uncertainty principle, these cells, which correspond to the ele-

mentary atoms, cannot be too small. There are many ways to present the Heisenberg’s
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uncertainty principle. One way is to say that for any signal (here a signal corresponds
to a function in L?), the multiplication of the variances in both the time domain and the
frequency domain are lower bounded by a constant. From a time-frequency decomposition
point of view, the previous statement means that the area of a cell for each atom can not be
smaller than a certain constant. A further result from Slepian, Pollak and Landau claims
that a signal can never have both finite time duration and finite bandwidth simultaneously.

For a careful description about them, readers are referred to [68].

(a) Shannon (b) Fourier (c) Gabor (d) WaveLet
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Figure 3.7: Idealized tiling on the time-frequency plane for (a) sampling in time domain
(Shannon), (b) Fourier transform, (c) Gabor analysis, (d) orthogonal wavelet transform, (e)
chirplet, (f) orthonormal fan basis, (g) cosine packets, and (h) wavelet packets.

—

The way to choose these cells determines the time-frequency decomposition scheme.
Two basic principles are generally followed: (1) the tiling on TFP does not overlap, and (2)
the union of these cells cover the entire TFP.

Time-frequency decomposition is a powerful idea, because we can idealize different trans-
forms as different methods of tiling on the TFP. Figure 3.7 gives a pictorial tour of idealized

tiling for some transforms.
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In the remainder of this subsection, we introduce four transforms: Gabor, chirplet,
cosine packets and wavelet packets. They are selected because of their importance in the

literature. (Of course the selection might be biased by personal preference.)

Gabor Analysis

The Gabor transform was first introduced in 1946 [69]. A contemporary description of
the Gabor transform can be found in many books, for example, [68] and [100]. For a 1-D

continuous function f(¢) and a continuous time variable ¢, the Gabor transform is

+o0 )
G(m,n) = / f(t) - h(t —mT)e ™" qt, for integer m,n € Z, (3.35)

—00
where h is a function with finite support, also called a window function. The constants T’

and wg are sampling rates for time and frequency. A function
b (t) = h(t — mT)e™ ot (3.36)

is called a basis function of Gabor analysis. (Of course we assume that the set {by, » : m,n €
Z} does form a basis.) Function by, (t) should be both time and frequency localized.

A basis function of the Gabor transform is a shifted version of one initializing function.
The shifting is operated in both time (by mT') and frequency (by nwp) domains, so the
Gabor transform can be compared to partitioning the TFP into rectangles that have the
same width and height. Figure 3.7 (c) depicts an idealized tiling corresponding to Gabor
analysis.

Choices of T' and wg determine the resolution of a partitioning. The choice of the window
function h, which appears in both (3.35) and (3.36), determines how concentrated (in both

time and frequency) a basis function by, is. Two theoretical results are noteworthy:

—twont .

e If a product T - wq is greater than 2x, then a set {h(t — mT)e :m,n € Z} can
never be a frame for L2(R) (Daubechies [34], Section 4.1).

e When T - wy = 27, if a set {h(t — mT)e~“o" . m n € Z} is a frame for L?(R), then
either [ 22|g(x)|?dx = oo or [ &2[G(€)|*d¢ = oo (Balian-Low [34]).

Gabor analysis is a powerful tool. It has become a foundation for the joint time frequency

analysis.
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Chirplets

A chirp is a signal whose instantaneous frequency is a linear function of the time. A
detailed and concise definition of instantaneous frequency is in Flandrin [68]. A chirplet
can be viewed as a piece of a chirp, or equivalently a windowized version of a chirp. The

following is an example of a chirplet function:
h(t — nT)e™®, (3.37)

where h is still a window function, 7" is the time sampling rate, and ¢(t) is a quadratic

polynomial of ¢. An example of h is the Gaussian function h(t) = e~t*. Note h is a real
function. Suppose the general form for the quadratic polynomial is q(t) = ast? + a1t + ag.

The instantaneous frequency is (in this case) ¢'(t) = 2ast 4 a1, which is linear in ¢.

On the TFP, a support of a chirplet is a needle-like atom. Figure 3.7(e) shows a chirplet.
An early reference on this subject is [109]. A more general but complicated way to formulate
chirplets is described in [103]. An idealistic description of the chirplet formulation in [103]
is that we consider the chirplet as a quadrilateral on the time frequency plane. Since
each corner of the quadrilateral has two degrees of freedom, the degrees of freedom under
this formulation can go up to 8. A signal associated with this quadrilateral is actually a
transform of a signal associated with a rectangle in TFP; for example, the original signal
could be a Gabor basis function. There are eight allowed transforms: (1) translation in
time, (2) dilation in time, (3) translation in frequency, also called modulation, (4) dilation
in frequency, (5) shear in time (Fourier transformation, followed by a multiplication by a
chirp, then an inverse Fourier transformation), (6) shear in frequency (multiplication by a
chirp), (7) perspective projection in the time domain, and finally (8) perspective projection

in the frequency domain.

Generally, a chirplet system is overcomplete. The following is about how to build a
chirplet-like orthonormal basis. It is instructive to see that a new orthonormal basis can
be built out of an existing orthonormal basis. The following idea is described in [7]. They
introduced an operator called azis warping: if f(x) is a function in L?(R), the axis warping

of function f(z) is

Wef) (@) = le2|2| D72 £ (|2 sign()),
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where the constant c is a positive real number. It can be proven that a transform W,, for
¢ > 0, is isometric in L?(R). We also know that the Fourier transform is isometric in L?(R)
(Parseval). Suppose we have an orthonormal wavelet basis W = {wj : j, k € Z}. We
first apply a Fourier transform on the basis W, then apply an axis warping transform, then
apply the inverse Fourier transform. Because each step is an isometric transform, the result
must be another orthonormal basis in L?(R). Thus we get a new orthonormal basis, called
a fan basis in [7]. Figure 3.7(d) gives an idealized tiling of wavelets on the time frequency

plane. Figure 3.7(f) gives an idealized tiling of the fan basis.

Cosine Packets

Here we describe cosine packets. We review some landmarks in the historic development of
time frequency localized orthonormal basis. Real-valued time frequency localized atoms not
only have some intuitive optimality, but also have been the tool to circumvent the barrier
brought by traditional Gabor analysis. The content of this subsubsection is more abundant
than its title suggests.

Collection of localized cosine and sine functions. Cosine packets are a collection of
localized cosine and sine functions. A readily observable optimality of cosine and sine
functions is that they are real-valued. Typically, an analyzed signal is a real-valued signal,
so localized cosine and sine functions are closer to a signal than these complex-valued
functions do. We also want a basis function to be localized. The localization should be in
both time and frequency domains: in both time and frequency (Fourier) domain, a function
must either have a finite support, or decays faster than any inverse of polynomials.

Orthonormal basis for L*(R). In Gabor analysis, finding an orthonormal basis for L?(R)
was a topic that has been intensively studied. The Balian-Low theorem says that if we choose
a time-frequency atom following (3.36), then the atom cannot be simultaneously localized
in both time domain and frequency domain—the atom must have infinite variance either in
time or in frequency. To circumvent this barrier, Wilson in 1987 [34, page 120] proposed a
basis function that has two peaks in frequency. In [34], Daubechies gives a construction of
an orthonormal basis for L?(IR). In her construction, basis functions have exponential decay
in both time and frequency. From [34], the key idea to ideal time-frequency localization and
orthonormality in the windowed Fourier framework is to use sine and cosine rather than
complex exponentials. This is a not-so-obvious optimality of using sine and cosine functions

in basis.
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Folding. Another way to obtain localized time-frequency basis, instead of using the
constructive method in Daubechies [34], is to apply folding to an existing orthonormal
basis for periodic functions on a fixed interval. The idea of folding is described in [141]
and [142]. The folding operation is particularly important in discrete algorithms because if
the basis function is from the folding of a known orthonormal basis function (e.g., Fourier
basis function), since the coefficient of the transform associated with the basis is simply the
inner product of the signal with the basis function, we can apply the adjoint of the folding
operator to the signal, then calculate its inner product with the original basis function. If
there is a fast algorithm to do the original transform (for example, for DFT, there is a FFT),
then there is a fast algorithm to do the transform associated with the new time-frequency

atoms.

Overcomplete dictionary. For a fixed real constant, we can construct an orthonormal
basis whose support of basis functions has length exactly equal to this constant. But we
can choose different lengths for support. In the discrete case, for the simplicity of imple-
mentation, we usually choose the length of support equal to a power of 2. The collection of
all the basis functions make an overcomplete dictionary. A consequential question is how
to find a subset of this dictionary. The subset should construct an orthonormal basis, and,

at the same time, be the best representation for a particular class of signal.

Best orthogonal basis. The best orthogonal basis (BOB) algorithm is proposed to achieve
the objective just mentioned. The key idea is to assign a probability distribution on a
class of signals. Usually, the class of signals is a subspace of L?(R). Without loss of
generality, we consider signals that are restricted on the interval [0, 1). Suppose we consider
only functions whose support are dyadic intervals that have forms [27/(k — 1),27k), for
leNk=1,2,...,2" At each level I, for the basis functions whose support are intervals
like [27/(k — 1),27'k), the associated coefficients can be calculated. We can compute the
entropy of these coefficients. For an interval [27!(k—1),27'k), we can consider its immediate
two subintervals: [27/71(2k—2),27/71(2k—1)) and [27"1(2k —1),27!712k). (Note [27!(k —
1),27%) = [2771(2k—2), 2771 (2k—1)) U277 (2k—1), 277 12k).) Note in the discrete case,
a set of the coefficients associated with an interval [27/(k —1),27'k) and a set of coefficients
associated with intervals [27/=1(2k —2),27"1(2k —1)) and [27!71(2k —1),27'"12k) have the
same cardinality. In fact, there is a binary tree structure. Each dyadic interval corresponds
to a node in the tree. Suppose a node in the tree corresponds to an interval I. Two

subsequent nodes in the tree should correspond to the two subintervals of the interval I.
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The idea of the BOB is the following: if the entropy associated with the two subintervals is
lower than the entropy associated with the larger dyadic interval, then we choose to divide
the larger dyadic interval. This process is repeated until there is no more partitioning to
do. The final partition of the unit interval [0,1) determines a subset of localized cosine
functions. It’s not hard to observe that this subset of local cosine functions makes an
orthonormal basis. For a given signal, instead of computing the entropy of a statistical
distribution, we can compute the empirical entropy, which is just the entropy of a set of
coefficients. Note that the coefficients are from a transform of the signal. Based on this
empirical entropy, we can use the BOB algorithm to choose a subset of coefficients, and
correspondingly a subset of basis functions that form a basis.

Complezity. Suppose the length of the signal is NV, for N € N. Note that when we take
cosine functions as an orthonormal basis over an interval, the “folding” transform gives
another orthonormal system whose elements are functions that are defined on the entire
real axis, but are localized (have finite support). For every dyadic interval, we have such
an orthonormal system. Combining all these systems, we actually get the cosine packets
(CP). Suppose dyadic intervals having the same length is a cover of the entire real axis. We
say that CP elements associated with these intervals are at the same scale. For length-N
signals, we have log, NV scales. To calculate the CP coefficients at one scale, we can first
apply “folding” to the data, then apply a DCT. The folding is an O(N) operation. The
discrete cosine transform has O(N log N) complexity. Since we have loga N scales, the total

complexity of computing CP coefficients is O(N log? N).

Wavelet Packets

In MRA, instead of dividing the low-frequency part, or a scaling space (a space spanned
by scaling functions), we can apply a quadratic mirror filter to divide the high-frequency
part, or a wavelet space (which is spanned by the wavelet functions). This idea unveils
developments of wavelet packets. Equivalently, in the filter banks algorithm, at each step,
instead of deploying a pair of filters after an LPF, we can deploy a pair of filters after an
HPF. By doing this, we partition the high-frequency part. Since a wavelet space contains
high-frequency components, partition in a high-frequency part is equivalent to partition in
a wavelet space.

In every step, we can adaptively choose to deploy a pair of filters either after an LPF

or an HPF. In this framework, all possible sets of coefficients have a binary tree structure.
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We can apply the idea of BOB, which is described in the previous subsubsection, to select
an orthonormal basis.

Computational complexity. Computation of the coefficients at every step involves merely
filtering. The complexity of filtering a length-N signal with a finite-length filter is no more
than O(N), so in each step, the complexity is O(N). Since the wavelet packets can go
from scale 1 down to scale logy N. The total complexity of calculating all possible wavelet

packets coefficients is O(N logy N).

3.4.2 Transforms for 2-D Images

To capture some key features in an image, different transforms have been developed. The
main idea of these efforts is to construct a basis, or frame, such that the basis functions, or
the frame elements, have the interesting features. Some examples of the interesting features
are anisotropy, directional sensitivity, etc.

In the remainder of this subsection, we introduce brushlets and ridgelets.

Brushlets

The brushlet is described in [105]. A key idea is to construct a windowized smooth orthonor-
mal basis in the frequency domain; its correspondent in the time domain is called brushlets.
By constructing a “perfectly” localized basis in the frequency domain, if an original signal
has a peak in the frequency domain, then the constructed basis, brushlets, tends to capture
this feature. A 2-D brushlet is a tensor product of two 1-D brushlets. A nice property of a
2-D brushlet is that it is an anisotropic, directionally sensitive, and spatially localized basis.

More details are in Meyers’ original paper [105].

Ridgelets

A ridgelet system is a system designed to process a high-dimensional signal that is a super-
position of some linear singularities. In image analysis, linear singularities can be considered
as edges. It is known that edge features are important features of an image.

The term ridgelet was first coined by Candes [21] [22]. A ridge function is a function

that is constant over a hyper-plane. For example, function

flu-z—b)
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is a ridge function, where u denotes a constant vector, b denotes a scalar constant, and
u - x is the inner product of vector u and vector x. This idea is originally from neural
networks. When a function f is a sigmoid function, the function f(u -z — b) is a single
neuron in neural networks. For Candes’ ridgelets, a key idea is to cleverly choose some
conditions for f; for example, an admissibility condition, so that when a function f satisfies
these conditions, we not only are able to have a continuous representation based on ridge
functions that have the form f(a linear term), but also can construct a frame for a compact-
supported square-integrable functional space. The latter is based on carefully choosing a
spatial discretization on the (u,b) plane. Note that a compact-supported square-integrable
functional space should be a subspace of L?(R). Candes [21] proves that his ridgelet system
is optimal in approximating a class of functions that are merely superpositions of linear
singularities. A function that is a superposition of linear singularities is a function that is
smooth everywhere except on a few lines. A 2-D example of this kind of function is a half
dome: for x = (z1,22) € R?, f(z) = 1{x1>0}e*x§*x3. More detailed discussion is in [21].

A ridge function is generally not in L?(R?), so in L?(R?), Candes’s system cannot be
a frame, or a basis. Donoho [51] constructs another system, called orthonormal ridgelets.
In Donoho’s ridgelet system, a basic element is an angularly-integrated ridge function. He
proves that his ridgelet system is an orthonormal basis in L?(R?). The efficiency of using
Donoho’s ridgelet basis to approximate a ridge function is explored in [52]. In discrete
cases (this is for digital signal processing), a fast algorithm to implement a quasi-ridgelet
transform for digital images is proposed in [49]. This algorithm is based on a fast Cartesian

to polar coordinate transform. The computational complexity (for an N x N image) is
O(N?log N).

3.5 Discussion

In the design of different transforms, based on what we have seen, the following three

principles are usually followed:

e Feature capture. Suppose T is a transform operator. We can think of T as a linear
operator in a function space 2, such that for a function f € Q, T(f) is a set of
coefficients, T(f) = {ca,® € T}. Furthermore, we impose that f = > .7 caba, where
bo’s are the basis functions. If basis functions of T reflect features that we try to catch,

and if a signal f is just a superposition of a few features, then the transform T should
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give only a few coefficients, so the result should be sparse. When this happens, we
say that the transform T has captured features in the signal f. Hence the transform

T is ideal at processing the signal f.

In this chapter, we have presented graphs of different basis functions for different

transforms. We intend to show what kind of features these transforms may capture.

e Fast algorithm. Since most of contemporary signal processing is done in digital format,
a continuous transform is unlikely to make a strong impact unless it has a fast discrete
algorithm. Some examples are the continuous Fourier transform and the continuous
wavelet transform. Both of them have fast discrete correspondents. A fast algorithm
usually means that the complexity should not be higher than a product of the original
size (which typically is N for a 1-D signal and N? for a 2-D N by N image) and log N
(or a polynomial of log V).

o Asymptotic optimality. One way to quantify the optimality of a basis in a certain
space is to consider its asymptotics. This type of research has been reported in various
papers, for example [46]. The idea is to find the asymptotic exponent of a minimax
risk in an [? sense. Here is the idea. Suppose a functional space that we are interested
in is Q. A function d €  is what we want to approximate, or estimate. For a fixed
basis (or a dictionary, or a frame) that is denoted by B, let dy be a superposition
of no more than N elements from B, and at the same time, dy minimizes the mean

square error risk ||d — dy||3. Let’s consider the minimax risk, which is
7§ = supinf ||d — dy/||3.
deq dn

If 7v has an asymptotic exponent p, 7y =< NP, then we call p the asymptotic exponent
of B in Q. Note that the exponent p is always negative. The smaller (more negative)
the asymptotic exponent p is, the more efficient the basis B is in approximating
functions in the space ). In this sense, we say the asymptotic exponent measures the

optimality of basis B.

In designing a transform, which is equivalent to specifying the set B, we always want

to achieve a small p.



76 CHAPTER 3. IMAGE TRANSFORMS AND IMAGE FEATURES

3.6 Conclusion

We have reviewed some transforms. A key point is that none of these transform is ideal
for processing images with multiple features. In reality, an image tends to have multiple
features.

Two consequential questions are whether and how we can combine multiple transforms,
so that we can simultaneously take advantage of all of them. The remainder of this thesis
will try to answer these questions.

Note that since images are typically very large, efficient numerical algorithms are crucial
for determining if a scheme is successful or not. Readers may notice that the remainder of

this thesis is very computationally oriented.

3.7 Proofs

Proof of Theorem 3.1

Suppose ayy, is the mn-th component of the matrix C. The proof is based on the following

fact:

N—

—_

N-1

Z a 1 —i2Tkl (Cisa circulant matrix) 1 —i 2T (k)L
mk € = Cp——¢€
k=0 VN i— VN
1 2 el 2
— e—zﬁml (Z cpe zﬁkl) ’
N k=0
where 0 < m,l < N — 1 and i> = —1. Based on this, one can easily verify that the Fourier

271'k

series {e 3" : k=0,1,2,... ,N—1},forl =0,1,2,... ,N —1, are the eigenvectors of the
matrix C' and the Fourier transform of the sequence {\/ﬁ co,VNer, ... VN cn-—1} are the

eigenvalues.

Proof of Theorem 3.5

Suppose the covariance matrix 3 can be diagonalized by a type of DCT. If the corresponding
DCT matrix is C¥, then we have C{E(C%)T = Qn, where Qy is a diagonal matrix
Qn = diag{Ao, A1,... ,Any—1}. Equivalently, we have ¥ = (C%)TQnC%. From (3.11),
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the ijth component of matrix X is

N-1 ' '
Eij = Z )\ka%(k:)aQ(l)az(J)% COS <7T(k + 5}\){(1 + 62)) cos <7T(k‘ + 5;)[(] 4 52)>
k=0
N-1 ) . . '
= OZQ(Z.)@Q(]')% Aeari (k) |:COS mik + iif)(l —J) + cos m(k + 61)(]2\7+ J+ 252)] .
k=0

In the above equation, let the first term + ij\f:—ol Aea (k) cos % be the ijth
element of matrix 31, and let the second term + Z,ivg)l \ea (k) cos w be the
ijth element of matrix Yo. It is easy to see that the matrix 3, is Toeplitz, and the matrix

Y9 is Hankel. Inserting different values of §; and &5, we establish the Theorem 3.5.

Proof of Theorem 3.6

Consider the z-transform of sequence {h(n) : n € Z} and sequence {g(n) : n € Z}:

From (3.27), note that all the even terms in H(z)H(z~1) have zero coefficient except the

constant term. Hence we have

H()H(zY+H(—2)H(-z1) =2. (3.38)
Similarly from (3.28) we have

G(2)G(z Y+ G(—2)G(—-z"1 = 2. (3.39)
From (3.29), all the even terms in H(2)G(2~!) have zero coefficients, so we have

G()H(z Y)Y+ G(-2)H(-z"1) =0. (3.40)
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Equations (3.38) (3.39) and (3.40) together are equivalent to the matrix multiplication

H(z) H(-=z) H(z"Y) H(=z"')\ [20
G(z) G(-z) G G-zY ) \o2)°
Taking the determinant of both sides, we have
[H(2)G(—2) — G H(—2)|H(")G(—) — GEDH(—= )] =4 (341)

If both sequence {h(n) : n € Z} and sequence {g(n) : n € Z} have finite length (thinking of
the impulse responses of FIR filters), then the polynomial H(2)G(—z) — G(z)H(—z) must
have only one nonzero term. Since if the polynomial H(z)G(—z) — G(z)H(—z) has more

than two terms and simultaneously has finite length, (3.41) can never be equal to a constant.

On the other hand, we have

[H(z"1) + H(=2"N]|[H(2)G(—2) = G(2) H(~=2)]
=  H(z"YH(2)G(~2) + H(—z"Y)H(2)G(-2)
—H(z" )G (2)H(~2) — H(—2"")G(2)H(~2)
=7 H(z")H(2)G(~2) — H(z"")H(2)G(2)
+H(—2z YG(—2)H(—2) — H(—2 )G(2)H(~=2)

B2 o1q(—2) — G(2)].

We know that H(z)G(—z) — G(z)H(—z) only has one nonzero term. The polynomial
H(z71)+ H(—2z"!) can only have terms with even exponents and polynomial G(—z) — G(z)
can only have terms with odd exponents, so from the previous equation, there must exist

an integer k, such that
H(2)G(—2) — G(2)H(—z) = 2221,
and

[H(z™Y) + H(—2z" Y]z = G(—2) — G(2). (3.42)
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Similarly, we have
[H (=Y = H(=2"D][H(2)G(~2) = G(2)H(~=2)] = 2[G(~2) + G(2)].
Consequently,
[H(z™Y) — H(—z"1]21 = G(=2) + G(2). (3.43)
From (3.42) and (3.43), we have
G(z) = =21 H(—271).

The above equation is equivalent to relation (3.30) in the Theorem.



80

CHAPTER 3. IMAGE TRANSFORMS AND IMAGE FEATURES



Chapter 4
Combined Image Representation

This chapter is about combined image representation and sparse decomposition. First, in
Section 4.1, we discuss the motivation for using combined image representation, the key be-
ing that we can obtain benefits from different image transforms. Because we have combined
representations, we have an overcomplete system, or an overcomplete dictionary. Section
4.2 surveys research developments in finding sparse decompositions in an overcomplete dic-
tionary. Section 4.3 explains the optimality of using the minimum ¢! norm decomposition
and explains the formulation we used in this thesis. Section 4.4 explains how we use La-
grange multipliers to transform a constrained optimization problem into an unconstrained
optimization problem. Section 4.5 is about how to choose the parameters in our method.
Section 4.6 points out that a homotopic method converges to the minimum ¢! norm decom-
position. Section 4.7 describes the Newton method. Section 4.8 surveys existing methods
and softwares and explains some advantages of our approach. Section 4.9 gives a preview
about the importance of iterative methods and why we use them. Section 4.10 gives more
detail to the numerical solution of the problem. Finally, in Section 4.11, we make some

general remarks. Section 4.12 contains all relevant proofs in this chapter.

4.1 Why Combined Image Representation?

Recently, many new methods for signal/image representation have been proposed, including
wavelets, wavelet packets, cosine packets, brushlets, edgelets, and ridgelets. Typically, each
of these is good for a specific class of features, but not for others. For example, for 1-D

signal representation, wavelets are effective at representing signals made by impulses—where

81
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“effective” means that there are only a few coefficients that have large amplitudes—while
not effective at representing oscillatory signals. At the same time, the Fourier basis is good
at representing oscillatory signals, but not at representing impulses. For 2-D images, 2-D
wavelets are effective at representing point singularities and patches; edgelets are effective
at representing linear singularities [50]. Different transforms are effective at representing
different image features. An image is usually made of several features. Combining several

transforms, we have more flexibility, hopefully enabling sparse representation.

After combining several transforms, we have an overcomplete system. How do we find
a sparse decomposition in an overcomplete system? This is a huge topic that we are going
to address in the next section, Section 4.2. Typically, finding a sparse decomposition in a
combined dictionary is a much more computationally intensive job than implementing any
single transform of them. Here we give a handwaving example. Suppose y is a vectorized
image, and we want to decompose it in a dictionary made by 2-D discrete cosine basis and

2-D wavelet basis,
y = Tiz + Tows, (4.1)

where T} and T5 are matrices whose columns are vectorized basis functions of the 2-D DCT
and the 2-D wavelet transform, respectively. x; and xz9 are coefficient vectors. y,x1,z9 €
RN?. If there is only T} or Tb, it takes an O(N?) or O(N?log N) algorithm to get the
coefficient x; or xo. But if we want to find a sparse solution to the overcomplete system (4.1),
say, find the minimum ¢! norm solution to (4.1), then we need to solve linear programming
(LP) problem,

minimize e” (x] + 2] + 25 +125),
subject to xf,xf,mg,ajg >0,

y =Ti(xf —a7) + To(z3 —a3),

—_ =

which becomes much more complicated. We can solve it with the simplex method or the
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interior point method. As we know, solving this LP problem in general takes more time
than doing a 2-D DCT or a 2-D wavelet transform.

Additional information about why we choose a minimum ¢! norm solution is in Section
4.2 and Section 4.3.

4.2 Sparse Decomposition

There is by now extensive research on finding sparse decompositions. These methods can

be roughly classified into three categories:
1. greedy algorithms,
2. global optimization algorithms,
3. special structures.

A global optimization algorithm searches for a decomposition minimizing a specified
objective function while satisfying some constraints. (Typically the objective function is
convex and any local minimizer is also a global minimizer.) The basis pursuit method (BP)
[25, 27] is a global optimization algorithm. In the noise free case, it minimizes ||z||; subject
to ®x = y. Another example of the global optimization algorithm is the method of frames
(MOF) [34], which minimizes ||z||2 subject to ®x = y. Note that an ideal objective function
would be the ° norm of z, but that makes it a combinatorial optimization problem.

A greedy algorithm is a stepwise algorithm: at every step, the greedy algorithm takes one
or several elements out of the dictionary into a linear superposition of the desired image.
A well-known example is Matching Pursuit (MP) [102, 100]. The idea of MP is that at
every step, the algorithm picks the atom that is most correlated with the residual. Some
researchers give theoretical bounds for this greedy method, for example [112]. The newly
published high-resolution pursuit [89] is another example of greedy algorithms.

Some algorithms utilize the special structure of a dictionary. For example, best orthogonal
basis (BOB) [142] searches for an orthonormal basis that minimizes the additive entropy in
a dictionary that has a binary tree structure. The dictionary can be, for example, cosine
packets or wavelet packets.

Since a greedy algorithm is a stepwise algorithm, it runs the risk of being trapped in a

bad sequence. Some examples are given in [27, 40]. Some numerical experiments, together
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with some recent advances in theoretical study, show that a global optimization algorithm
like BP is more stable in recovering the original sparse decomposition, if it exists. But BP
is a computationally intensive method. The remainder of this thesis is mainly devoted to
overcoming this barrier. In the next section, Section 4.3, we first explain the optimality of
the minimum ¢! norm decomposition and then give our formulation, which is a variation
of the exact minimum ¢! norm decomposition. This formulation determines the numerical

problem that we try to solve.

4.3 Minimum /' Norm Solution

The minimum ¢' norm solution means that in a decomposition y = ®x, where y is the desired
signal /image, ® is a flat matrix with each column being an atom from an overcomplete
dictionary and z is a coefficient vector, we pick the one that has the minimum ¢ norm
(|[z][1) of the coefficient vector x.

A heuristic argument about the optimality of the minimum ¢' norm decomposition is
that it is the “best” convexification of the minimum ¢° norm problem. Why? Suppose we
consider all the convex functions that are supported in [—1, 1] and upper bounded by the

¢° norm function and we solve

f(@) < lzllo,

maximize f(z), subject to |z]|ee <1,
X

f is convex.

The solution of the above problem is ||z||;.

The ideas of using the minimum ¢! norm solutions in signal estimation and recovery date
back to 1965, in which Logan [96] described some so-called minimum ¢! norm phenomena.
Another good reference on this topic is [55]. The idea of the minimum ¢! norm phenomenon
is the following: a signal cannot be “sparse” in both time and Fourier (frequency) domain;
if we know the signal is limited in one domain (e.g., frequency domain) and the signal is
unknown in a relatively small set in another domain (e.g., time domain), then we may be
able to perfectly recover the signal by solving the minimum ¢' norm problem.

This phenomenon is connected to the uncertainty principle. But the conventional uncer-
tainty principle is based on the ¢° norm. In the continuous case, the £° norm is the length

of interval; in the discrete case, the £° norm is the cardinality of a finite set. As we know,
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% norm is a nonconvex function while ¢! norm is convex.

Some inspiring applications of the minimum ¢! norm phenomenon are given in [55]:

e Recovering missing segments of a bandlimited signal. Suppose s is a bandlimited
signal with frequency components limited in B. But s is missing in a time interval T.
Given B, if |T| is small enough, then the minimizer of ||s — s'[|; among all s" whose

frequency components are limited in B is exactly s.

e Recovery of a “sparse” wide-band signal from narrow-band measurements. Suppose s
is a signal that is “sparse” in the time domain. As we know, a time-sparse signal must
occupy a wide band in the frequency domain. Suppose Ny > |s|. Suppose we can only
observe a bandlimited fraction of s, r = Ppgs, here Pp functioning like a bandpass
filter. We can perfectly recover s by finding the minimizer of ||r — Pgs’||; among all the
s’ satisfying |s’| < N;. This phenomenon has application in several branches of applied
science, where instrumental limitations make the available observation bandlimited.
On the other hand, if we consider the symmetry between the time domain and the
frequency domain, this is a dual of the previous case. We simply switch the positions

of the time domain and the frequency domain.

Another recent advance in theory [43] has given an interesting result. Suppose that the
overcomplete dictionary we consider is a combination of two complementary orthonormal
bases. By “complementary” we mean that the maximum absolute value of the inner product
of any two elements (one from each basis) is upper bounded by a small value. Suppose the
observed signal y is made by a small number of atoms in the dictionary. Solving the
minimum ¢! norm problem will give us the same solution as solving the minimum ¢° norm
problem. More specifically, if a dictionary is made by two bases—Dirac basis and Fourier
basis—and if the observation y is made by fewer than v N /2 atoms from the dictionary,
where N is the size of the signal, then the minimum ¢! norm decomposition is the same as
the minimum ¢° norm decomposition.

|z||o denotes the number of nonzero elements in the vector z. The ¢° norm is generally
regarded as the measure of sparsity. So the minimum ¢° norm decomposition is generally
regarded as the sparsest decomposition. Note the minimum ¢° norm problem is a combina-
torial problem and in general is NP hard. But the minimum ¢! norm problem is a convex

optimization problem and can be solved by some polynomial-time optimization methods,
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for example, linear programming. The previous result shows that we can attack a com-
binatorial optimization problem by solving a convex optimization problem; if the solution
satisfies certain conditions, then the solution of the convex optimization problem is the same
as the solution of the combinatorial optimization problem. This gives a new possibility to
solve an NP hard problem.

More examples of identical minimum ¢! norm decomposition and minimum ¢° norm
decomposition are given in [43].

An exact minimum ¢! norm problem is
(ePy) minixmize lz|l1, subject to y = Px.
We consider a problem whose constraint is based on the ¢? norm:
(P1)  minimize [zf1,  subject to [y — Pzl <e,

where € is a constant. Section 4.4 explains how to solve this problem.

4.4 Lagrange Multipliers

We explain how to solve (P;) based on some insights from the interior point method. One
key idea is to select a barrier function and then minimize the sum of the objective function
and a multiplication of a positive constant and the barrier function. When the solution x
approaches the boundary of the feasible set, the barrier function becomes infinite, thereby
guaranteeing that the solution is always within the feasible set. Note that the subsequent
optimization problem has become a nonconstrained optimization problem. Hence we can
apply some standard methods—for example, the Newton method—to solve it.

A typical interior point method uses a logarithmic barrier function [113]. The algorithm
in [25] is equivalent to using an £? penalty function. Since the feasible set in (Py) is the whole
Euclidean space, the demand of restricting the solution in a feasible set is not essential. We

actually solve the following problem
minimize ||y — ®z|3 + Ap(z), (4.2)
x

where A is a scalar parameter and p is a convex separable function: p(x) = Zf\il p(x;), where
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Figure 4.1: Quasi-sparsity and distortion curve.

p is a convex 1-D function. Note this is the idea of quadratic penalty-function method in

solving the following optimization problem with exact constraints:

minimize p(x), subject to y = Px. (4.3)
x

To better explain the connections we raise here, we introduce a concept called Quasi-
sparsity € distortion curve. “Quasi-sparsity” refers to the small values in the quasi-sparsity
measurement p(z). Figure 4.1 gives a depiction. The horizontal axis is the distortion
measure ||y — ®z||3. The vertical axis is a measure of quasi-sparsity, in our case p(z).
Allowing some abuse of the terminology “sparsity”, we call this plane a distortion-sparsity
(D-S) plane. If there exists  such that (u,v) = (|ly — ®x|3, p(z)), then we say the point
(u,v) on the D-S plane is feasible. We know ||y — ®z||3 is a quadratic form. When p(x) is a
convex function of x, all the feasible points on the D-S plane form a convex set; we call this
convex set a feasible area. For a fixed value of distortion, there is a minimum achievable

value for p(z). If all the points like this form a continuous curve, we call it a Quasi-Sparsity
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& Distortion (QSD) curve. Actually, the QSD curve is the lower boundary of the feasible
area, as shown in Figure 4.1. Note in the figure, the notation Zi:l,... N Cii serves the same
meaning as ®x in the above text.

A noteworthy phenomenon is that for fixed A, the corresponding (u,v) point given by
the solution of (4.2) is actually the tangent point of a straight line having slope —1/\ with
the QSD curve. The tangent is the leftmost straight line having slope —1/A and intersecting
with the feasible area. Moreover, the QSD curve is the pointwise upper bound of all these
tangents. We can see a similar argument on the rate and distortion curve (R&D curve) in
Information Theory [10, 33].

There are two limiting cases:

1. When the distortion ||y — ®x||3 is zero, the QSD curve intersects with the vertical
axis. The intersection point, which has the coordinates (0, p(¢)), is associated with

the solution ¢ to the exact constraint problem as in (4.3).

2. When the measure of sparsity p(x) is zero, because p(x) is convex, nonnegative, and
symmetric about zero, we may think of z as an all-zero vector. Hence the distortion
is equal to ||y||?. The corresponding point on the D-S plane is (||y||?,0), and it is the

intersection of the QSD curve with the horizontal axis.

4.5 How to Choose p and A

Since p(z) = 21111 p(x;), in order to determine p, we only need to determine p. We choose
p as a convex, /!-like and C? function. We choose p to be convex, so that the optimization
problem has a global solution. We choose p to be an ¢'-like function, for the reasons
mentioned in Section 4.3. We choose p to be C? so that the problem in (4.2) is tractable
by standard Newton methods. Our choice of p is

1 1
ﬁ(l‘,’}’) = ’.CU‘ + _e—’y|x\ ) for v >0,
v v

where v is a controlling parameter. Note when v — +o0, p(x,y) — |z|. The derivatives of

p have the form:

0 _ 1—e x>0,
xXr x <
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Figure 4.2: Function p (as p in figures) and its first and second derivatives. p, p’ and p”
are solid curves. The dashed curve in figure (a) is the absolute value. The dashed curve in
figure (b) is the signum function.

and

82
%ﬁ(ﬂfﬁ) = ye !, (4.5)
It is easy to verify that p is C2.

Figure 4.2 shows for fixed +, the function p and its first and second derivatives. Figure
4.3 shows the function p at a neighborhood of the origin with different values of ~.

For fixed « and function p, the following result tells us how to choose .

Proposition 4.1 If ¥ is the solution to the problem in (4.2), then we have

>

127 (y — @7)]lo < 3 (4.6)

[\
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Figure 4.3: Function p at a neighborhood of origin with different values of ~, v =
10, 20, 40, 80, 160. The dashed line is the absolute value.
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A way to interpret the above result is that for the residual r = y — &2, the maximum
amplitude of the analysis transform of the residual ||®77||« is upper bounded by 3. Hence
if A is small enough and if ®” is norm preserving—each column of ® has almost the same [y
norm—then the deviation of the reconstruction based on =, @, from the image y is upper
bounded by a small quantity (literally %) at each direction given by the columns of ®. So
if we choose a small A\, the corresponding reconstruction cannot be much different from the
original image.

After choosing p and A, we have the Hessian and gradient of the objective function (later

denoted by f(z)). For fixed vector x3, = (xF, 25, ... ,x’fV)T € RV, the gradient at zj, is
P ()
glzg) = =207y 4+ 20T Dy, + A : : (4.7)
P (z})
where xf is the i-th element of vector x, i = 1,2,... , N, and the Hessian is the matrix
P (1)
H(zy) = 207® + X . : (4.8)
' (x)

where p” is the second derivative of function p.

4.6 Homotopy

Based on the previous choice of p and p, when the parameter v goes to +oo, p(z,7vy) =
Zfil p(z;s,7) goes to function ||x|/;. Note our ultimate goal is to solve the minimum ¢!

norm problem (P;). Considering the Lagrangian multiplier method, for a fixed A\, we solve
minimize ||y — ®x(|3 + Al z||1. (4.9)
x

When v goes to 400, will the solution of the problem in (4.2) converge to the solution of
the problem in (4.9)7
We prove the convergence under the following two assumptions. The first one is easy to

satisfy. The second one seems too rigorous and may not be true for many situations that we
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are interested in. We suspect that the convergence is still true when the second assumption

is relaxed. We leave the analysis for future research.

Assumption 1 For given y, ® and )\, the solution to the problem in (4.9) exists and is

unique.

Since the objective function is convex and its Hessian, as in (4.8), is always positive definite,

it is easy to prove that the above assumption is true in most cases.

Assumption 2 ®7® is a diagonally dominant matrix, which means that there exists a

constant € > 0 such that

(@7®)is| > 1+ [(@T®)xl,  i=1,2,...,N.
ki

As we mentioned, this assumption is too rigorous in many cases. For example, if ¢ is a

concatenation of the Dirac basis and the Fourier basis, this assumption does not hold.

Theorem 4.1 For fized v, let x(vy) denote the solution to problem (4.2). Let x' denote the

solution to problem (4.9). If the previous two assumptions are true, we have

WETOOCU(V) =a'. (4.10)

From the above result, we can apply the following method. Starting with a small ~;, we
get the solution z(7;) of problem (4.2). Next we choose 2 > 71, set (1) as the initial guess,
and apply an iterative method to find the solution (denoted by z(v2)) of problem (4.2). We
repeat this process, obtaining a parameter sequence 71, 72,73, - - ., and a solution sequence
(1), z(y2),2(73),.... From Theorem 4.1, the sequence {z(~;),i = 1,2,...} converges to
the solution of problem (4.9). This method may save computing time because when = is
small, an iterative method takes a small number of steps to converge. After finding an
approximate solution by using a small valued ~y, we then take it as a starting point for an
iterative method to find a more precise solution. Some iterations may be saved in the early

stage.
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4.7 Newton Direction

For fixed v, we use Newton’s method for convex optimization to solve problem (4.2). Start-
ing from an initial guess z(9), at every step, Newton’s then generates a new vector that is

closer to the true solution:
2D = 20 4 Bin(z®),  i=0,1,..., (4.11)

where [3; is a damping parameter (f; is chosen by line search to make sure that the value of
the objective function is reduced), n(z(®) is the Newton direction, a function of the current
guess (). Let f(z) = ||y — ®z||3 + Ap(x) denote the objective function in problem (4.2).
The gradient and Hessian of f(x) are defined in (4.8) and (4.7). The Newton direction at

2 satisfies
[H(M)} n(e®) = —g(z®). (4.12)

This is a system of linear equations. We choose iterative methods to solve it, as discussed

in the next section and also the next chapter.

4.8 Comparison with Existing Algorithms

We compare our method with the method proposed by Chen, Donoho and Saunders (CDS)
[27]. The basic conclusion is that the two methods are very similar, but our method is
simpler in derivation, requires fewer variables and is potentially more efficient in numerical
computing. We start by reviewing the CDS approach, describe the difference between our
approach and theirs and then discuss benefits of these changes.

Chen, Donoho and Saunders proposed a primal-dual log-barrier perturbed LP algorithm.
Basically, they solve [27, equation (6.3), page 56]

1 1
minimize ¢! 2% + §|!75L‘0H2 + §||p||2 subject to Az’ +dp=y, 2°>0,
1-0
where

e 7 and § are normally small (e.g., 107%) regularization parameters;

e ¢ = A1, where A is the penalization parameter as defined in (4.2) and 1 is an all-one
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column vector;

o 22 = (21, 27)T where x; and x_ are the positive and negative part of the column

vector x that is the same as the “2” in (4.2): x =2y —x_, x4 > 0 and z_ > 0;

e A=[P,—®] and P is the same matrix as the one specified in (4.2);

y is equivalent to the “y” in (4.2);
e 2 > (0 means that each entry of the vector z° is greater than or equal to O.

The main effort of this approach is to solve the following system of linear equations [27,

equation (6.4), page 56]
(ADAT + °I)Ay =r — AD(X v —t), (4.13)

where r, v and t are column vectors given in CDS paper, D = (X 'Z +~2I)~!, X and
Z are diagonal matrices composed from primal variable x° and dual slack variable z. (For
more specific description, we refer readers to the original paper.)

Recall in our approach, to obtain the Newton direction, we solve

207 ® + Np" (z1,)] n = 207 (y — Day) — A/ (i), (4.14)
where p’(z1) = diag{p”(x%),..., 0" (z%)}, p'(zx) = (7' (2%),...,p/(2%))T and n is the
desired Newton direction that is equivalent to n(z®)) in (4.12).

After careful examination of the matrices on the left hand sides of both (4.13) and (4.14),
we observe that both of them are positive definite matrices having the same size. By this
we say that the two approaches are similar. But it is hard to say which one may have a
better eigenvalue distribution than the other.

When they are close to the solution, both algorithms become slow to converge. Note
that the system of linear equations in (4.13) is for a perturbed LP problem. If both v and
§ are extremely small, the eigenvalue distribution of the matrix ADAT + §%I can be very
bad, so that iterative methods converge slowly. The same discussion is also true for the
matrix on the left hand side of (4.14). When the vector xj, has nonzero and spread entries,
the eigenvalue distribution of the positive definite matrix 2®7 ® + \p”(z}) could be bad for
any iterative methods.

The appealing properties of our approach are:
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1. Avoiding introducing the dual variables as in the primal-dual log-barrier perturbed LP
approach. We transfer the problem to a unconstrained convex optimization problem
and apply Newton methods directly to this problem. It is not necessary to introduce
the dual variables and we do not need to increase the size of the primal variable x
by two (this was done in CDS approach). It is not necessary to consider the KKT
conditions. Although the core problem—as in (4.14)—is very similar to the core

problem—as in (4.13)—of CDS approach, the derivation is simpler and more direct.

2. Instead of using a standard conjugate gradients methods, we choose LSQR, which is

analytically equivalent to CG algorithm but is numerically more stable.

Chen, Donoho and Saunders [26] have successfully developed software to carry out
numerical experiments with problems having the size of thousands by tens of thousands.
We choose to implement a new approach in the hope that it simplifies the algorithm and
hopefully increase the numerical efficiency. A careful comparison of our new approach with
the one previously implemented will be an interesting future research topic. At the same
time, we choose LSQR instead of CG. (Chen et al. showed how to use LSQR when § > 0
in (4.13), but their experiments used CG.)

4.9 TIterative Methods

In our problem, we choose an iterative solver to solve the system in (4.12) because the
Hessian is a positive definite matrix with special structure to facilitate fast algorithms for
matrix-vector multiplication. As we know, when there is a fast (low complexity) algorithm
for matrix-vector multiplication and assuming the iterative solver takes a moderate number
of iterations to converge, an iterative solver is an ideal tool to solve a system of linear
equations [74, 78].

Here, we have a fast algorithm to multiply with the Hessian H(z) because, as in (4.8),
the second term is a diagonal matrix, and we know it is an O(N) algorithm to multiply
with a diagonal matrix. The ® in our model is a combination of transforms having fast
algorithms (for example, 2-D wavelet transforms, 2-D DCT and edgelet-like transforms), so
we have fast algorithms to multiply with ® and ®” (which is simply the adjoint). Hence
we have a fast algorithm for multiplying with the Hessian.

Choosing the “correct” iterative method is a big topic. The next chapter is dedicated

to this topic. We choose a variation of the conjugate gradient method: LSQR [116, 117].
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4.10 Numerical Issues

Damped Newton direction. To ensure that Newton’s method converges, we implement a
backtracking scheme to find the value for 3; in (4.11). It guarantees that at every iteration,
the value of the objective function is reduced.

Truncated CG. In order to save computing time, in the early Newton iterations, we ter-
minate the CG solver before it reaches high precision, because an inexact Newton direction
does not hurt the precision of the final solution by Newton method [38, 39].

The algorithm is implemented in Matlab. Fast algorithms for wavelet and edgelet trans-

forms are implemented in C and called by Matlab through a CMEX interface.

4.11 Discussion

4.11.1 Connection With Statistics

In statistics, we can find the same method being used in model selection, where we choose
a subset of variables so that the model is still sufficient for prediction and inference. To be

more specific, in linear regression models, we consider
y=XpG+e,

where y is the response, X is the model matrix with every column being values of a variable
(predictor), (3 is the coefficient vector, and ¢ is a vector of IID random variables. Model
selection in this setting means choosing a subset of columns of X, X(® so that for most
of the possible responses y, we have y ~ X350 where (¥ is a subvector of 8 with
locations corresponding to the selected columns in X(©. The difference (or prediction
error), y — X 0)500) is negligible in the sense that it can be interpreted as a realization of
the random noise vector €.

Typically, people use penalized regression to select the model. Basically, we solve
(PR)  minimize |y — X5 + Ao(9).

which is exactly the problem we encountered in (4.2). After solving problem (PR), we can
pick the ith column in X if §; has a significant amplitude. When p(3) = ||5||1, the method
(PR) is called LASSO by R. Tibshirani [133] and Basis Pursuit by Chen et al [27]. When
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p(B) = ||8]|3, the method (PR) is called ridge regression by Hoerl and Kennard [81, 80].

4.11.2 Non-convex Sparsity Measure

An ideal measure of sparsity is usually nonconvex. For example, in (4.2), the number of
nonzero elements in z is the most intuitive measure of sparsity. The £ norm of z, ||z, is
equal to the number of nonzero elements, but it is not a convex function. Another choice
of measure of sparsity is the logarithmic function; for z = (z1,...,zx)T € RY, we can
have p(z) = Zf\i 1 log |z;|. In sparse image component analysis, another nonconvex sparsity
measure is used: p(z) = SN log(1 + 22) [53].

Generally speaking, a nonconvex optimization problem is a combinatorial optimization
problem, and hence it is NP hard. Some discussion about how to use reweighting methods

to solve a nonconvex optimization problem is given in the next subsection.

4.11.3 Iterative Algorithm for Non-convex Optimization Problems

Sometimes, a reweighted iterative method can be used to find a local minimum for a non-

convex optimization problem. Let’s consider the following problem:

N
(LO) minimizez log |x;], subject to y = Pux;
‘ i=1

and its corresponding version with a Lagrangian multiplier A, !

N
(LO»)  minimize |ly — ®z|j5 + XY log(|ai| + 6).

=1

Note that the objective function of (LO) is not convex.

Let’s consider a reweighted iterative algorithm: for § > 0,

N
||

(RIA) 2 ) = argmin | — 24—
T =1 ‘UUEk)‘ +0

subject to y = Pux;

More precisely, (LO,) is the Lagrangian multiplier version of the following optimization problem:

N
minimizez log(|z:| + 9), subject to  |ly — ®zf| <e.
i=1

Note when § and e are small, it is close to (LO).
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and its corresponding version with a Lagrangian multiplier A,

N
(RIA)y) 2 * ) = argmin ||y — ®z |3 —l—)\z (k|)x71|
@ i1 |z [+ 0
We know the following results.
Theorem 4.2 Suppose we add one more constraint on x: x; > 0,1 =1,2,... ,N. The se-

quence generated by (RIA), {xgk), k=1,2,3,...}, converges in the sense that the difference

of sequential elements goes to zero:

(k+1) m(k)’ -0

|z, as k — +oo.

We learned this result from [95].

Theorem 4.3 If the sequence {xgk),k: = 1,2,3,...} generated by (RIA)) converges, it

converges to a local minimum of (LO)).

Some related works can be found in [36, 106]. There is also some ongoing research, for
example, the work being carried out by Boyd, Lobo and Fazel in the Information Systems

Laboratories, Stanford.

4.12 Proofs

4.12.1 Proof of Proposition 4.1

When 7 is the solution to the problem as in (4.2), the first order condition is
0= A\Vp(z) + 20T oz — 20Ty,
where Vp(z) is the gradient vector of p(z). Hence
1 T
QAVp(az) = o (y — dx). (4.15)

Recall p(z) = Zfil p(x;). It’s easy to verify that Va, |p'(x;)] < 1. Hence for the left-hand
side of (4.15), we have || 3AVp()[s < 3. The bound (4.6) follows. O
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4.12.2 Proof of Theorem 4.1

We will prove convergence first, and then prove that the limiting distribution is x’.

When  takes all the real positive values, (x(),7) forms a continuous and differentiable
trajectory in RV*1, Let a:; denote the ith element of z(v). By the first-order condition, we
have
p(xi7)

oz
0= —20"(y — dx(y)) + A :
op(xl )
ox

Taking % on both sides, we have

?p(xl ) n dz’ 8°p(z,v)
OyOx dy  Ozdx

ozzch@dx—(w + A

P :
K (el ) | dol¥ O%p(a )
OyOx dy Ozox
Since
aQﬁ($77) ::xe—wm\
00z ’
and
82ﬁ($,7) ::V6—7M\
0x0x ’
we have

ale o] 4 2 ye=lel|
aa7e ™) _ )
dy

N
No—a| | 32y —ylad]|
T, e v+ & V€ gl

Based on Assumption 2, suppose that the kth entry of vector dz(ﬁ;y is negative and takes

=

the maximum amplitude of the vector:

|

de(y)|| _ daf

dry Hoo dy’
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Further supposing that (®7®),, > 0,k =1,2,..., we have

ke=vle] | d$§ =24 f:g(q)Tq)) da:%
T, e v —’ye Y = ki !
v dvy = J dry
dzk dzk
> 2(07®) <d_7) *2’2((1) (b)kJ’ (d—AY)
V) = vy
> % 2070 do
SR
Hence
‘ dx(fy)H _dah rheleh]
D oo dy T 2(RT D)k + eI

k
X
Y ekl /2

1
22, [t V@ @) VT

1 2
22, /- /(2T D) A
\ Tre Kk

The integration of the last term in the right-hand side of the above inequality is finite, so

the integration of dz()/dvy is upper bounded by a finite quantity. Hence z(y) converges.

When daclfy /dry is positive, the discussion is similar. This confirms convergence.

Now we prove the limiting vector lim,—, 4 z(7) is 2’. Let 2(00) = limy—, 4 (7). Let
f(z,7) denote the objective function in (4.9). If 2’ # z(c0) and by Assumption 1 the

solution to problem (4.9) is unique, we have
there exists a fixed € > 0, f(@',00) +e < f(z(c0),00). (4.16)

But at the same time, we have

F@(1).7) < (') £ (! 00) £ F(a(o0),00), (4.17)

where inequality 1 is true because x(+y) is the minimizer at ~, inequality 2 is true because

function ||z||; is always larger than p(z,v) (see Figure 4.3), and inequality 3 is a special
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case of (4.16). Consider

f(@(7),7) = flz(o0),00) = f(x(7),7) = f(z(7),00) + f(x(7), 00) — f(x(00),00).

As v — 400, f(z(7),7) — f(x(y),00) — 0 because the two objective functions become
closer and closer (see Figure 4.3); and f(z(y),o0) — f(z(00),0) — 0 because z(o0) is the
limit of x(y). Hence as v goes to oo, f(x(vy),7) — f(z(c0),00) — 0. Hence by (4.17),
f(@',00) — f(x(00),00) — 0. This contradicts (4.16), which contradiction is due to the

assumption 2’ # x(00). Hence we proved that the limiting distribution is 2’. O

4.12.3 Proof of Theorem 4.2

Defining L(z) = I (z; + §), we have

1. L(z®D)/L(z®) < 1, because

(k+1) N (k+1) N
L(a:(k“))/L(:p(k)) - Hﬁ\il%ki” < 1 a?zk7+5 <1.
2P rs TA\NS W46

1=

2. L(z™) is lower bounded.

3. From the above two, L(x(kJrl))/L(x(k)) — L

(k+1) (k) . . m(.k+1> . . a:(,k+1)+5
4. L(x )/L(x*)) — 1 implies o, 1fori=1,2,...,N, because if BRGITa
1+ &, then
- N-1 op
L(w(k—&-l))/L(x(k)) <(1+e¢) (1 - % 1) A (o).

We can check that f(0) = 0, f/(0) = 0, and f”(¢) < 0 for |¢] < 1. Hence f(g) — 1
implies ¢ — 0. Hence L(z**1Y)/L(z®)) — 1 implies f(¢) — 1, which implies ¢ — 0,

(1) 5
which is equivalent to Zi—°

— 1.
J:Ek)—i—&

5. From all the above, we proved Theorem 4.2.
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4.12.4 Proof of Theorem 4.3

We only need to check that the stationary point, denoted by 2*), of the algorithm (RIA))
satisfies the first-order condition (FOC) of the optimization problem (LO)).
If £*) is a stationary point of (RIA)), then

sign(z{") /(| sign (2] + 6)
0 =287 (®z™ — ) + A : ’
sign(2)) /(| sign(2))| + 6)

where a:z(*) denotes the ith component of z*). It is easy to check that the above equality is
also the FOC of a local minimum of (LO)). O
In fact, we can verify that

sign(z)  sign(z)
|sign(z)| +6  1+6 "




Chapter 5

Iterative Methods

This chapter discusses the algorithms we use to solve for the Newton direction (see (4.12))
in our sparse representation problem. We choose an iterative method because there is a fast
algorithm to implement the matrix-vector multiplication. Since our matrix is Hermitian
(moreover symmetric), we basically choose between CG and MINRES. We choose LSQR,
which is a variation of the CG, because our system is at least positive semidefinite and
LSQR is robust against rounding error caused by finite-precision arithmetic.

In Section 5.1, we start with an overview of the iterative methods. Section 5.2 explains
why we favor LSQR and how to apply it to our problem. Section 5.3 gives some details on

MINRES. Section 5.4 contains some discussion.

5.1 Overview

5.1.1 Owur Minimization Problem

We wish to solve the following problem:
minimize f(z) = ||y — @[5 + Ap(x),

where y is the vectorized analyzed image, ® is a (flat) matrix with each column a vectorized
basis function of a certain image analysis transform (e.g., a vectorized basis function for
the 2-D DCT or the 2-D wavelet transform), x is the coefficient vector, and p is a separable
convex function, p(x) = Zi\il p(z;), where p is a convex 1-D function.

We apply a damped Newton method. To find the Newton direction, the following system

103
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of linear equations must be solved:
H(zy) - d = g(xk), (5.1)

where H(z) and g(xj) are the Hessian (as in (4.8)) and the gradient (as in (4.7)) of f(x)
at zj as defined in the previous chapter.

We have the following observations:

[O1] If ® is a concatenation of several transform matrices and each of them has a fast
algorithm, then the matrix-vector multiplications with ®, ®7 and ®7® have fast

algorithms.

[02] There is a closed form for p”(z%) and p/ (%), =1,2,3,..., so there is a low complexity
O(N) algorithm to generate the diagonal matrix made by p”(x%) in the Hessian and
the vector made by p/(z%) in the gradient.

[03] Based on [O1] and [02], there is a low-complexity algorithm to compute the gradient

vector g(z).
[04] ®T® and H(xy) are dense matrices, but H(x) is positive definite for 0 < v < 4o0.

[O5] There is a low-complexity algorithm to multiply with the Hessian H (zy).

5.1.2 TIterative Methods

We choose an iterative method to solve (5.1) because the main work involves matrix-vector
multiplication, for which we have fast algorithms, and some vector inner products. For
other methods like Cholesky factorization, because of [O4], in general there will be no
low-complexity algorithms.

Adopting a general notation, we consider solving a system of linear equations
Az =b. (5.2)

When A is symmetric and positive definite, there are two important iterative methods: CG

and MINRES.

CG Conjugate gradient (CG) methods minimize the A-norm of the error, |ley|la = (A~1b—

xp,b— Amk)l/Q, where ey, is the error vector at step k, x; is the solution estimate at
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the k-th iteration.

MINRES The minimum residual (MINRES) method minimize the Euclidean norm of the
residual, b — Axy, at step k.

In general, [78, Page 92], when the matrix is Hermitian, MINRES is preferred in theory
because of the following inequality relation [78, Page 94]:

I |
= > [l

Il = >
V1= (/0 )

where rg is the residual at step k£ of the CG method and r,i” is the residual at step k in
MINRES. In words, at the same step, the Euclidean norm of the residual from CG is always
larger than the Euclidean norm of the residual from MINRES.

In practical numerical computing, CG and MINRES will not perform as well as we
predict under exact arithmetic. We choose a variation of CG—LSQR—which is proven to
be more robust in finite-precision computing [117, 116]. For least-squares problems where
A = BTB and b = BT¢, applying LSQR to min ||Bz — c||? is analytically equivalent to
CG on the normal equations BT Bx = B¢, so in the following discussion about theoretical

result, we will only mention CG rather than LSQR.

5.1.3 Convergence Rates

A powerful technique in analyzing the convergence rate for both CG and MINRES is the

minimax polynomial of eigenvalues. Here we summarize the key results:

[C1] The A-norm of the error in the CG algorithm for a Hermitian and positive definite
matrix A, and the Euclidean norm of the residual in the MINRES algorithm for a

general Hermitian matrix, are minimized over the spaces
eo + SPAN{Ae(), A2€0, e. ,Akeo}
and
ro + SPAN{A’I“(), AQT(), e ,AkTQ},

respectively. These two spaces are called Krylov subspaces, and the corresponding
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methods are called Krylov subspace approximations [78, Page 49].

[C2] At step k, the CG error vector and the MINRES residual vector can be written as

€ = ka(A)607

Ty = pi;w(A)r[)a

where pg and p,]gw are two polynomials with degree no higher than k that take value

1 at the origin. Moreover,

llexlla = H;;lvank(A)eOHAa

7l min [|py.(A)rol,
Pk

where p;. is a kth-degree polynomial with value 1 at the origin.

[C3] Suppose for a Hermitian and positive semidefinite matrix A, A = UAUT is its eigen-
decomposition, where U is an orthogonal matrix and A is a diagonal matrix. Suppose
A = diag{\1,... ,An}. We have sharp bounds for the norms of the error and the
residual in CG and MINRES:

llexlla/lleolla < min  max  |pr(N;)], for CG; (5.3)
Pr 1=1,2 N

=1,4,...,

Ikl /llroll < min - max  |pr(A)], for MINRES. (5.4)
Pr =1 N

=1,4,...,

In (5.3) and (5.4), if the eigenvalues are tightly clustered around a single point (away
from the origin), then the right-hand sides are more likely to be minimized; hence, iterative
methods tends to converge quickly. On the other hand, if the eigenvalues are widely spread,
especially if they lie on the both sides of the origin, then the values on the right-hand sides
of both inequalities are difficult to be minimized; hence, iterative methods may converge

slowly.

Note that the above results are based on exact arithmetic. In finite-precision computa-
tion, these error bounds are in general not true, because the round-off errors that are due
to finite precision may destroy assumed properties in the methods (e.g., orthogonality). For

further discussion, we refer to Chapter 4 of [78] and the references therein.
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5.1.4 Preconditioner

Before we move into detailed discussion, we would like to point out that the content of this

section applies to both CG and MINRES.

When the original matrix A does not have a good eigenvalue distribution, a precondi-
tioner may help. In our case, we only need to consider the problem as in (5.2) for Hermitian

matrices. We consider solving the preconditioned system
LYAL "y =17,  o=L"1y, (5.5)

where L is a preconditioner. When the matrix-vector multiplications associated with L=
and L~! have fast algorithms and L=AL~ has a good eigenvalue distribution, the system

in (5.2) can be solved in fewer iterations.

Before giving a detailed discussion about preconditioners, we need to restate our setting.
Here A is the Hessian at step k: A = H(xy). To simplify the discussion, we assume that ®

is a concatenation of several orthogonal matrices:
¢ = [T17T25 s )Tm]a

where 11,75, ... , T, are n x n orthogonal square matrices. The number of columns of @ is

equal to N = mn?. Hence from (4.8),

[ 1+D, T, - TIT,

1 TIT, I+ Dy

. : (5.6)
| ThTh o T+ Dy |

where
ﬁll(xi+(i_1)n2 )

(I

are diagonal matrices. To simplify (5.6), we consider A left and right multiplied by a block
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diagonal matrix and its transpose as follows:

T TF
- Ty 1 Tr
A = A 2
T T
I+5 I e 1
I I+5
1 o T+ S,
where S; = TZ-DiTiT, 1 =1,2,...,m. In the remainder of this section, we consider what a

good preconditioner for A should be.

We considered three possible preconditioners:

1. a preconditioner from complete Cholesky factorization,

2. a preconditioner from sparse incomplete factorization of the inverse [9],
3. a diagonal block preconditioner [4, 5, 31].

The main result is that we found the preconditioner 1 and preconditioner 2 are not “opti-
mal”. Here “optimal” means that the matrix-vector multiplication with the matrix asso-
ciated with the preconditioner L™ should still have fast algorithms, and these fast algo-
rithms should be based on fast algorithms for matrix-vector multiplication for the matrices
T1,Ts,... ,T,. So the block diagonal preconditioner is the only one we are going to use.
We describe the results about the block diagonal preconditioner here, and postpone the
discussion about the preconditioners in case 1 and 2 to Section 5.4.

The optimal block diagonal preconditioner for A s

(I + 51)71/2
(I + SQ)_1/2

(I 4 S,,)" /2

A striking result is due to Demmel [78, Page 168, Theorem 10.5.3]. The key idea is that
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among all the block diagonal preconditioners, the one that takes the Cholesky factorizer of
the diagonal submatrix as its diagonal submatrix is nearly optimal. Here “nearly” means
that the resulting condition number cannot be larger than m times the best achievable con-
dition number by using a block diagonal preconditioner. Obviously, we have fast algorithms

to multiply with matrix (I +S;)"'/2,i=1,2,... ,m.

5.2 LSQR

5.2.1 What is LSQR?

LSQR [117, 116] solves the following two least-squares (LS) problems, depending on whether

the damping parameter « is zero or not.

[N] When the damping parameter is equal to zero (o = 0), solve Az = b or minimize,, ||b—
Az

[R] When the damping parameter is not equal to zero (a # 0):
b A

— x
0 al

Here [N] is a nonregularized problem and [R] is a regularized problem.

2

minimize
X

2

The problem in (5.1) can be rewritten as follows:

P (x7) P ()
207® + A d=20"(y — dxp) — A : )

7'(k) o)

where d is the Newton direction that we want to solve for and the remaining variables are

defined in the previous chapter. The above equation is equivalent to solving an LS problem:

(LS) : minidmize ,

2

P ] B [ y — Pxy, ]
D(zy,) —D ™ (ap)g ()
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where
) "
D(wi) = V/A/2 ;
(k)
and
R P (x})
g(zy) = 5 :
P (@X)

Note that this is the [N] case. Recall p’ and p” are defined in (4.4) and (4.5).
We can transfer problem (LS) into a damped LS problem by solving for a shifted variable

d: 6d = D(x})d + D~ '(zx)g(z). The problem (LS) becomes

(dLS) : minimize
d

®D~1(z1)8 g | v O D2 () g ()
51 0

2

This is the [R] case. This method is also called diagonal preconditioning. Potentially, it
will turn the original LS problem into one with clustered singular values, so that LSQR
may take fewer iterations. LSQR also works with shorter vectors (as it handles the 7 term

implicitly).

5.2.2 Why LSQR?

Since the Hessian in (5.1) is at least semidefinite, we prefer a conjugate-gradients type
method. LSQR is analytically equivalent to the standard method of conjugate gradients,
but possesses more favorable numerical properties. Particularly when the Hessian is ill-
conditioned—which is very likely to happen when the iteration gets closer to the convergence
point—LSQR is more stable than the standard CG. But LSQR costs slightly more storage

and work per iteration.



5.2. LSQR 111

5.2.3 Algorithm LSQR

A formal description of LSQR is given in [117, page 50]. We list it here for the convenience

of readers.
Algorithm LSQR:to minimize ||b — Az||2.
1. Initialize.

T e _
Brur = b,a1v1 = A" uy, wy = v1,20 =0,¢1 = f1,p1 = .

2. Forv1=1,2,3,...
(a) Continue the bidiagonalization.
i Bit1uir1 = Av; — oju;
ii. aip1vip1 = ATuipr — Bipavi.
(b) Construct and apply next orthogonal transformation.
iopi = (9% + B2 )2
ii. ¢ = pi/pi
iii. s; = Biv1/pi
iv. 011 = st
V. Pitl = —CiQit1
vi. ¢ = i
vil. i1 = si¢i.
(¢) Update z, w.
@y = i1 + (¢i/ pi)w;
1. wipr1 = vig1r — (Oig1/pi)wi.

(d) Test for convergence. Exit if some stopping criteria have been met.

5.2.4 Discussion

There are two possible dangers in the previous approaches (LS) and (dLS). They are both
caused by the existence of large entries in the vector D~!(zx)g(zx). The first danger
occurs in (LS), when D~!(z3)g(x) is large, the right-hand side is large even though the

elements of d will be small as Newton’s method converges. Converting (5.1) to (LS) is a
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somewhat unstable transformation. The second danger occurs in (dLS): when an entry of
D~Y(xy)g(xy) is large, because d = D(z)~'d — D~2(x1)g(x), there must be “catastrophic
cancellation” in some of the elements of d as the iterative method converges.

As we know, the jth entry of D~!(x;)g(xy) is

27 (a8) /1) 7 () A/Q% sign(af) (e 151 1) eIl

J

= A/Q%sign(w?) <e_%‘x§| — e%‘xﬂ) .
Since v usually is large in our problem, when |:r:§| is significantly nonzero, the jth entry
of DY (xy)g(xy) is big. It is unavoidable to have significantly nonzero ]aﬁﬂ But hopefully
the images that we consider have intrinsic sparse decompositions, hence the proportion of
significantly nonzero entries in ]xé“] is small and the numerical Newton’s direction is still
accurate enough, so that our iterative algorithm will still converges to the minimum.
Solving either (LS) or (dLS) gives an approach to finding a Newton’s direction. It is
hard to tell from theory which method works better. In our numerical experiments of image

decompositions, we choose to solve (LS).

5.3 MINRES

In this section, we describe the MINRES algorithm and its preconditioned version because
MINRES has a nice theoretical property in reducing the residual norm monotonically, and
it avoids the large numbers involved in transforming (5.1) to (LS) or (dLS). We did not
implement MINRES, but a comparison with LSQR on our problem might be an interesting

research topic.

5.3.1 Algorithm MINRES

A formal description of MINRES is given on page 44 of [78]. We list it for the convenience

of the readers.

Algorithm: MINRES

1. Given zg, compute 79 = b — Azg and set g1 = ro/||rol|. Initialize { =
(1,0,...,0)", 8= |lro]l-
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2. For k=1,2,...,

(a) Compute qx11, ap = T'(k, k) and B, =T(k+ 1,k) = T(k,k + 1) using

the Lanczos algorithm:

Gr1 = Agr — Br—1qk-1-
Set  ar = (qk+1,k)
Qe+l Qe — k-
Be = @rs1ll;
Ger1 = GQry1/Br

(b) Work on the last column of T', that is:
If kK > 2, then

T(k — 2, k) . Cl—2 Sk—2 0
T(k—1,k) —Sp_2 Cho T(k—-1,k) |

If k > 1, then
<T(k—1,k) ) _ < Cho1 Skt ) ( T(k—1,k) )
T(k, k) —Sp_1 Ch1 T(k,k) )

a = [T/ (T )]+ [Tk +1,R),
b =1 - a,
C = a/m»

5, = T (k+1,k)/T(k, k).

Set

Apply the k-th rotation to £ and to the last column of 7"

( £(k) > _ (ck sk><§<k>>
§(k+1) —Sk 0 ’

T(k,k) — cT(k k) + s, T(k+1,k),
T(k+1,k) — 0.



114 CHAPTER 5. ITERATIVE METHODS

(c) Compute pp—1 = [qx —T(k—1,k)pr—o—T(k—2,k)pr—3]/T(k, k), where

undefined terms are zeros for k < 2.

(d) Set z = k1 + ap—1pk—1, where ax_1 = B{(k).

5.3.2 Algorithm PMINRES

MINRES can be used with a block diagonal preconditioner as specified in (5.7). A precon-
ditioned MINRES is called PMINRES. Going back to (5.5), we have

(I+87)"1/2 Ty
PR (I+ S)~1/2 13
=% '
(I + )71/ T
And then
M = LL7
I+ D1
I+ Dy
= 2
I+ D,

Note that the preconditioner M is actually a diagonal matrix.

As an interesting reference, we list the preconditioned MINRES (also in [78, Page 122])

algorithm here.

Algorithm: PMINRES

1. Given z(, compute rg = b — Azg and solve Mzy = rq. Set 3 = (rg, z0)/?,

q1 = 1o/, and w1 = zy/B3. Initialize £ = (1,0,...,0)T.
2. Fork=1,2,...,

(a) Compute grt1,Wkt1, ax = T(k,k) and B, =T(k+1,k) =T(k,k+1)
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using the preconditioned Lanczos algorithm:

Set U,

o738

Uk

Solve Mwpq

Set qr+1 = vk/Br and wry1 = Wit1/Br, Where By = (vg, Wry1)

Awy, — Br—1qr—1,

(v, W),

— Vg — CQkQk,

Vk,

1/2.

(b) Work on the last column of T', that is:

If kK > 2, then
T(k - 27 k) Ck—2
«—
T(k—1,k) —Sk_2
If £ > 1, then
T(k - 17 k) Ck—1
T(ka k) —Sk—1
Set
Qa =
b = 1—a,
c = a/Va?+b?

Sk—2

Ck—2

J (o
)

) |

T(k—1,k)
T(k,k) )

Sk—1

Ck—-1

Tk, B)I/ (1T (R, )| + [T (k + 1L, E)]),

5, = T (k+1,k)/T(k, k).

Apply the k-th rotation to £ and to the last column of 7"

( £(k)
Ek+1)
T(k, k)
T(k+1,k)

) - |

«— CkT<k, /{) + SkT(k' + 1, k),

—SE ¢k

— 0.

Cr Sk

(%)
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(c) Compute py—1 = [wg—T(k—1,k)pp—2—T(k—2,k)pr—3]/T(k, k), where

undefined terms are zeros for k < 2.

(d) Set xp = k-1 + ak—1pk—1, where ag_1 = BE(k).

5.4 Discussion

5.4.1 Possibility of Complete Cholesky Factorization

We argue that a preconditioner based on a complete Cholesky factorization of A is not op-
timal, because the resulting preconditioner may not have fast matrix-vector multiplication.
Suppose we have the Cholesky factorization A= LLT, here L denotes a lower triangular

matrix with elements (could be block matrices) a;;:

ai
a1 a2

a31 asz2 as3

Here the dimension is not important. We have

apal; = I+68i,
(Ina{g = I,
agan, +agiay, = T+ S,
Obviously,
an = (I+ 51)1/27
as = (I+ 51)_1/2,
and asy = (I+SQ_(I+81)_1)_1/2.

ass is from the Cholesky factorization of the Schur complement of the first 2 x 2 block.
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From

(I+S)Y? = T+ Dy)'"?1f,
(I+Sl)_1/2 = T1(I+D1)_1/2T1T,

and there are fast algorithms to implement matrix-vector multiplication with matrix 77,
T, (I+ Dl)_l/2 and (I + Dl)l/z, so there are fast algorithms to multiply with a1; and aqs.
But for a9, none of 71, inverse of 17, T5 and inverse of T can simultaneously diagonalize
I+ S5 and (I +S1)~!. Hence there is no trivial fast algorithm to multiply with matrix ass.
In general, a complete Cholesky factorization will destroy the structure of matrices from
which we can have fast algorithms. The fast algorithms of matrix-vector multiplication are
so vital for solving large-scale problems with iterative methods (and an intrinsic property of
our problem is that the size of data is huge) that we do not want to sacrifice the existence
of fast algorithms. Preconditioning may reduce the number of iterations, but the amount
of computation within each iteration is increased significantly, so overall, the total amount
of computing may increase. Because of this philosophy, we stop plodding in the direction

of complete Cholesky factorization.

5.4.2 Sparse Approximate Inverse

The idea of a sparse approximate inverse (SAI) is that if we can find an approximate
eigendecomposition of the inverse matrix, then we can use it to precondition the linear
system. More precisely, suppose Z is an orthonormal matrix and at the same time the

columns of Z, denoted by z;, i =1,2,... ,N, are g—conjugate orthogonal to each other:
Z = [z1,29,...,2N], and ZEZT:D,

where D is a diagonal matrix. We have A=27TDZ and A~ = ZTD~1Z. If we can find
such a Z, then (DY22)A(D~Y22)T ~ I, s0 (D~Y/22) is a good preconditioner.

We now consider its block matrix analogue. Actually in the previous subsection, we
have already argued that when we have the block matrix version of a preconditioner, each
element of the block matrix should be able to be associated with a fast algorithm that is
based on matrix multiplication with matrices 11,75, ... ,T,, and matrix-vector multiplica-

tion with diagonal matrices. Unfortunately, a preconditioner derived by using the idea of
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eigendecomposition of the inverse of A may not satisfy this criterion. To see this, let’s look

at a 2 x 2 block matrix. Suppose

~ S I I
o
I S+ 1
can be factorized as
A2 A2 Do My AL
A1 A2
A21 Ao

is an orthogonal matrix and D; and Dy are diagonal matrices. We have

21:</\11 )‘12><D1_1 ></\1T1 A51>'
A2t A2 Dy! My A

At the same time,

(S + 1)1 (1 DT o I
(So+1—(S1+D)Ht ) I S+t 1)

Hence

where matrix

(So4+1—(S1+1)™)™ =Xy DTN + Mo DS INL.

So if there were fast algorithms to multiply with matrices As1, Moo and their transposes,
then there would be a fast algorithm to multiply with matrix (Sy + I — (Sy + I)~1)~L.
But we know that in general, there is no fast algorithm to multiply with this matrix (see
also the previous subsection). So in general, such a eigendecomposition will not give a
block preconditioner that has fast algorithms to multiply with its block elements. Hence
we proved that at least in the 2 x 2 case, an eigendecomposition of inverse approach is not

favored.



Chapter 6

Simulations

Section 6.1 describes the dictionary that we use. Section 6.2 describes our testing images.
Section 6.3 discusses the decompositions based on our approach and its implication. Sec-
tion 6.4 discusses the decay of amplitudes of coefficients and how it reflects the sparsity
in representation. Section 6.5 reports a comparison with Matching Pursuit. Section 6.6
summarizes the computing time. Section 6.7 describes the forthcoming software package

that is used for this project. Finally, Section 6.8 talks about some related efforts.

6.1 Dictionary

The dictionary we choose is a combination of an orthonormal 2-D wavelet basis and a set

of edgelet-like features.

2-D wavelets are tensor products of two 1-D wavelets. We choose a type of 1-D wavelets
that have a minimum size support for a given number of vanishing moments but are as
symmetrical as possible. This class of 1-D wavelets is called “Symmlets” in WaveLab [42].
We choose the Symmlets with 8 vanishing moments and size of the support being 16. An
illustration of some of these 2-D wavelets is in Figure 3.6.

Our “edgelet dictionary” is in fact a collection of edgelet features. See the discussion
of Sections 3.3.1-3.3.3. In Appendix B, we define a collection of linear functionals A, [x]
operating on x belonging to the space of N x N images. These linear functionals are
associated with the evaluation of an approximate Radon transform as described in Appendix

B. In effect, the Riesz representers of these linear functionals, {1/~1e(k1, ko) : 0 < ki, ke <N},

119
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defined by the identity,

AT = Ty py e (b, ko),
E1,k2

gives a collection of “thickened edgelets”, i.e., line segments digitally sampled and of thick-
ness a few pixels wide. Our “edgelet dictionary” is precisely this collection of representers.
We will call this an edgelet dictionary even though edgelets have been previously defined
in Section 3.3.1 as line segments in R? rather than vectors {Q,Z)e(k‘l,kg) 10 < ki, ko < N}
we hope this abuse of terminology will not confuse most readers. An illustration of some of
these representers can be found in Figure B.3. An obvious drawback of this set of features
is that they have roughly the same width. This property stops the set from being tight and
makes it incapable of representing fine scale image components. Developing a similar set of
linear features with various width will be an interesting research topic. See Section 7.2.

The two sets are chosen because they possess some interesting phenomena in the images
and there are fast algorithms to carry out their discrete version transforms. At this stage,

we are mainly interested in point singularities and linear singularities in an image.

6.2 Images
We test our approach on four images shown in Figure 6.1:
e Car: “In The Car”, a painting by Roy Lichtenstein, 1963;
e Pentagon: a pentagon;
e Overlap: overlapping point singularity and linear singularity;
e Separate: separated point singularity and linear singularity.
They were chosen because:

[1] They have the features that we want to test with our dictionary. Our dictionary is
made by 2-D wavelets and edgelet-like features. 2-D wavelets resemble point singu-
larities and edgelet-like features resemble linear singularities. These features are the

key image components that we are interested in, and our approach should find them.
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Car: Lichtenstein Pentagon Overlapped singularities Separate singularities

Figure 6.1: Four test images.

[2] They are simple but sufficient to examine whether our basic assumption is true—
that different transforms will automatically represent the corresponding features in a

sparse image decomposition.

6.3 Decomposition

A way to test whether this approach works is to see how it decomposes the image into
parts associated with included transforms. Our approach presumably provides a global
sparse representation. Because of the global sparsity, if we reconstruct part of an image by
using only coeflicients associated with a certain transform, then this partial reconstruction
should be a superposition of a few atoms (from the dictionary made by representers of the
transform). So we expect to see features attributable to the associated transforms in these
partial reconstructions.

We consider decomposing an image into two parts—wavelet part and edgelet part. In
principle, we expect to see points and patches in the wavelet part and lines in the edgelet
part. Figure 6.2 shows decompositions of the four testing images. The first row is for Car.
The second, third and fourth row are for Pentagon, Overlap and Separate respectively.
In each row, from the left, the first squared sub-image is the original, the second is the
wavelet part of the image, the third is the edgelet part of the image, and the last is the
superposition of the wavelet part and the edgelet part. With appropriate parameter A, the
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fourth sub-image should be close to the original.

We have some interesting observations:

1. Overall, we observe the wavelet parts possess features resembling points (fine scale
wavelets) and patches (coarse scale scaling functions), while the edgelet parts possess
features resembling lines. This is most obvious in Car and least obvious in Pentagon.
The reason could be that Pentagon does not contain many linear features. (Bound-

aries are not lines.)

2. We observe some artifacts in the decompositions. For example, in the wavelet part of
Car, we see a lot of fine scale features that are not similar to points, but are similar to
line segments. This implies that they are made by many small wavelets. The reason
for this is the intrinsic disadvantage of the edgelet-like transform that we have used.
As in Figure B.3, the representers of our edgelet-like transform have a fixed width.
This prevents it from efficiently representing narrow features. The same phenomena
emerge in Overlap and Separate. A way to overcome it is to develop a transform
whose representers have not only various locations, lengths and orientations, but also

various widths. This will be an interesting topic of future research.

6.4 Decay of Coefficients

As we discussed in Chapter 2, one can measure sparsity of representation by studying the
decay of the coefficient amplitudes. The faster the decay of coefficient amplitudes, the
sparser the representation.

We compare our approach with two other approaches. One is an approach using merely
the 2-D DCT; the other is an approach using merely the discrete 2-D wavelet transform.

The reasons we choose to compare with these transforms:

1. The 2-D DCT, especially the one localized to 8 x 8 blocks, has been applied in an

important industry standard for image compression and transmission known as JPEG.

2. The 2-D wavelet transform is a modern alternative to 2-D DCT. In some developing
industry standards (e.g., draft standards for JPEG-2000), the 2-D wavelet transform
has been adopted as an option. It has been proven to be more efficient than 2-D DCT

in many cases.
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Figure 6.2: Decompositions.
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Figure 6.3: Decaying amplitudes of coefficients.

The goal of this thesis is to find a sparse representation of an image. We aim to see if our
combined approach will lead to a sparser representation than these existing approaches.
Figure 6.3 shows the decay of the amplitudes of coefficients from three approaches on
four images. On each plot, the horizontal axis is the order index of the amplitudes of
the coefficients and the vertical axis is the logarithm of the amplitude (in base 10). The
amplitudes are sorted from largest to smallest. The dashed lines “- - -7 illustrate the
DCT-only approach; the solid lines denote our combined (wavelets+edgelet-like features)
approach; the dash and dotted lines “ - - - - ” illustrate the wavelet-only approach. From

left to right and upper to lower, these plots give results for Car, Pentagon, Overlap and

Separate.

We have the following observations:

1. Our combined approach tends to give the sparsest representation (in the sense of the
fastest decay of the amplitudes) among all the three approaches. This is particularly
clear in the case of Car and Separate. But in some cases the wavelet-only approach
provides very competitive results—for example, for Pentagon and Overlap. Actually,

in Pentagon and Overlap, we observe that the curve associated with the wavelet-only
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approach ultimately falls well below the curve associated with the combined approach.
(This seems to imply that the wavelet-only approach gives a sparser asymptotic rep-

resentation. )

Particularly, it is important to remember that amplitudes are plotted on a logarithmic
scale. A big drop at the beginning can not be shown significantly. The advantage
of combined representation at very high levels of compression is difficult to discuss
in this display. Note that the curve associated with the wavelet-only approach falls
below the curve associated with the combined approach when the order index is large.
If we study carefully the first few largest amplitudes, the curve associated with the
combined approach goes down faster. This fact is evident for Overlap. As we know, in
the compression or sparse representation, the decay of the first few biggest amplitudes
is the most important factor, so we think our combined approach still gives better

results, even for Pentagon and Overlap.

2. The DCT only approach always gives the least sparse coefficients. As we have men-
tioned, the DCT is good for images with homogeneous components. Unfortunately,
in our examples, none of them seems to have a high proportion of homogeneous com-

ponents. This may explain why here DCT is far from optimal.

3. For more “realistic” images, as in the case of Car, the wavelet-only approach works
only as well as the DCT-only approach, but our combined approach is significantly
better. This may imply that our approach is better-suited for natural images than
existing methods. Of course more careful study and extensive experiments are required

to verify this statement.

6.5 Comparison with Matching Pursuit

Our approach is a global approach, in the sense that we minimize a global objective func-
tion. Our method is computationally expensive. A potentially cheaper method is Matching
Pursuit (MP) [102]. MP is a greedy algorithm. In a Hilbert space, MP at every step picks
up the atom that is the most correlated with the residual at that step. But MP runs the
danger of being trapped by unfortunate choices at early steps into badly suboptimal de-
compositions [27, 40, 25]. We examine the decay of the amplitudes of coefficients for both
MP and our approach.
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Figure 6.4: A global algorithm vs. Matching Pursuit.

Figure 6.4 shows the decay of the amplitudes of the coefficients from both of the two
approaches. In these plots, the solid lines always correspond to the MP, and these dashed
lines correspond to our (minimizing the £! norm) approach. From upper row to lower row,
left to right, the plots are for Car, Pentagon, Overlap and Separate.

We have the following observations:

1. In all four cases, our global approach always provides a sparser representation than
MP does: the decay of the amplitudes of coefficients for our approach is faster than for
MP. This validates our belief that a global optimization scheme should often provide

a sparser representation than one from a greedy algorithm.

2. If we adopt the idea that the decay of the amplitudes of coefficients at the beginning is
important, then our global approach shows the largest advantage in the example of a
realistic image (case Car). This is promising because it may imply that our approach

is more adaptable to real images.

3. We observe that our approach achieves a slightly greater advantage for Overlap than
for Separate. As we know, MP is good for separated features but not for overlapped

ones. This belief is confirmed here.
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6.6 Summary of Computational Experiments

We ran our experiments on an SGI Power Challenger server with 196 MHz CPU. In the
algorithm in Chapter 4, we start with v = 10? and stop with v = 10°. Table 6.1 gives
the number of LSQR iterations and the execution time of one iteration in each case. Each
LSQR iteration includes one analysis transform and one synthesis transform of an image.
Since the number of LSQR iterations is machine independent, it is a good criterion for

comparison. The last column lists the total execution time.

Image Size No. of Iterations | Execution time of each | Total execution
iteration (seconds) time (hours)
Car 64 x 64 226881 0.80 50.2
Pentagon | 32 x 32 83928 0.33 7.6
Overlap | 32 x 32 104531 0.40 11.7
Separate | 32 x 32 266430 0.39 28.9

Table 6.1: Table of Running Times

In the above simulations, the tolerance parameter for LSQR is chosen to be 10710 [117].
The minimum tolerance for Newton’s method is chosen to be 10~7. (The Newton iteration

will stop if the norm of the gradient vector is less than 1077.)

6.7 Software

We plan to develop a software package (perhaps named “ImageAtomizer”, following Shaob-

ing Chen’s “Atomizer” package). At present it includes the following directories:
e Datasets—data files of images and of Matlab functions providing access to them.

e MEXSource—CMEX source code for the direct edgelet transform, the fast approximate

edgelet transform, 2-D DCT, and more.

e Methods—Matlab functions carrying out our global minimum ¢! norm algorithm,

Matching Pursuit, Method of Frames, together with some supporting files.

e Transforms—Matlab functions for the curvelet transform, DCT, edgelet, etc.
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e Utilities—supporting files, for example, functions to read images and functions to

analyze results.
e Workouts—scripts to produce results for my thesis and some conference papers.

This package depends heavily on WaveLab [42] and we may integrate it as part of WaveLab.

6.8 Scale of Efforts

This project was started near the end of 1997.! Extensive efforts have been spent in the
development of fast code for the edgelet transform and the implementation and adaptation
of iterative algorithms. The code that carries out the edgelet-like transform is completely
written in C, which should give us a tremendous gain in speed for numerical computing.
The formulation of our approach to the minimum ¢! norm problem is new. It is the first
time that LSQR has been implemented for this problem. (Chen, Donoho and Saunders
mention LSQR in their paper, but did not implement it [27].)

! An unofficial version: We started this project about two years ago. As usual, it was mixed with countless
useful and useless diversions and failures. During the past two years, I have written tens of thousands of
lines of C code and thousands of Matlab functions. There were many exciting and sleep-deprived nights.
Unfortunately, only a small proportion of the effort became the work that is presented in this thesis.
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Future Work

In the future, there are three promising directions that we should explore. Section 7.1 dis-
cusses more experiments that we should try but, due to the time constraints, we have not
yet performed. Section 7.2 discusses how to apply the filtering idea from multiresolution
analysis and the idea from monoscale orthonormal ridgelets to design a system with rep-
resenters having various widths. Section 7.3 talks about how to use the block coordinate

relazation to accelerate our iterative algorithm.

7.1 Experiments

So far we have experimented on four images. We are restricted by the fact that each
experiment takes a long time to compute. To see if our approach gives sparse atomic
decomposition in more general cases, we should test it on more images. Some sets of images

that may be useful:

e Textures images [2]§

Aerials images [2];

e Some images favored by the image processing community, for example, “barbara”,

“lenna”, etc. [2];

Some military images—for example, sensor data [1];

Biological images, for example, some microscopic images of tissues.

129
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These images possess a variety of features. The results of a sparse decomposition can be
used to determine which class of features is dominant in an image, and then to tell which
transform is well-suited to processing the image.

We are going to experiment on different dictionaries. We have experimented on a dic-
tionary that is a combination of 2-D wavelets and edgelet-like features. Some other possible

combinations are:

e {2-D DCT + 2-D wavelets + edgelets}. This dictionary contains elements for ho-
mogeneous image components, point singularities and linear singularities. It should

provides sparser decomposition, but will increase the computational cost.

e {2-D DCT + 2-D wavelets + curvelets}. It is similar to the idea for the previous
dictionary, but with a better-desiged curvelets set in place of the edgelets set, it may

lead to an improvement in the computational efficiency.

e {2-D DCT + curvelets}. Comparing with the previous result, we may be able to
tell how important the wavelet components are in the image, by knowing how many
wavelets we need in sparsely representing the desired image. We can explore the same

idea for 2-D DCT and curvelets, respectively.

There are some open questions. We hope to gain more insights (and hopefully answer
the questions) via more computational experiments and theoretical analysis. Some of these

open questions are:

e We want to explore the limit of our approach in finding a sparse atomic decomposition.
For example, if the desired image can be made by a few atoms from a dictionary, will

our approach find the sparsest atomic decomposition in the dictionary?

e For most of natural images (e.g., those images we have seen in our ordinary life), can
they be represented by a few components from a dictionary made by 2-D DCT, 2-D
wavelets, edgelets and curvelets? If not, what are other transforms we should bring

in (or develop)?

o We think our sparse image representation approach can be used as a tool to preprocess
a class of images. Based on the sparse representation results, we can decide which
image transform should be chosen for the specific class of images. We are going to
explore this idea. This gives a way of doing method selection and it has applications

in image search, biological image analysis, etc.
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7.2 Modifying Edgelet Dictionary

By inspection of Figure 6.2, one sees that the existing edgelet dictionary can be further
improved. Indeed, in those figures, one sees that the wavelet component of the reconstruc-
tion is carrying a significant amount of the burden of edge representation. It seems that
the terms in our edgelet dictionary do not have a width matched to the edge width, and
that in consequence, many fine-scale wavelets are needed in the representation. In future
experiments, we would try using edgelet features that have a finer width at fine scales and
coarser width at coarse scales. This intuitive discussion matches some of the concerns in
the paper [54].

The idea in [54] is to construct a new tight frame intended for efficient representation
of 2-D objects with singularities along curves. The frame elements exhibit a range of
dyadic positions, scales and angular orientations. The useful frame elements are highly
directionally selective at fine scales. Moreover, the width of the frame elements scales with
length according to the square of length.

The frame construction combines ideas from ridgelet and wavelet analysis. One tool is
the monoscale ridgelet transform. The other tool is the use of multiresolution filter banks.

The frame coefficients are obtained by first separating the object into special multires-
olution subbands fs, s > 0 by applying filtering operation Agf = Wy, * f for s > 0, where
WUy, is built from frequencies in an annulus extending from radius 2% to 22572, To the s-th
subband one applies the monoscale ridgelet transform at scale s. Note that the monoscale
ridgelet transform at scale index s is composed with multiresolution filtering near index 2s.
The (s,2s) pairing makes the useful frame elements highly anisotropic at fine scales.

The frame gives rise to a near-optimal atomic decomposition of objects which have
discontinuities along a closed C? curve. Simple thresholding of frame coefficients gives rise
to new methods of approximation and smoothing that are highly anisotropic and provably
optimal.

We refer readers to the original paper cited at the beginning of this section for more

details.

7.3 Accelerating the Iterative Algorithm

The idea of block coordinate relaxation can be found in [124, 125]. A proof of the conver-

gence can be found in [135]. We happen to know an independent work in [130]. The idea
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of block coordinate relaxation is the following: consider minimizing an objective function
that is a sum of a residual sum of square and a ¢! penalty term on coefficients z,
(B1) minimize |jy — ®z||3 + Az
x

Suppose the matrix ® can be split into several orthogonal and square submatrices, ® =

[®1, P, ..., Px]; and x can be split into some subvectors accordingly, x = (x{, xQT, . ,mf)T.
Problem (B1) is equivalent to
k k
(B2)  minimize |y Z; O3 + A; [EA[Re
When x1,... ,2;—1,%it1, ...,z are fixed but not x;, the minimizer z; of (B2) for x; is

k
Fi=me | O |y—>_ | |,
=1

4

where 7, /5 is a soft-thresholding operator (for = € R):

sign(@) (2] — \/2), if [a] = \/2,
77,\/2(37): .
0, otherwise.

We may iteratively solve problem (B2) and at each iteration, we rotate the soft-thresholding
scheme through all subsystems. (Each subsystem is associated with a pair (®;,x;).) This
method is called block coordinate relaxation (BCR) in [124, 125]. Bruce, Sardy and Tseng
[124] report that in their experiments, BCR is faster than the interior point method proposed
by Chen, Donoho and Saunders [27]. They also note that if some subsystems are not

orthogonal, then BCR, does not apply.

Motivated by BCR, we may split our original optimization problem into several sub-
problems. (Recall that our matrix ® is also a combination of submatrices associated with
some image transforms.) We can develop another iterative method. In each iteration, we
solve each subproblem one by one by assuming that the coefficients associated with other
subsystems are fixed. If a subproblem corresponds to an orthogonal matrix, then the solu-
tion is simply a result of soft-thresholding of the analysis transform of the residual image. If

a subproblem does not correspond to an orthogonal matrix, moreover, if it corresponds to a
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overcomplete system, then we use our approach (that uses Newton method and LSQR) to
solve it. Compared with the original problem, each subproblem has a smaller size, so hope-
fully this splitting approach will give us faster convergence than our previously presented
global approach (that minimizes the objective function as whole).

Some experiments with BCR and its comparison with our approach is an interesting

topic for future research.
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Appendix A

Direct Edgelet Transform

This chapter is about the implementation of edgelet transform described in [50]. We give
a review of edgelets in Section A.l, then some examples in Section A.2, and finally some

details in Section A.3.

A.1 Introduction

The edgelet [50] transform was developed to represent needle-like features in images. Edgelets
are 2-D objects taking various scales, locations and orientations. If we consider an image

as a function on a unit square [0, 1] x [0, 1], an edgelet system is constructed as follows:

[E1] Partition the unit square into dyadic sub-squares, so that the sides of these squares
take values at 1/2,1/4,1/8,....

[E2] On each dyadic subsquare, put equally-spaced vertices on the boundary, starting from
corners. We require each side equally partitioned by these vertices, and we generally
assume that there are dyadic and integral number of vertices on each side, so the

distance between two neighbor vertices should be a dyadic value too.

[E3] For a line segment that connects two vertices as in [E2], if it does not coincide with a

boundary, then it is called an edgelet.
[E4] The edgelet system is a collection of all the edgelets as in [E3].

An N x N digital image can be considered as a sample of a continuous 2-D function in

a unit square. The value of each pixel is equal to the sample value at points (i/N, j/N),

135
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i,7 =1,2,...,N. It’s natural to assume that a vertex mentioned in [E2] must be located
at a pixel. The cardinality of an edgelet system has O(N?1log, V). More details are given
in Section A.3.2.

An edgel is a line segment connecting a pair of pixels in an image. Note if we take all the
possible edgels in an N x N image, we have O(N*) of them. Moreover, for any edgel, it’s
proven in [50] that it takes at most O(logy N) edgelets to approximate it within a distance
1/N + 6, where § is a constant.

The coefficients of the edgelet transform are simply the integration of the 2-D function
along these edgelets.

There is a fast algorithm to compute an approximate edgelet transform [50]. For an
N x N image, the complexity of the fast algorithm is O(N2log, N). The fast edgelet
transform will be the topic of the next chapter.

This transform has been implemented in C and it is callable via a Matlab MEX function.
It can serve as a benchmark for testing other transforms, which are designed to capture

linear features in images.

A.2 Examples

Before we present details, let’s first look at some examples. The key idea of developing this
transform is hoping that if the original image is made by a few needle-like components,
then this transform will give a small number of significant coefficients, and the rest of the
coefficients will be relatively small. Moreover, if we apply the adjoint transform to the co-
efficients selected by keeping only these with significant amplitudes, then the reconstructed
image should be close to the original.

To test the above idea, we select four images:
[Huo] a Chinese character, 64 x 64;
[Sticky]| a sticky figure, 128 x 128;
[WoodGrain| an image of wood grain, 512 x 512;
[Lenna] the lenna image, 512 x 512.

[Huo|] was selected because it is made by a few lines, so it is an ideal testing image.

[Sticky] has a patch in the head. We apply an edge filter to this image before we apply the
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edgelet transform. [WoodGrain] is a natural image, but it has significant linear features in
it. [Lenna] is a standard testing image in image processing. As for [Sticky], we apply an
edge filter to [Lenna] before doing the edgelet transform. The images in the above list are
roughly ranked by the abundance (of course this could be subjective) of linear features.
Figure A.1, A.2, A.3 and A.4 show the numerical results. From the reconstructions
based on partial coefficients—Figure A.1 (b), (c), (e) and (f), Figure A.2 (d), (e) and (f),
Figure A.3 (b), (c¢), (e) and (f), Figure A4 (d), (e) and (f)—we see that the significant
edgelet coefficients capture the linear features of the images. The following table shows the

percentages of the coefficients being used in the reconstructions. Note all the percentages

Recon. 1 | Recon. 2 | Recon. 3 | Recon. 4
[Huo] 0.75 % 1.50 % 2.99 % 5.98 %
[Sticky] 0.03 % 0.08 % 0.14 % NA
[WoodGrain| | 0.54 % 1.09 % 217 % 4.35 %
[Lenna] 0.23 % 0.47 % 0.93 % NA

Table A.1: Percentages of edgelet coefficients being used in the reconstructions.

in the above table are small, say, less than 6%. The larger the percentage is, the better the

reconstruction captures the linear features in the images.

A.2.1 Edge Filter

Here we design an edge filter. Let A represent the original image. Define 2-D filters Dy, Do

and D3 as

(00 () ()

2

Let “x” denote 2-D convolution. The notation [-|“ means square each element of the matrix

in the brackets. Let “+” be an elementwise addition operator. The edge filtered image of

A is defined as
AE = [A% D)% 4 [A% Do) + [A D3]2.

As we have explained, for the [Sticky] and [Lenna] image, we first apply an edge filter.
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(a) Huo image (b) Largest—200 coeff. (c) Largest-400 coeff.
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Figure A.1: Edgelet transform of the Chinese character “Huo”: (a) is the original; (d) is
the sorted coefficients; (b), (c), (e) and (f) are reconstructions based on the largest 200,
400, 800, 1600 coefficients, respectively.

The reason to do this is that both of them show some patchy patterns in the original images.

The filtered images show more obvious edge features. See Figure A.2 (b) and Figure A.4

(b).

A.3 Details

A direct way of computing edgelet coefficients is explained. It is direct in the sense that
every single edgelet coefficient is computed by a direct method; the coefficient is a weighted
sum of the pixel values (intensities) that the edgelet trespasses. For an N x N image, the
order of the complexity of the direct method is O(N?3log V).

Section A.3.1 gives the definition of the direct edgelet transform. Section A.3.2 calculates

the cardinality of the edgelet system. Section A.3.3 specifies the ordering. Section A.3.4



A.3. DETAILS 139

(c) Edgelet trans. coeff.(largest-10000/362496
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Figure A.2: Edgelet transform of the sticky image: (a) is the original; (b) is the filtered
image; (c) is the sorted coefficients; (d), (e) and (f) are the reconstructions based on the
largest 100, 300 and 500 coefficients, respectively.

explains how to compute a single edgelet coefficient. Section A.3.5 shows how to do the

adjoint transform.

A.3.1 Definition

In this subsection, we define what a direct edgelet transform is.

For continuous functions, the edgelet transform is defined in [50]. But in modern com-
puting practice, an image is digitalized: it is a discrete function, or a matrix. There are
many possibilities to realize the edgelet transform for a matrix, due to many ways to inter-
polate a matrix as a continuous 2-D function.

We explain a way of interpolation. Suppose the image is a squared image having N
rows and N columns. The total number of pixels is N2. We assume N is a power of

2, N = 2" Let the matrix I = I(4,j)1<ij<n € RY*N correspond to the digital image,



140 APPENDIX A. DIRECT EDGELET TRANSFORM

(a) Wood Grain Image (b) Largest 10000 coeff. (log) (c) Largest—20000 coeff.
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Figure A.3: Edgelet transform of the wood grain image: (a) is the original; (d) is the sorted
coefficients; (b), (c), (e) and (f) are reconstructions based on the largest 1 x 10%, 2 x 10%,
4 x 10%, 8 x 10* coefficients, respectively.

so when the image is a gray-scale image, I(i,j) is the gray scale at point (i,7). A 2-D
function f is defined in the following way: for 4,5 = 1,2,... N, if x and y fall in the
cell ((¢ —1)/N,i/N] x ((j —1)/N,j/N], then f(x,y) = I(i,7). Suppose e is an edgelet as
described in Section A.1. The edgelet transform of I corresponding to e is the integration

of the function f divided by the length of e:

Je S

E(l,e) = Tongth(e)’

Note this integration is a weighted sum of I(i,j) where the edgelet e intersects the square
((t =1)/N,i/N] x (( = 1)/N,j/N]. The weight of I(i, ) depends on the fraction of e in
the cell ((¢ —1)/N,i/N] x ((5 —1)/N,j/N].
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(c) Edgelet trans. coeff.(best-5000/428032)

(a) Lenna image (b) Filtered lenna image
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Figure A.4: Edgelet transform of Lenna image: (a) is the original Lenna image; (b) is the
filtered version; (c) is the sorted largest 5,000 coefficients out of 428032. (d), (e) and (f)
are the reconstructions based on the largest 1000, 2000 and 4000 coefficients, respectively.

A.3.2

Cardinality

In this subsection, we discuss the size of edgelet coefficients.

For fixed scale j (I < j < n), the number of dyadic squares is
N/29 x NJ27 = 2"77 x on=d = 92n=2]

In each 27 x 27 dyadic square, every side has 1 4+ 27! vertices; hence the total number of

edgelets is

1 . . ) . ‘ .
5 {4 (227 1) 4 (2 - 1)(3- 20 - 1)} =620 0ol 4. 00,
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So the number of edgelets at scale j is
#{edgelets at scale j} = 622772 _ 4. 920~

If we only consider the scale between s; and s, | < s; < s, < n, the number of edgelets

is

Su
#{edgelets} = 6(sy—s +1) 222 4 Z 92n—j-I
J=si

— G(Su — 5 + 1) . 2277,72[ _ 4 . 22n7l(27(8171) _ 2*811‘).
If s =1+ 1,s, = n, the total number of edgelets is

#{edgelets} = 6(n—1) 22772 _4 Z 92n—j—1
J=i+1
— G(n _ l) . 22n—2l —4. 22n—l(2—l _ 2—77,)

— 6(n o l) . 22n72l o 22n72l+2 + 2nfl+2

= 6(n—1) (1\7/2’)2 4 (1\7/2’)2 +4 (N/2’) .

A.3.3 Ordering

In this subsection, we discuss how to order the edgelet coefficients. The ordering has three

layers:

1. order the scales;

2. within a scale, order dyadic squares;

3. within a dyadic square, order edgelets.
There is a natural way to order scales. The scale could go from the lowest s; to the highest
Su, SI < Sy

In the next two subsubsections, we describe how we order dyadic squares within a scale

and how we order edgelets within a dyadic square.
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Ordering of Dyadic Squares

For scale j, we have 277 x 2"~J number of dyadic squares. The following table gives a

natural way to order them.

1 2 3 on—j
AL | L ) =i 43 2.9n=J
2.2777 41 2.7 42 2.97n7 43 3.9n—J
(209 —1)2nd 41| (2 —1) 2T 42| (2 —1) 2" 43 (277)?

Ordering of Edgelets Within a Dyadic Square

We start with ordering the vertices on the boundary. We will see that it gives an ordering
for edgelets within this square.

For every dyadic square, the vertices on the boundary can be ordered by: starting from
the left upper corner, labeling the first vertex to the right by 1, clockwisely labeling the rest
of vertices by integers from 2 to 4-277!, where j is the scale of the dyadic square. Obviously
4277t is the total number of vertices on this dyadic square. When n = 3 and [ = 1, Figure
A.5 illustrates the ordering of vertices for a dyadic square at scale j = 3.

The ordering of vertices gives a natural ordering of edgelets. In a 27 x 27 square, there
are 4 - 277! vertices. Since each edgelet is determined by two vertices, let a pair (k, 1) denote
the edgelet connecting vertex k and vertex [. We order the edgelets by the following two

rules:

1. Index k is always less than index [: k <.

2. Fixing first index k, let the second index [ increase. When [ hits the upper limit,
increase index k by one, and reset index [ to the lowest possible value restricted by

the previous rule. Repeat this until none of the indices can be increased.

Let K = 27~!. The Table A.2 shows our ordering.

Ordering for All the Edgelets

Combining the ordering in all three steps, we get an ordering for the edgelets. The following

system enumerates all edgelets.
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16 T %% T % T %i T 3
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Figure A.5: Vertices at scale j, for a 8 x 8 image with [ = 1. The arrows shows the trend
of ordering. Integers outside are the labels of vertices.

For scale j = s; to sy,
For dyadic squares index d = 1 to 227727,
For edgelet index e = 1 to 6-2%72 — 4.2/~ (recall [ is the coarsest scale)
edgelet associated with (j,d, e);
End;
End;
End.

A.3.4 Computing a Single Edgelet Coefficient

This section describes a direct way of computing edgelet coeflicients. Basically, we compute
them one by one, taking no more than O(N) operations each. There are O(N?log N) edgelet
coefficients, so the overall complexity of a direct algorithm is no higher than O(N?3log N).
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(1, K + 1),
(2, K +1),

(K —1,K + 1),
(K,2K + 1),

(K +1,2K + 1),
(K—|—2 2K + 1),

(2K
(2K3K+1)
(2K +1,3K + 1),
(2K+2 3K +1),

1 2K +1),

(3K — 13K + 1),

(1, K +2),
(2, K + 2),

(K —1,K +2),
(K, 2K +2),

(K +1,2K +2),
(K+2 2K +2),

1 2K +2),

(2K
(2K, 3K +2),

(2K +1,3K +2),
(2K+2 3K +2),

(3K — 13K + 2),

(1, K + 3),
(2,K+3),

(K —1,K +3),
(K,2K +3),

(K +1,2K +3),
(K+2 2K +3),

(2K —1,2K +3),
(2K, 3K + 3),

(2K +1,3K + 3),
(2K+2 3K +3),

(3K — 1,3K +3),

(
(
(2K + 1,4K),
(2K +2,4K),

(3K — 1,4K).

Table A.2: Order of edgelets within a square.

We have the following algorithm: for matrix I, and an edgelet with end points (z1,y1)

and (x2,y2), where x1,y1,z2 and yy are integers, we have

Compute T(I,{z1,y1,%2,92})

1. Case one: If the edge is horizontal (z1 = z2), then

T(I7 {$17y17$27y2})

1+l Y2

S o > !

1=z1 j=y1+1

2. Case two: If the edge is vertical (y; = y2), then

3. Case three: The edge is neither horizontal nor vertical. We must have

T(I,{z1,y1,22,92}) =

€2
2‘.7}2 — .1‘1| Z Z

i=x1+1 j=y1

(4,5)-
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r1 < To. Let

A: y2_y1.
Tro — T

If A >0 (y2 > y1), then

T(I,{z1,y1,22,92}) =
o [y1+(i—z1)A]

;) Z Z wlj,yn + (G —21— DA y1 + (i —21)A] I(4,7);

(v2 —wn =21+ j=[y1+(i—21—1)A]

else A <0 (y2 < y1),

T, {z1,y1,22,y2}) =
xzo  [y1+(i—z1—1)A]

> Y wlhhy+G—2)Ay + @ — 2 — DA, j);

’y2_y1 t=x1+1 j=[y1+(i—x1)A]

where w [j, z, y] is a function:

e when [z] = [y], where [z] and [y]| are the smallest integers bigger

than or equal to z and y,

w[j,x,y]:{ (y—z) j=[z],

0 otherwise;

e when [z] < [y],

(-2 i =Tzl
1 [z] <j <[yl (may be empty),
y—[yl+1 j=1yl,

0 otherwise.

wlj, @, y] =

Figure A.6 gives an illustration of weights in edgelet transform. For a single edgelet
from (z1,y1) to (x2,y2), the weight of pixel (k,[) is equal to the length of the thick line at
the bottom of the square associated with this pixel, divided by the quantity |yo — y1].
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X

X2’ y2

Figure A.6: Weights of pixels for one edgelet coefficient.

A.3.5 Adjoint of the Direct Edgelet Transform

In this section, we derive the adjoint edgelet transform. We start with reviewing the edgelet
transform in a symbolic way. If a is an index of the image—a = (4,j) and for an image
I, I(«) is the intensity at pixel a—and e is an index of the edgelet, the coefficient of the

edgelet transform at e is actually a weighted sum:

T(I,e) =) wlo,e)l(a).

[e7

Let T* denote the adjoint edgelet transform. By definition, for any z € RY*¥ in the

image domain and any y in the edgelet transform domain, we must have
(Tz,y) = (2, T"y). (A.1)

Note both sides of equation (A.1) are linear functions of y. Let y = J¢, which means that
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y is equal to one if and only if it is at the position corresponding to e, and zero elsewhere.

Note d is a generalized version of the Dirac function. Equation (A.1) becomes
Ve, (Tx,0c) = (x, T"0¢). (A.2)
The left-hand side of the above equation can be written as

(Tz,0e) = T(z,e) = Zw(a, e)r(a).

[0}

Substituting the above into (A.2), we have
T*0c () = w(av, €). (A.3)

This gives the formula for the adjoint edgelet transform.
Actually, in linear algebra, this is obvious: if the forward transform corresponds to the
transform matrix, then the adjoint transform corresponds to the transpose of the transform

matrix.

A.3.6 Discussion

The following observations make a fast algorithm for the edgelet transform possible:

e We can utilize inter-scale relationships. Some edgelets at coarse scales are just a linear
combination of other edgelets at a finer scale. So its coefficient is a linear combination
of other edgelet coefficients. An analogue of it is the 2-scale relationship in orthogonal

wavelets.

e We may use the special pattern of the edgelet transform. This idea is similar to the
idea in [18].

e The edgelet transform is actually the Radon transform restricted in a subsquare. It

is possible to do approximate fast Radon transform via fast Fourier transforms.

We avoid further discussion on this topic.
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Fast Edgelet-like Transform

In this chapter, we present a fast algorithm to approximate the edgelet transform in discrete
cases. Note the result after the current transform is mot exactly the result after a direct
edgelet transform as we presented in the previous chapter. They are close, in the sense that
we can still consider the coefficients after this transform are approximate integrations along
some line segments, but the line segments are not exactly the edgelets we described in the
previous chapter.

It is clear that in order to have a fast algorithm, it is necessary to modify the original
definition of edgelets. In many cases, there is a trade off between the simplicity or efficiency
of the algorithm and the loyalty to the original definition. The same is true here. In this
chapter, we show that we can change the system of the edgelets a little, so that a fast
(O(N?1og N)) algorithm is feasible, and the transform still captures the linear features in
an image.

The current algorithm is based on three key foundations:

1. Fourier slice theorem,

2. fast Fourier transform (FFT),

3. fast X-interpolation based on fractional Fourier transform.

In the continuous case, the idea presented here has been extensively developed in
[48, 50, 52, 51, 49]. This approach is related to unpublished work on fast approximate
Radon transforms by Averbuch and Coifman, and to published work in the field of Syn-
thetic Aperture Radar (SAR) tomography and medical tomography. These connections to

149
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published work came to light only in the final stages of editing this thesis. The first Matlab
version of the algorithm being presented was coded by David Donoho. The author made
several modifications to the algorithm, and also some analysis is presented at the end of

this chapter.

The rest of the chapter is organized as following: In Section B.1, we introduce the
Fourier slice Theorem and the continuous Radon transform. Note both are for continuous
functions. Section B.2 describes in detail the main algorithm—an algorithm for fast edgelet-
like transform. The tools necessary to derive the adjoint of this transform are presented
in Section B.3. Some discussion about miscellaneous properties of the fast edgelet-like
transform are in Section B.4, including storage, computational complexity, effective region,

and ill-conditioning. Finally, we present some examples in Section B.5.

B.1 Transforms for 2-D Continuous Functions

B.1.1 Fourier Slice Theorem

The Fourier slice theorem is the key for us to utilize the fast Fourier transform to implement
the fast Radon transform. The basic idea is that for a 2-D continuous function, if we do a
2-D Fourier transform of it, then sampling along a straight line traversing the origin, the
result is the same as the result of projecting the original function onto the same straight

line then taking 1-D Fourier transform.

We will just sketch the idea of a proof. Suppose f(z,y) is a continuous function in 2-D,
where (x,7) € R?. We use f to denote the continuous interpolation of the image I, and f
to denote a general 2-D function. Let f (&,m) denote its 2-D Fourier transform. Then we

have
fen = [ [ e et gy, (B.1)
yJa
Taking polar coordinates in both the original domain and the Fourier domain, we have
§=pcosh, mn=psind, x=pcost, y=psind.

Let fg(s) (p) stand for the sampling of the function f along the line {(pcosb,psinb) : p €
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RT,0 is fixed}. Then we have

fgS) (p) = f(p cosf, psinf).

Let fe(? ) (') be the projection of f onto the line having angle ' in the original domain:

Vi = | f(@,y)dady. (B.2)
x cos §/+ysin§/'=p

Later we see that this is actually the continuous Radon transform. Substituting them into

equation (B.1), we have

fe(s) (p) = f(pcosh,psind)
= // f(‘,my)e—Qm'(;vpcos9+ypsin0)d$dy
m7:[1

= // f(x,y)dxdye_zmppl
p' Jx cos 0+ysin =p’

= [ 1P e,
o

Note the last term is exactly the 1-D Fourier transform of the projection function fe(p ) ().

This gives the Fourier slice theorem.

B.1.2 Continuous Radon Transform

The Radon transform is essentially a projection. Suppose f is a 2-D continuous function.
Let (z,y) be the Cartesian coordinates, and let (p,6) be the Polar coordinates, where p is
the radial parameter and 6 is the angular parameter. The Radon transform of function f

is defined as

R(f,pﬂ):/ b ef(x,y)'
p=1x cos 64y sin

Recalling function fo(p )() in (B.2) is defined as a projection function, we have

R(f,p,0) = £ (p).
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From the Fourier slice theorem and the above equality, we have
() = / R(f, 0, 0)e 2" dp.
o
Taking the inverse Fourier transform, we have
R(fp0) = [ ) df
o

Thus in dimension 2, the Radon transform of f is the inverse 1-D Fourier transform of
a specially sampled (along a straight line going through the origin) 2-D Fourier transform
of the original function f. Since there are fast algorithms for the Fourier transform, we can

have fast algorithms for the Radon transform.

B.2 Discrete Algorithm

To some extent, the edgelet transform can be viewed as the Radon transform restricted to
a small square. There is a fast way to do the Radon transform. For an N by N image,
we can find an O(N?log N) algorithm by using the fast Fourier transform. The key idea
in developing a fast approximate edgelet transform is to do a discrete version of the Radon
transform. A discrete version of the Radon transform is the algorithm we presented in this
section.

The Radon transform was originally defined for continuous functions. The Fourier slice
theorem is based on continuous functions also. Our algorithm has to be based on discrete
data, say, a matrix. A natural way to transfer a matrix to a continuous function is to
view the matrix as a sampling from a continuous function. We can calculate the analytical
Radon transform of that continuous function, then sample it to get the corresponding
discrete result.

The first question arising is how to interpolate the data. The second question is, because
the Radon transform uses polar coordinates, and a digital image is generally sampled on a
grid in the Cartesian coordinate, how do we switch the coordinates and still preserve the
fast algorithms.

Section B.2.1 gives an outline of the algorithm. Section B.2.2 describes some issues in
interpolation. Section B.2.3 is about a fast algorithm to switch from Cartesian coordinates

to polar coordinates. Section B.2.4 presents the algorithm.
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B.2.1 Synopsis

We think of the Radon transform for an image as the result of the following five steps:

Outline

image

() (1) Interpolate the discrete data to a continuous 2-D function.
fz,y)

J (2) Do 2-D continuous time Fourier transform.
f@,y)

I (3) Switch from Cartesian to polar coordinates.
f(p,0)

[} (4) Sample at fractional frequencies according

to a grid in the polar coordinate system.

f (Pi7 Hj)

J (5) Do 1-D inverse discrete Fourier transform.

Radon transform

In subsubsection B.2.2, we describe the sampling idea associated with steps (1), (2), (4)

and (5). In subsubsection B.2.3, we describe a fast way to sample in Frequency domain.

B.2.2 Interpolation: from Discrete to Continuous Image

We view image {I(i,j) : ¢ = 1,2,... ,N;j = 1,2,... ,N} as a set of sampled values of
a continuous function at grid points {(4,j) : i = 1,2,... ,N;j = 1,2,... ,N}, and the

continuous function is defined as

fly) = Y I(5)p@—i)ply — )

— > I, §)6(x = 1)d(y — §) | * (p(x)p(y)),
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where p is the interpolating kernel function. We assume p is equal to one at the origin and
zero at all the other integers:

p(0) =1, and p(i) =0, fori=1,2,... N,

notation % stands for the convolution, and function §(-) is the Dirac function at point 0.

The 2-D Fourier transform of f(x,y) is

fem = X2 1Gj)eV VI 5(6)h(n), (B:3)

where j(-) is the Fourier transform of function p(-). Note there are two parts in f(£,7), the
first part denoted by F(&,7),

F(&n) = Z I(i’j)e—\/—_1~27r§ie—\/__1.27mj’

7

1,
Jj=1,

2,...,N;
2,...,N.

is actually the 2-D Fourier transform of I. Note F(£,n) is a periodic function with period
one for both £ and n: F(§+1,n) = F(§,n) and F({,n+1) = F(&,n). If we sample £ and 7
at points %, %, ..., 1, then we have the discrete Fourier transform (DFT). We know there
is an O(N log N) algorithm to implement.

Function 5(-) typically has finite support. In this paper, we choose the support to have
length equal to one, so that the support of 5(£)4(n) forms a unit square. We did not choose
a support wider than one for some reason we will mention later.

From equation (B.3), f(£,7) is the periodic function F(£,n) truncated by p(€)p(n). The
shape of p(¢) and p(n) determines the property of function f (&,m).

Section B.6.1 gives three examples of interpolation functions and some related discussion.

In this paper, we will choose the raised cosine function as our windowing function.

B.2.3 X-interpolation: from Cartesian to Polar Coordinate

In this section, we describe how to transfer from Cartesian coordinates to polar coordinates.
As in the synopsis, we do the coordinate switch in the Fourier domain.
From equation (B.3), function f(&,n) is just a multiplication of function F(£,7) with a

windowing function. If we know the function F(&,7), the function f (&,m) is almost a direct
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extension. In the following, we treat f (&,m) as a box function (e.g., the indicator function
of the unit square).

Without loss of generality, we redefine F'(¢,7) as

Fgm= > I(i+1,j+1)e 2/ 1e-2m/=Ini,

0,1,...,N—1;
0,1,...,N—1

i
J

Note the range of the index of I is changed. This is to follow the convention in DFT. By
applying the FFT, we can get the following matrix by an O(N?log® N) algorithm:

because for 0 < k, I < N —1,

F(5 %) = Z I(i+1,j+ 1)e 2™V Inie2mV/ =Ty,
t=0,1,... ,N—1
j=0,1,... ,N—1

This is the 2-D discrete Fourier transform.

For Radon transform, instead of sampling at Cartesian grid point (k/N,[/N), we need
to sample at polar grid points. We develop an X-interpolation approach, which is taking

samples at grid points in polar coordinate. So after X-interpolation, we get the following
N x 2N matrix:

=0,1,...,N—1 ,
=0,1,... ,N—1
_ L Nk _ 1y} _ -
(F(S(k) +1-Ak) -3, 7§ 2)) k=0.L N1 (B.4)
where
sh) =&, AK) = F(1-2). (B.5)

Figure B.1 illustrates the idea of X-interpolation.

There is a fast way to compute the matrix in (B.4), using an idea from [6]
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3 4 6

g X-interpolate

—
6

Figure B.1: X-interpolation.

For 0 < k,l < N —1, we have

F(ﬁ—%,s(k)+z-A(k)—%)

N
= S 41, 4 1)e VTG D2 STk AR -
i=0,1,... ,N—1;
j=0,1,...,N—1.
= > ST (41, + e 2D | 2T AR -

j=0,1,...,N—1 \i=0,1,...,N—1

define as g(k, j)
=Y gk et IR AB i
j=0,1,... ,N—1
= VTIARE LS (g e 2L 1AW | orVTIAR-)

j=0,1,... N—1

convolution.

The summation in the last expression is actually a convolution.

The matrix (g(k, 7)) £ N1 is the 1-D Fourier transform of the image matrix (i 4+
,N—1

1,j+1)i=01,....n-1 by column “We can compute matrix (g(k, j))k —0.1.....n—1 With O(N?log N)
=0,1 ,N—1

§=0,1,... ,N—1
work. For fixed k, computing function value F(4&, s(k) +1- A(k:)) is basically a convolution.
To compute the kth row in matrix (F(£, s(k) + - A(k))) k=o1,..~n1, we utilize the Toeplitz

= O 1,. N*l

structure. We can compute the kth row in O(N log N) time, and hence computing the first
half of the matrix in (B.4) has O(N?log N) complexity.
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For the second half of the matrix in (B.4), we have the same result:

1 N—k 1
F<4m+LA@y_?_N__§>
— Z I(i+1,j+ ) =27/ =1 (s(k)+1-A(k)— ) QWF(NT_%)j
i=0,1,...,N—1
j=0,1,... ,N—1
= > S I(i4+ 1)+ e TRV -y

i=0,1,....N—1 \j=0,1,... .N—1

define as h(?, N—-1-k)
.6—27r\/—_1(s(k)+l~A(k)—%)i
. . 1
_ Z BN —1— k)e—Qm/—_l(z-s(k)—%H-A(k)[7—&-——7(1 ) D
i=0,1,..., N—1
_ €—2w¢f1A(k)§ , Z h(i, N — 1 — ke~ 2/ 1Gs(k )= LitA(k)D) L TVIAR) (-1
i=0,1,... .N—1

convolution.

The matrix (h(i, k)) i=o, Lo N1 is an assembly of the 1-D Fourier transform of rows of the

k= N—1

image matrix (I(7 + 1 j + 1)) ..~—1. For the same reason, the second half of the matrix
N

,N—1
in (B.4) can be computed wit] O(N 2log N) complexity.

The discrete Radon transform is the 1-D inverse discrete Fourier transform of columns
of the matrix in (B.4). Obviously the complexity at this step is no higher than O(N?log N),
so the overall complexity of the discrete Radon transform is O(N?1log N).

In order to make each column of the matrix in (B.4) be the DFT of a real sequence, for

any fixed ,0 <I< N —1,and k =1,2,...,N/2, we need to have

F(ﬁ—iqm+LAwy_)—F<ﬁﬁﬁ_%gN B) 41 AN kyfﬁ,

F<qm+LA@y¥¥E:f_l):F(dw—m+LA@Lw»_;%_%>

It is easy to verify that for s(-) and A(-) in (B.5), the above equations are satisfied.
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B.2.4 Algorithm

Here we give the algorithm to compute the fast edgelet-like transform. Note when the
original image is N by N, our algorithm generates an N x 2N matrix. Recall that (i, j)
denotes the image value at pixel (4,5),1 <1i,j < N.

Computing the discrete Radon transform via Fourier transform

A. Compute the first half of the DRT matrix (size is N by N):
1. For j =0to N —1 step 1,
take DFT of (j + 1)th column:
[9(0,5),9(1,5), -, g(N = 1,5)]
=DFTN(I(L,5+1),1(2,j+1),... . I(N,j+1)]);
End;
2. For k=0to N — 1 step 1,
(a) pointwise multiply row k + 1, [¢(k,0),g(k,1),...,g(k, N —1)],

—2my/—1( 5-s(k)+A(k)L-
\/_<] B ()2> :ij,l,...,N—l};

o -

with complex sequence < e

(b) convolve it with complex sequence
{eVTIAWO  p =01, N - 1};

(c) pointwise multiply the sequence with complex sequence

l2
N — 1};

e VAR T L= 0,1, ..

we get another row vector: {F(%, s(k)+1-A(k):1=0,1,... ,N —1};
End;

3. For[=0to N —1 step 1,
taper the (I 4 1)th column by the raised cosine, then take inverse 1-D

DFT;
End,;

B. Compute the second half of the DRT matrix (size is N by N):

1. Fort:=0to N — 1 step 1,
For j =0to N — 1 step 1,
modulate: g(i,7) =I(i+ 1,7+ 1)6—2w\/—_1%;
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End,;
End;
2. Fori=0to N — 1 step 1,
take 1-D DFT of the (i + 1)th row:
19(,0),9. 1), g6, N — 1]
= DFTN([I(i+1,1),1(i +1,2),...,1(i +1,N)]);
End;
3. flip matrix (g(7, k))o<ik<n—1 by columns:
h(i, k) =g(i,N — 1 —k);
4. For kK =0to N — 1 step 1,
(a) pointwise multiply (k + 1)th column, {h(0,k), h(1,k),... ,h(N —
LK)},
with complex sequence {e_QW\/__l(i's(kHA(k)é) :1=0,1,... ,N — 1};
(b) convolve it with complex sequence
{eVTIAWO p = 0,1, N - 1};

(c) pointwise multiply the sequence with complex sequence
12

e VARG L1 = 0,1,... N — 1};

we get another column vector:

N-1-k&

{F(s(k) 1 AGR), ——

):l_O,l,...,N—l};

End;
5. take transpose;
6. For/=0to N — 1 step 1,
taper the (I + 1)th column by the raised cosine function, then take
inverse 1-D DFT;
End;

B.3 Adjoint of the Fast Transform

First of all, note that the previous fast algorithm is a linear transform, and so is every step

in it. It is obvious that if we take the adjoint of each step, and do them in reverse order,
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then we get the adjoint of the fast edgelet-like transform.

Note the supscript * denotes the adjoint transform. Table B.1 gives some transforms

and their adjoints.

Transform Adjoint transform

| T1($) | * *
T ; x = Ti(z) + T (T);
| Ta) | i(z) + T5()

taking 1-D DFT by row taking inverse 1-D DFT by row
taking 1-D DFT by column | taking inverse 1-D DFT by column

reverse rows reverse rows
reverse columns reverse columns
matrix transpose (rotation) matrix transpose (rotation)

Table B.1: Pairs of transforms and their adjoint

To find the adjoint of step 2 of the algorithm in computing the first half, which is also

the adjoint of step 3 in computing the second half, we develop the following linear algebra

point of view. Let o = (x1,29,... ,2x5)7 be a column vector. For fixed k, after taking step
two (or three for the second half), we get column vector y = (y1,¥2,...,yn)?. Vectors x

and y satisfy the following equation:

2
o2V =1A(K) o«

y =
o—2my/—TA (k) A5
eTl'\/le(k)-OQ eTr\/le(k)lQ eﬂ\/le(k)-QQ o eﬂ'\/le(k‘)-(Nfl)Q
™V —1A(k)-1? ™V —1A(k)-0 e™VIA(R) 12 or/=T1A(k)-(N-2)?
eﬂ\/le(k)~22 eﬂﬁA(k)~12 €ﬂ\/?1A(k)'02
eTV=IAR)-(N=1)2  my/=TA(k)-(N—2)? o o™V =TA(k)-02

o2/ ~1(0-s(R)+A(K) L)

=2/ =I(N—1)-s(k)+ A (k) D507

The adjoint transform of this step corresponds to multiplying with the adjoint of the
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above matrix, which is

2V 1(0-s(k)+AR) G)

20/ =T((N=1)-s(k)+A (k) D500
e*Tl’\/le(k)-OQ e*ﬂ\/le(k)-IQ e*ﬂ‘\/le(k‘)-22 o ef7r\/771A(k)-(N71)2
e~V —1A(k)1? e~ TV—1A(k)0? e—™V—IA(K)1? - mV/=1A(K)(N-2)?
6771'\/7_1A(k)-22 e*ﬂ\/f_lA(lc)-l2 6771'\/7_1A(k)~02
o~ TVIAGR)-(N-1)2  —my/~TA(K)-(N-2)2  n/TIAR) 0
2/ IA(K) S

Q2my/—1A (k) A0

From all the above, we can derive the adjoint of the transform.

B.4 Analysis

B.4.1 Storage and Computational Complexity

In this section, we estimate some computing parameters.

Let ¢y denote the number of operations to implement an N-point fast DFT. It is well
known that ¢y = O(Nlog N). First, let’s consider the complexity of computing the first
half of the DRT matrix. The first step is N times N-point DFTs with complexity Ncy. In
the second step, the convolution can be done via three times 2/N-point DFT, so the total
computational effort will be 2N? multiplications and 3N times 2N-point DFTs, which has
complexity 3Ncony =~ 12Ncpy. The third step is IV inverse N-point DFTs. From all above,
the total complexity is 2N? + 14Ncy.

In computing the second half of the DRT matrix, except the flip step and transpose
step, the rest of the algorithm is the same as for the first half, so the computing effort has
the same complexity.

The overall effort to implement the fast transform for an N by N matrix is roughly 28NV

times the effort of computing an N-point discrete Fourier transform (28 N¢y ), which is also
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28 times the effort of doing the 2-D fast Fourier transform for an N by N matrix.

The storage needed for the previous algorithm is proportional to N2,

B.4.2 Effective Region

The way we sample in the 2-D Fourier domain is actually equivalent to sampling in the
region surrounded by a dashed curve in Figure B.2. A column of the output of the fast
algorithm is an equally-spaced sample of every straight line passing through the origin
within this region. The dashed curve is made by four half circles. The reason that the
region looks like this is simple: dilation in the Fourier domain is equivalent to shrinkage in

the time domain with the same factor.

Effective region

Figure B.2: Effective region.

B.4.3 [Ill-conditioning of the Fast X-interpolation Transform

The fast X-interpolation transform can be divided into three steps: if we only consider the

first half of the matrix, we have

2-D Fourier transform «+ orthogonal

4

fractional Fourier transform (FRFT) for each row

4

inverse 1-D Fourier transform for each column  « orthogonal

Note the matrix associated with the fractional Fourier transform may have a large

condition number. We leave further discussion as future research.
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B.5 Examples

B.5.1 Basic Elements for the Fast Edgelet-like Transform

For any linear transform, we can regard the coefficients as inner products of the input
signal with given basic elements. If it is an isometric transform, then these basic elements
form an orthonormal basis. Note our fast edgelet-like transform is redundant. Hence the

corresponding set of basic elements does not form a basis.

In Figure B.3, we plot some basic elements of our transform. Note we actually apply
our transform for square images with different size (scale). In the first (second, third) row,
the squared images have sides i(%, 1) of the side of the original image. We intentionally
renormalize the basic elements so that each of them should have 2 norm roughly equal to
1.

@ ) ©) 4

®) (6) ™ (8)

Figure B.3: Basic elements of the fast edgelet-like transform.
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Figure B.4: Multiscale fast edgelet-like transform of artificial needle-like images.

B.5.2 Edgelet-like Transform for Some Artificial Images

Since this algorithm is designed to capture the linear features in an image, it will be inter-

esting to see how it works on some artificial images made by a single linear singularity.

The first row of Figure B.4 shows some needle-like images. The second row is their
multiscale fast edgelet-like transforms. To explain the images of the coefficients, we need
to explain how we arrange the output of our algorithm. Suppose we only do the transform
for the whole image (scale-0 transform). Then as in B.2.4, the input I is mapped to a
coefficient matrix with two components [E{, E?]. When we divide the image into 2 x 2

block images (scale-1 transform), each subimage is mapped to a coefficient sub-matrix with

I Io
_
Io1 I

two components:

1 2 1 2
Ey, B By Ei

1 2 1 2 )
E21 E21 E22 E22
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And so on. Note for a fixed scale, the output matrix has the same number of rows, but the
number of columns expands by 2. The second row in Figure B.4 is illustrations of output

by taking four scales. So the number of rows are expanded by 4. The dark points are

associated with coefficients with large amplitudes. Obviously there are few coefficients with
significantly large amplitudes and all the rest are small. This matches our original goal to

design this transformation.

B.5.3 Edgelet-like Transform for Some Real Images

(a) Woodgrain image
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Figure B.5: Fast edgelet-like transform of wood grain image.

Here real means that they are from some other independent sources and are not made
intentionally for our method. In these images, the linear features are embedded, and we see
that our transform still captures them.

Figure B.5 is a wood grain image. There are many needle-like objects in the image, and
they are pretty much at the the same scale—having the same length—and along the same

direction. We do our transform at three scales (0, 1,2 corresponding to no division of the
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image, divided by two, and divided by four). The upper-left image is the original. The
first row gives the columnwise maximum of the absolute values of the coefficients. We see
that there are strong patterns in the columnwise maximums; in particular, it becomes large
along the direction that is the direction of most of the needle-like features in the image.

The second row are the coefficient matrices at different scales.

It takes about 40 seconds to carry out this transform on an SGI Onyx workstation.

(a) Barbara image
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Figure B.6: Fast edgelet-like transform of wood grain image.

Another example is the Barbara image. Again, the upper-left image in Figure B.6 is the
original image. The remaining images are the coefficient matrices corresponding to scale 0
through 5. The dark area corresponds to the significant coefficients. We observe that when
the scale is increased, we have more significant coefficients. See the coefficient matrix at
scale equal to 5. This implies that when we divide the image into small squares, the linear
features become more dramatic, hence it becomes easier for a monoscale fast edgelet-like
transform to capture them. Further discussion is beyond the scope of this chapter; we will

leave it as future research.
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It takes about 60 seconds to carry out this transform on an SGI workstation.

B.6 Miscellaneous
B.6.1 Examples of Interpolation Functions
We present three examples of the interpolation functions p and p.

1. We can choose (-) to be a rectangular function

ﬁ(&)Z{ boastsy

0, otherwise.

Then p is the sinc function

pla) = [ e e = 2T,

T

Figure B.7 illustrates the sinc function and its Fourier transform.

(a) p is sinc (b) p__hat is blocky

2.5
1r 8 >t ]
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1k |
0.4+ B
0.5+ J
0.2+ B
A /\ o
) v v
—0.2r i —0.5r i
-0.4, : -1 :
—5 (o] 5 —2 (o] 2
x g

Figure B.7: Sinc function in (a) and its Fourier transform—blocky function in (b).

2. We can also choose p(-) to be the raised cosine function,

€ = { %—l— %cos(27r£), —% <&L %;

0, otherwise.
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So p is

pla) = [ pleem e = - R

Note in this case,

1
p(0) =1,p(1) = p(—1) = 37 and p(i) = 0,1 =£2,43,....

Figure B.8 shows the raised cosine function and the corresponding p in the time

domain.
@) p (b) p_hat is raised cosine
- 2.5 T
if B s N
0.8 =
1.5F B
0.6 b
1k i
0.4 =
0.5+ =
0.2 b
O
O
—0.2+ 4 —0.5r 4
—0.4 - —1
-5 (o] 5 —2 (0] 2
x g

Figure B.8: Raised cosine function in (b) and its counterpart in time domain in (a).

3. In the first case, there is no tapering. In the second case, the tapering rate is 100%. It
is interesting to look at something in between. Suppose p (0 < p < %) is the tapering

point, which means that p is chosen to be

1, S < p;
p&) ={ +Lcos ’r(';'f;p), p<lé <3
0, otherwise.
In this case,
3D
tapering rate = 2 =100(1 — 2p)%.
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The function p is

oz) = / pE)e™ Tr g

v 12 27 (£ — p)
= 2 d¢ + 2 1+ cos——=|d
/_pcos( wéx)dE /p cos(2méx) { cos —— 5 ¢
sin(mz) + sin(27px) 1

N 2w 1—(1—2p)2z2
When p is 1/2, we get the sinc function in case one. When p is 0, we get the p function
in case two. When p = %, the Figure B.9 shows how the function p and function p
look.

When p is 1/4 and function p(-) only takes integer values, unlike the two previous

cases, the function p does not have finite support.

(@) p when p = 0.25 (b) p_hat is 50%6 taped.

2.5
1t . Sl ,
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Figure B.9: Fifty percent tapered window function in (b) and its counterpart in time domain
in (a).
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