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A Statistical Analysis of Fukunaga—Koontz Transform

Xiaoming Huo

Abstract—The Fukunaga-Koontz transform (FKT) has been
proposed as a feature selection methodology for nearly 32 years.
There are a huge number of citations. We have not seen a direct
analysis between FKT, and a well established statistical method:
Fisher quadratic discriminant analysis (QDA). In this letter, under
certain assumptions, we establish such a connection. We speculate
that a link in a more general situation is hard to find.

Index Terms—Classification, feature selection,

Fukunaga—Koontz transform.

detection,

I. INTRODUCTION

INCE Fukunaga and Koontz published their paper [2] on

feature selection in 1970, many researchers have used their
method in various applications, such as target recognition, face
detection [1], etc. A citation search on their paper can easily gen-
erate hundreds of references. On the other hand, in statistics,
it is well understood that by using the likelihood ratio, when
two distributions are multivariate normal, equal variance/co-
variance matrices will generate a linear discriminant analysis
(LDA) (or the Fisher analysis) and unequal variance/covariance
matrices will generate a quadratic discriminant analysis (QDA)
[3]. Apparently, the method of Fukunaga and Koontz belongs to
the second case. Note that Fukunaga—Koontz transform (FKT)
is not a QDA—it accomplish feature selection. In this letter,
we show that the FKT, in an appropriate sense, is the “best”
low-rank approximation to the QDA. In applications of target
recognition, it is important to realize a low-rank approximate.
Because each feature is obtained through a convolution of an im-
agery with a filter, the number of features determines the com-
plexity of the algorithm.

In Section II, the method of Fukunaga and Koontz, which is
also widely known as tuned basis functions (TBFs), is reviewed,
together with its implementation in target recognition. In Sec-
tion III, we argue that given the rank of the classifier, the method
of TBF (or FKT) is the best low-rank approximation. We give
some concluding marks in Section IV.

II. FKT AND TBFs

In this section, we review the basic principle of the Fukunaga—
Koontz transform and an associated architecture.
Consider a library of target image chips {z;,¢ = 1,...,T}

where each z; is an image chip of size m X n and contains a
target. Consider a set of clutter chips {y;,s = 1,...,C}, where
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each y; is an image chip of size m x n and contains a clutter.
We can reorder the pixels in each image chip into an mn x 1
vector, and without ambiguity, let z;,; denote these vectors.
The structure of a detector can be viewed as projecting an image
onto a set of basis vectors and accumulating the energy in the
coefficient sequence of the projection. The TBF is a systematic
methodology to find such a basis set. It will separate targets from
clutters. A description of the TBF are as follows.

Recall vectors {z;} and {y;} are target and clutter vectors.
For simplicity, assume that the mean chip has been removed
from each class. Note that due to this preprocessing step, we
can make a zero-mean assumption for the rest of this letter. Let

¥, = Elza'] and Xy = Elyy/]

where E stands for expectation. The sum of these matrices 1 +
Yo is positive semidefinite and can be factorized as follows:

Y+ Y =0DY (D

where @ is the matrix of eigenvectors of 31 4+ 3 and D is a di-
agonal matrix with diagonal elements being equal to the eigen-
values. We can define a transformation operator P as

P=oD7'/? 2)

and new data vectors
7 =Puxandy = P'y.

The sum of the variance and covariance matrices for z and ¥y
becomes

P'(31 4+ )P = 1. A3)

The covariance matrices for the transformed data z and ¥ are
T = P'Y1 P and C = P'Y5 P, respectively. From (3), it is easy
toseethat T+ C = I.

If § is an eigenvector of 1" with corresponding eigenvalue A,
then it is also an eigenvector of C' with eigenvalue (1 — \). This
relationship guarantees that the covariance matrices of the trans-
formed data will have the same eigenvectors; the sum of the two
eigenvalues (of 1" and C), which are associated with the same
eigenvector, is equal to one. Consequently, the dominant eigen-
vector of 1" is the weakest eigenvector of C, and vice versa. In
the language of target detection, the dominant eigenvector of
T contains maximal information about the target space, while
containing the least information about the clutter space. There-
fore, the first several dominant eigenvectors of 1" (as target basis
functions) should be used to correlate an input image; and a
high correlation coefficient suggests the presence of a target.
Similarly, the weakest eigenvectors of 1" (as antitarget basis
functions) should be correlated with an input image, and a high
correlation reflects the presence of a clutter or, equivalently, the
absence of a target. The TBF detector utilizes both facts to create
a detection algorithm.
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In target recognition, one typically wants to use a small
number of filters. Because adding one more filter means doing
one more convolution with the image. In the matrix language,
it is equivalent to say that one only wants to consider target
recognition in a subspace. Note that the set of eigenvectors of
the matrix 7', which are also the eigenvectors of the matrix C,
form an orthogonal basis in R™". From previous analysis, the
eigenvalue associated with a particular eigenvector yields a
measurement of the amount of target and/or clutter information
that is described by that eigenvector. In TBFs, only a small
subset of dominant target and clutter basis functions are
chosen. Specifically, one chooses the N; basis functions that
best represent targets and the N, basis functions which best
represent clutters. A matrix © is defined as

0= [9—’17"' 9_']\7179—’mn—N2+17"'70mn]' (4)

Note that matrix © is amn by N1+ N» matrix, and it determines
a (N7 + Ns)-dimensional subspace in R™".

A testimage vector z (z € R™") is projected onto this set, to
obtain a feature vector v, which is of length N7 + N», i.e.,v =
©'z = (v1,v2,...,VN,+N, ) The detection metric is defined as

Ny N1+N2
§ 2 E 2

¢ = 'Ui — 'Ui . (5)
=1 1=N;+1

The first summation on the right-hand side of the above metric
is the energy concentrated on target-like basis functions. The
second summation is the energy projected on clutter-like basis
functions. The metric is the difference between the two pro-
jected energies and is expected to be large for targets and small
for clutters.

III. OPTIMAL QUADRATIC CLASSIFIERS

In the FKT framework, an important property is the dimen-
sion reduction. In this section, we show that FKT, under some
assumption, is nearly the best classifier that one can do under
the principle of likelihood ratio method and Gaussian distribu-
tional assumption.

In Section ITI-A, we start with areview of Bayes classifier and
its application in target and clutter classification. We then prove
the “best” low-rank approximation in Sections III-B and C.

A. Bayes Classifier on TBF Transformed Data

The Bayes classifier is the classifier that minimizes the prob-
ability of classification error, given the distribution of each pop-
ulation. Bayes classifier can be derived from likelihood ratio
statistics.

Assuming that the populations are Gaussian with equal
means, and that they have been normalized by (% 4+ ¥5)~1/2,
so that their covariance matrices T and C satisfy T+ C' = I,
the Bayes classifier takes the form S = ) i w,vf < «, with the
following.

1) S is the detector statistic, which is a weighted sum of
squares of projection: for an image chip z

v= (1 + 22)—1/22 = (v1,v2,...,0n)".

Here N is the dimension of the image chip (or an image).
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2) The constant o depends on the clutter/target prior proba-
bility, cost of missclassification, and on other factors.
3) The weights w; depends on )\;, which is the ith largest
eigenvalue of T'
(2X; — 1) 1 1
w; = = - .
AN(l=X) 1=X N
4) The statistic S can be derived by considering the differ-
ence of the negative log-likelihoods of the two classes.
Due to space limitation, we have to leave out the details
of this derivation. Basically, the difference of two nega-
tive log-likelihood functions of multivariate normal with
mean zero and variance Y1 and Y5 is a quadratic function.
The exact form of this quadratic function is computable.
Note that 0 < A; < 1, so we have the following.

1) For small \; ~ ¢, a weight w; behaves like —1/X; (~
—1/e).
2) For large A\; ~ 1 — €, a weight w; behaves like 1/(1 —
)\Z) ~ 1/6.
3) For \; ~ 1/2, we have w; = 0.
Let I denote the group of indexes i for which A; ~ (1 — ¢€)
and I denote the group of indexes for which A; ~ e. If for all
the other indexes, we have A; ~ 1/2, then

Swl* (Zv?—Zv?)
¢ Ip Ic

In short, the optimal detector statistic is approximately the TBF
classifier.

Now, what happens if the \; are not exactly distributed the
way that was just supposed? Will it still be true that the statistic

A= <Zv3—2v3) ©
Ir Ic

is a low-rank approximation to the optimal detector? To prove a
theoretical result, we introduce the following assumption.
Condition IIl.1—Plateau Condition: Let n be the total
number of eigenvalues \;’s. For an integer k& (k < n), the
Plateau condition is satisfied if there exist at least £\, that yield
the maximal value among the set {|\; — 1/2],i =1,2,...,n}

1
A
2

We can show that when the above condition is satisfied, the
TBF gives the low-rank classifier that minimizes the classifica-
tion error. This indicates that TBF is the optimal low-rank ap-
proximate. Note that the above condition does not assume any-
thing on the \;’s that are associated with relative small values
of |\, — (1/2)].

This condition is very restrictive. It is made so that we can
compare an TBF approach, as in (5), with an optimal classifier.

. t=1.2,... .k

Ai, = max
1<i<n

B. Low-Rank Approximation to the Optimal Classifier

We start formulating our problem. Let us suppose that we
have rotated our data by (X1 + ¥2)~1/2, such that the two co-
variance matrices—target and clutter—are diagonal: \;’s are di-
agonal entries for targets, and (1 — )\;)’s are entries for clutters.
The discrimination problem can be formulated as a hypothesis
testing problem as follows.
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For random variables z; "< N (0,1)

Ho:yi =/ Nizi,  i=1,2,...,n
Hivyi =+/1—=Xizi,  i=1,2,....n (7

where 0 < \; < 1,V 1.
Suppose the optimal decision rule is in the form

D(Wy)

where W € RF*™ is arank k (k < n) matrix, WW7T = I,
and

We need to show that the function D(-) is a quadratic function
and that W is “nearly” a diagonal matrix, which “picks” ¥;’s
that are associated with the largest-k values of |(1/2) — A;].

More specifically, let A ;) denote the A; that has the jth largest
value of [1/2—\;|. Let y;y denote the y; that is associated with
/\(j) [as in (7)]. We show that the optimal decision rule is

1 1 )
D(Wy) = Z; ( e A(i)) uiy ®)
Note that the above is similar to the decision rule when matrix
W is allowed to have full rank; the difference is that the number
of terms is reduced. Also note that by taking into account the
fact that we have either A\;) = € ~ 0 or A\(j) = 1—e ~ 1,
following a similar argument, the (8) is numerically close to the
A in (6).

C. Proof of the Low-Rank Approximation

Under the Plateau condition, we have the following.

Theorem II1.2: When the plateau condition is satisfied, the
rank k decision takes has the form in (8), and \;’s take maximal
values in the set {|\; — (1/2)], i=1,2,...,n}.

We prove the above result step by step. There are four steps.
We first specify the optimality condition. Then the problem is
rewritten in multivariate analysis, and the new eigenvalues are
analyzed. We prove a greedy incremental result for the objective
function. The final proof is based on utilizing all the above.

1) Optimality Condition: The optimal decision rule is
the one that maximizes the value of the following objective
function:

Py {D(Wy) >t}
rank(W) =k  WWT =1,
Py, {D(Wy) >t} < a.

Maxp(.),w,t
subject to

Using the idea of Lagrangian multiplier, the above is equivalent
to the following:

PHI{D(Wy) < t} +cp- PHO{D(Wy) > t}
rank(W) =k WWT =1, 9)

minp.y w,
subject to
where appropriate value of ¢; will render the exact solution to

the previous optimization problem. In the rest of this note, we
consider the second optimality condition.
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2) Rewritten in Vectors: The original problem in (7) is
equivalent to the following:

Hy:y ~mN (6,D)
Hy:y ~mN (6,In — D)

where

A1
A2

An

y is a n-dimensional random vector, 0 is a zero vector of the
same dimension, and m NN stands for multivariate normal.
For Wy, we have

Ho: Wy ~mN (6, WDWT)
Hi: Wy ~mN (6, W (I, — D)WT) .

The matrix W DWT has to be semidefinite. Consider its Jordan
decomposition

WDW?T = 0DO”
where O € R¥** OOT = I,,. Apparently, we have
WDWT + W(I,, - D)YWT = I.
Hence
W (I, - D)YWT = O(I, — D)OT.

Note that an orthogonal matrix will not change the density
function of a multivariate normal distribution. From all the
above, for y = Wy, it is equivalent to consider the following
hypothesis testing problem:

Hi:§j ~mN (67 I — D) (10)
where
Mo
~ A2
D =
Ak
Since
D=0T"wDwTo
we have
N=Y"wl;,  i=12. 0k
j=1
where (w;1, w;a, . . . , w;y, ) form the ith row of the matrix OT W,
Recall that
> wh=1 i=1,2,....k
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and
k
dowh <1, j=12,...n
=1

Suppose A\; > Ao > .-
following:

> )\,, we can easily prove the

M <A, M A <A+,

and

Me > Ay Ae+ M1 > A+ Ay

3) Optimal Decision Rule: To minimize the objective func-
tion in (9), following a Neymann—Pearson type of argument
(considering the log of the likelihood ratio), it is easy to see that
the decision rule must be

k

D(Wy)zz(%_l—lﬁ

j=1

J

) gf < athreshold.

Now we decompose the objective function

Py {D(Wy) <t} +ci- P, {D(Wy) >t}
- / RI{D(Wy) <t} + e oI (D(Wy) > t}dy

K 1 i
_ /[I{D(Wy) < t}njzlﬁ(/)( 1y_ ;J.)

+ e I{D(Wy) > t}115_,

X \/L;\f;ﬁ(\}/—;—j)}dﬂl“'dﬂk

where f1; and f, are the density functions under H; and H,
respectively, I{-} is an indicator function, and ¢(-) is the prob-
ability density of the standard normal. When k£ = 1, one can
see that the above becomes comparing two normal distributions
with common mean zero and different variances. It is easy to
verify that the larger the value of |1/2 — )| is, the smaller the
value of the following function

o= [1G 7227 40 (5)
A=)

1

1—A¢< 1Ay>}dy
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will be. This can be shown by the following, when A < 1/2

! <A1(1_——Zi)y2 <~t~> \/11— )\¢ <¢1y— A)

_ /1(;;:2 > %) $(x)

A
At
2
+I<w <1_2)\>¢(x)
A
=1— [T 2
/ (1_2/\<a:<

When A — 0, A\/(1 — 2)) decreases to 0. In the mean time,
the difference ((1 — A)t/1 — 2)\) — (M\/1 — 2)) is £. Hence
the value of (x) decreases as A decreases. For A > 1/2, similar
result can be drawn.

This analysis demonstrates that by substituting 5\3- with a
A; that has larger deviation from 1/2 (i.e., larger |1/2—)|),
the value of the objective function in (9) is reduced. This
shows that the minimum can only be achieved when S\j,
7 = 1,2,...,k are associated with the largest k£ values of
[1/2—X\;],i = 1,2,...,n.

4) Final Argument: From all of the above, we proved
Theorem 3.2.

The Plateau condition seems to be a very strong assumption.
It is hard to obtain a more generic result. The difficulty in ob-
taining a generic result is to study the interplay between values
of different \;’s to the value of the objective function in (9).

(1=
G2 ) olo)

IV. CONCLUSION

We prove that under certain conditions, the Fukunaga—
Koontz transform is the optimal low-rank approximation
to an optimal classifier. This gives an interesting statistical
interpretation on a widely used pattern recognition method.

The current result can be generalized to multiclass classifier.
We will leave details for future publication.
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