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Abstract

A method that utilizes embedded geometric structure is proposed, to enhance clustering.
The geometric structure is identified via a combination of a local smoothing method — local
linear projection (LLP) — and a computational method for the geodesic distance. It is found
that comparing to existing algorithms, it is more efficient to deal with noisy and “structured”
data. Simulations for both synthetic data and microarray data are reported. We list some
ideas for future improvement.

1 Introduction

In point cloud data, the geometry that is embedded is of unignorable importance. To illustrate the
importance of utilizing geometric information, let us consider a data example that is illustrated
in Figure 1. In Figure 1, the point cloud has two components; each of them surrounds a helix. In
this case, two data points could be in the same system (same helix), but are far away in Euclidean
distance, e.g. the points that are at the two ends of a helix. Ideally, a clustering algorithm will
assign the points, which are close to the same helix, to the same cluster. Apparently, any method
that ignores the geometric structure can hardly achieve this goal.

We propose a method that has the following ingredients. First of all, a local smoothing
method is applied to the data, so that the points are pressed towards the geometric structure
underlying. This can be considered as a denoising step. We choose the method: Local Linear
Projection (LLP) [10]. In the second step, the geodesic distance is computed for any two points.
The idea is that if there are two points that are not in the same geometric structure, the geodesic
distance between them is infinite (extremely large). We actually develop an equivalent and fast
method to realize the above idea. Our method is similar to the agglomerative approach that has
been used in hierarchical clustering, e.g. see [9].

Numerical simulations show that this approach can effectively cluster observations that has
embedded non-trivial geometric structure. We also report our experiment of applying this method
to a microarray data.
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Figure 1: An artificial data, showing the need of incorporating geometric structures. The data is
colored to emphasize the two helix structure that is embedded in this data.

The rest of Section Introduction is organized as follows. In Section 1.1, we review some works
on computation with respect to embedded geometry. In Section 1.2, we review some methods
that can globally extract subspaces. In Section 1.3, we review methods that intend to explore
local geometry. Our first step — LLP — is motivated by this line of research. In Section 1.4, we
address some potential areas for application. In Section 1.5, we summarize the content of the rest
of the paper.

1.1 Utilizing embedded geometric structure

Many methods have been developed to render geometric objects. A fundamental question that
is answered by all these methods is to compute the geodesic distance. A recent work is an
approach by Mémoli and Sapiro [16]. Some numerical algorithms that have driven their method
is developed in [31] and [25]. When the data is not very noisy, e.g. scanned data, efficient methods
are available to recover geometry from point cloud data. When the data is very noisy, it is not
clear what an efficient approach should be.

At the same time, in mathematically analysis, researchers have developed tools to ‘detect’ the
geometric features. An example of these works include the Jone’s function developed by Professor
Peter Jones in solving the travelling salesman problem, referring to [11]. More specific tools are
developed in some papers, e.g. [14] and [5].

We consider a simpler problem: how to incorporate the geometric information in clustering.
It turns out that simple methods are available for solving the clustering problem.



1.2 Methods identifying global structures

Dimensionality reduction plays a significant role in exploratory data analysis (EDA). In many
real applications, although the data may have very high dimensions, they typically embedded in
manifolds (or subspaces) that are of substantially lower dimensions. Identifying these manifolds
(or subspaces) are critical in understanding these data. It is also important in applications such
as data visualization and modelling. In the communities of statistics, machine learning, and
artificial intelligence, a substantial amount of techniques have been developed. In the following,
we will give a quick review on works that are directly related to ours.

When the embedded structures are linear subspaces, linear techniques such as Principal Com-
ponent Analysis (PCA) and Singular Value Decomposition (SVD) can be used to identify the
embedded linear subspaces. In PCA, the second order statistics (variances and covariances) of
the data are considered, researchers find the directions in which the variances are maximized.
SVD works on the data themselves. It finds the linear subspace that best preserves the informa-
tion of the data. For both PCA and SVD, the embedded structure must be globally linear. In
many applications, this condition is too restrictive. Multi-Dimensional Scaling (especially metric
MDS) is close to PCA and SVD. PCA and SVD are to find the most significant linear subspaces.
In Metric MDS, workers try to map the data into a low-dimensional space, at the same time
keeping the inter-data distances [32]. Although the philosophical points are seemingly different,
the underlying linear algebra are very similar.

1.3 Methods for local geometry

When the global linearity condition is abandoned, some methods that focused on finding local
embedded structures have been proposed, among them, we have for example principal curves
[26, 8]. Recently, we have paid attention to some methods that are dedicated to identifying
local hidden manifolds, for example, ISOMAP [29] and Local Linear Embedding (LLE) [22]. In
ISOMAP, instead of consider the distance between two data points, they consider the geodesic
distance, which is the length of the shortest path that resides on the embedded manifold. In
implementations, this idea is realized by considering the k-nearest neighbors. Later on, in order
to achieve better numerical performance, researchers have proposed some numerical variations,
e.g. Curvilinear Distance Analysis (CDA), [13]. In LLE, each data point is represented as a
convex combination of its k-nearest neighbors; the data is then mapped into a low-D space, at
the same time, the convex combinations (which is called embedding) is preserved to the best
possibility. In [13, 29, 22|, good examples are shown to illustrate these ideas. These examples are
Swiss rolls, open boxes, and cylinders. We found them very instructive.

1.4 Applications

Due to the maturization of the human Genome project and the availability of the microarray
technology, microarray data poses a new challenge to data analysts. The microarray technology
allows workers to measure the levels of gene expression for tens and thousands of genes simulta-
neously. The dimensionality of microarray data is definitely high. It is urgent to develop efficient
dimension reduction tools. As a matter of fact, many previously mentioned tools have been ap-
plied to microarray data, for example, researchers have used SVD to interpolate missing values
in a microarray data [30]. ISOMAP has been used to understand the structure of a microarray



data [28]. PCA has been used to summarize microarray experiments [21]. A lot more examples
can be found in the references of [20].

As an evidence to illustrate the importance of dimension reduction for microarray data, let
us consider the clustering of genes. Clustering genes is to group together the genes that might
be associated with identical functionalities. A nice survey on clustering methods for microarray
datasets is given in [20]. An associated software is described in [27]. Many studies have been
reported, e.g. [7]. Due to space, we can not enumerate all of them here. Dimension reduction
can help improving the clustering result. One first project the data points to an embedded low-
dimensional manifold, then compute the inter-distances between projections. The inter-distances
should be more “faithful” than the inter-distance computed directly from the data. Hence a
dimension reduction tool can be used as a preprocessing tool for a clustering algorithm.

A dimension reduction tool can also help to visualize the data. To visualize the data, we have
to reduce the global dimensionality of the data. This is a little bit different from reducing the
local dimensionality of a data. But by appending a post-processing method, it can be used to
visualize the data. For example, we can look at the local structure of the data. In our simulation
study to a synthetic data,a demo of this idea is given.

1.5 Main Idea

We consider point cloud data. We assume that the data is randomly sampled around an un-
derlying geometric object (e.g. a 1-D curve in a high dimensional space, or a manifold). We
further assume that the local geometry can be approximated well by some dimension reduction
method. Moreover, the underlying structure is connected and smooth enough so that they can
be concatenated locally to form a global geometric object.

Our proposed method has two key steps. In the first step, one applies LLP to denoise the
data. In the second step, an agglomerative method is used to implement the clustering.

The rest of the paper is organized as follows. In Section 2, the statistical model for embedded
manifolds is described. In Section 3, we describe our algorithm. In Section 4, some parameter
estimation strategies are presented. In Section 5, we report simulational findings for both a
synthetic data and a microarray data. In Section 6, some related works are discussed. In Section
7, questions that will be further analyzed are listed. We provide some final remarks.

2 Model

We assume an additive noise model. Suppose there are N observations, which are denoted by
Y1,Y2, ..., yn- Let p denote the dimension of each observation. We have y; € RP, V1 < i < N.
We assume that there is an underlying (piecewise smooth) function f(-) such that

yi = f(wi) +e&, i=1,2,...,N,

where variable z; € RP0 is from a much lower dimensional space (pg < p), noises ¢;’s follow a
multivariate normal distribution (g; ~ N (0, 02I,), where ¢ is unknown).

In the above model, if the underlying function f is locally regular, or more specifically, function
f can be approximated by a linear function:

f(.l?) ~ BO + ﬁ?ma



where Gy € RP and By € RP*PO, then locally linear projection can be applied to extract this
information.

3 Algorithm

We describe the LLP in Section 3.1 and the clustering algorithm in Section 3.2.

3.1 Local Linear Projection

LLP can be applied to extract the local low-dimensional structure. In the first step, neighboring
observations are identified. In the second step, SVD or PCA is used to estimate the local linear
subspace. Finally, the observation is projected into this subspace.

ALGORITHM: LLP

for each observation y;,7 =1,2,3,..., N,
1. Find the K-nearest neighbors of ;. The neighboring points are denoted by 41, 2, - - -, YK -

2. Use PCA or SVD to identify the linear subspace that contains most of the information on
vectors i, J2, - . ., Yk . Suppose the linear subspace is A;, and Py, (z) denote the projection
of a vector x into this subspace. Let ky denote the assumed dimension of the embedded
manifold, then subspace A; can be viewed as a linear subspace spanned by the vectors
associated with the first kg singular values.

3. Project y; into the linear subspace A; and let g; denote this projection:  g; = Pa,(v;).

end.

The output of LLP, ¢;, i = 1,2,..., N, are more “faithful” to the underlying structure (if it
exists) than the original observations are.

A justification to step 2. is that based on the previous model, for 41, %o, ..., Jx, we have
o= Po+BlE+e,
Jo = o+ B %2+,
~ - T ~ ~
gk = Po+ b1 Tk + ¢k,
where &; ~ N(@, 0?1,), and &; € RP°,i=1,2,..., K. Hence g;’s can be viewed as random vectors
whose mean vectors are from a low-dimensional subspace. The low-dimensional subspace can
be extracted via SVD of vectors 91, ¥2, ..., Y. The dimension of this linear subspace can be

estimated by analyzing the variances.

The computational complexity of LLP is roughly C(p, ko, K )N?, where constant C(p, ko, K) is
a function of the dimension of the data (p), the dimension of the embedded linear subspace (ko),
and the number of nearest neighbors (K'). The reasoning is as follows. First of all, to identify the



nearest neighbors, the distance matrix of the IV observations need to be computed, which costs
O(pN?) operations. Then each row (or column) of the distance matrix need to be sorted, which
costs O(Nlog(N)) (order of complexity for the quick sort algorithm) multiply with N (number
of rows) operations. Or in other words, the sorting takes O(N?log(IV)) operations. Suppose that
each SVD step takes a constant amount of operations Ca(p, ko, K), so does each projection step.
Overall, the order of complexity for LLP is C(p, ko, K)N?.

Note that the O(N?) complexity may inhibit the application of this method in large datasets.
Many people have studied the computation of nearest neighbors. An introduction to these activ-
ities will be provided in Section 3.3. In summary, the complexity of our algorithm will be much
better than O(N?).

3.2 Clustering

After computing the projections (g;’s), the inter point distance

can be computed. We treat distance p(i,j) as an approximate to the geodesic distance between
observations ¢ and j. A bottom-up hierarchical clustering algorithm can be applied. Our algo-
rithm has the following components:

e At every step, two points (sets of points, or a point and a set) that has the minimum
distance is merged as one set.

e The distance between two sets, or a point and a set, is the minimum distance between two
points in different sets.

e The algorithm is terminated when all the points are in one set.

This is an bottom-up clustering approach.

To determine a reasonable number of clusters. One can examine the distances at a few final
merging steps. When the distance between two sets is above a prescribed threshold, the merging
will be stopped.

In our simulations, we found that very likely the last few final steps are dominated by the
outliers in the data. Hence by monitoring the numbers of points in each final clusters, one can
determine which are outliers. For example, if a cluster in a final stage contains only one point,
then this point is very likely to be an outlier.

3.3 Computing Nearest Neighbors

Computing nearest neighbors has been a long standing problem. A recent work [15] provides
some literature pointer on this topic. In summary, by relaxing some conditions on the definition
of the nearest neighbors, the order of computational complexity can be reduced to O(N log(N)).
Consequently, the order of complexity of the LLP will be reduced to O(N log(N)) as well. The
work in [2] computes the (1+¢€) approzimate nearest neighborin O((p/€)?- N log(N)) time and by
using O(pN) storage. Recall that p is the dimension of the space where the point cloud resides.
Most of these works depend on a hierarchical decomposition of the state space, as a preprocessor.



For more details on algorithms, we refer to [18] and [2]. Implementations are available at [17] and
in [18].

The numerical implementation of the above ideas in our proposed framework will be done in
the future.

4 Model Parameter Estimation

There are two key parameters in LLP. They are the number of nearest neighbors (K) and the
dimension of the local underlying subspace (kg). The ideal number for K is the one such that
the linearity assumption holds. For the dimensionality parameter kg, it is ideal to have kg = pyg.

4.1 Number of Nearest Neighbors

Following the notations in Section 3.1, for a fixed data point y; and its K-nearest neighbors y;,
j=1,2,..., K, if the linearization model is true, the squared distances

dij = llyi =93 J=12... K,
should approximately follow the 202 - X% distribution. These distances can be ordered:
di 1y < dj2) < < d; (K
If we calculate the differences
diG+1) —digy, J=12,..., K —1,

we are going to observe a few big ones at the beginning, and then it decreases to small ones.
This is because for y?-distributed random variables, the sequence of the differences of the order
statistics is going to have the above mentioned pattern. The decreasing pattern of the differences
can help to identify the appropriate number of nearest neighbors.

One can utilize the QQ-plot to examine the goodness-of-fit of K-nearest neighbors to the
x2-distribution. More theoretically sophisticated approaches are available. For example, paper
[12] gives some good references on the methods that are currently available. For readers who are
more into the statistical analysis, we recommend the papers [23, 24]. Another related work on
this topic is in [3]. The paper [19] creates a result on the asymptotic distribution of the statistics
that are based on the nearest neighbors. This work is helpful in understanding the statistical
behavior of the nearest neighbors, which consequently will help to design a good testing statistic.

4.2 Dimension of the linear subspace

Still following the notations in Section 3.1, if a fatter version of the matrix f; is fixed, (in our
case, it is computed from SVD,) then the analysis of the appropriate dimension of the linear
subspace (pp) falls into the domain of Analysis of Variance (ANOVA). In our case, the analysis
is more complicated. Since the model matrix is computed from the data as well. Intuitively, as
the dimension of the subspaces increases, people would expect a quick dropping of variances at
the beginning, and then a relatively steady decreasing.



5 Simulations

Two experiments are reported. The first one is for a synthetic signal. The second one is on a
synthetic time series data. The last one is on a microarray data, which is also used in [9].

5.1 Synthetic Data: Two Helixes

The point cloud in Figure 1 are random samples from two underlying functions. The underlying
functions are

fi(t) = (sin(4nt), cos(4nt), 6t—0.5), and

fa(t) = (—sin(4nt), —cos(4nt), 6t—0.5).
The point cloud is intrinsically made by two 1-D curves. For the noisy data, the standard
deviation of noises is chosen to be ¢ = 0.20. Based on the analysis of the differences between

squared distances, we choose the number of the nearest neighbors K = 40. The results of applying
LLP are shown in Figure 2. We can easily observe two separated curves.

A Horizontal View A Bird*s Eyes View

Figure 2: The resulf of applying LLP to the data in Figure 1.

Figure 3 gives a result of the clustering algorithm that is described in Section 3.2. It is found
that two significant clusters will be found. In this particular data, about 15 points are claimed to
be outliers. Comparing the clustering result with the prior knowledge on where the data points
are sampled, the misclassification rate is nearly zero.

More systematic simulation studies will be carried out in a near future.
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Figure 3: A result of clustering by considering the geodesic distance and local smoothing.

5.2 Time Series Data

To illustrate the application of our method in analyzing spatial data, we give the following exam-
ple, on time series. A dataset contains N = 512 time series. Each series has p = 64 dimension.
The time series are generated according to the following rule:

ot 1
yi(t)_sin<6i4+1(i)g>+§ei,t, i=1,2,...,512 t=1,2,..., 64,

where €;; ~ N(0,1) and the function I(-) satisfies

, if 1 <4 <128, type-1 signal,

, if 129 <4 < 256, type-II signal,
, if 257 <4 < 384, type-IlI signal,
, if 385 <4 <512, type-IV signal.

(i) =

w N = O

Figure 4 provides an illustration of this set of data. Each plot contains time series belonging to
one of the four types above.

The result of LLP based denoising is reported in Figure 5. Note that the information on how
the time series are generated are removed prior to applying LLP. One can observe that the LLP
recovers the underlying patterns of this set of data well.

Figure 6 illustrate the correctness of the hierarchical clustering, after applying LLP. The
coloring of the asteroids indicate the clustering. Compare Figure 6 with the definition of the
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Figure 4: Another set of noisy time series data.

function I(-), we can tell that the result of the clustering is consistent with the underlying patterns
of the time series.
Based on a previous analysis, we may not be so surprised to observe such a result.

5.3 Microarray Data

Our clustering method is applied to a microarray dataset, which is also used in [9]. (The dataset
is downloadable on the web.) We found that the number of the nearest neighbors should be
K = 30. Due to time limitation, we choose a subset of 1000 genes from the original data. We
applied our clustering method to the data. In our simulation, we choose two values — 1 and 15
— for the local dimension, which is kg in Section 3.1. The motivation is to examine the effect of
smoothing on the results of clustering. The smaller the value of kg is, the larger the smoothing
effect is. After clustering, we re-plot the microarray data, using the order from the hierarchical
clustering. By doing so, we put two ‘similar’ genes closer to each other.

Figure 7 show the results of the above experiments. See detailed explanation in the caption
of the figure. It is found that when after the re-arrangement, the neighboring genes are more
similar to each other. On the other hand, the level of smoothing (value of k) does have an effect
on the re-arrangement: when the local dimension is set low, the re-arrangement appears with less
uncertainty; when the local dimension is set high, the re-arrangement becomes more chaotic. We
are doing more research on the genetic interpretation of such a phenomenon.
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Figure 5: The denoised time series data via LLP.

6 Related Works

Geometric information has been taken into account in clustering. For example, researchers have
studied the pattern of sparsity in text data, while carrying out a clustering analysis. Some
examples are given in [6]. Note that in our paper, we consider numerical (instead of discrete)
data. It will be interesting to explore the connection between the geodesic distance idea that is
presented here, with the clustering method that is used in [6]. We will leave this as a future work.

The idea of using PCA or SVD in local dimension reduction has been seen in the data mining
literature, e.g., [1] and [4]. Their method is named subspace clustering. Our method—LLP—is
not a subspace based method. By subspace, the authors of [1, 4] discussed a methodology, which
is based on subsets of attributes. In our framework, the underlying structure are not necessarily
parallel to any axis. Moreover, the geodesic distance has not been taken into account in existing
publications that are related to subspace clustering. The absence perhaps is due to the datasets
that they have studied: the underlying structure may not be a continuous smooth geometric
object.

7 Future Works and Conclusion

LLP has been useful in identifying locally low-dimensional embedded subspaces. It is an optimal
dimension reduction tool. We use LLP as a preprocessing tool in a newly proposed clustering
algorithm. Geometric information has been utilized. Simulational studies provide some initial
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Figure 6: The indices of the last four groups in the hierarchical clustering. Note that it is
consistent with the labeling scheme that is applied in our data.

successes.

More systematic simulational studies will be reported in the future. Analytical study of the
choice of local dimensionality will be reported as well. We will compare our methods with other
approaches.
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Figure 7: The results of clustering for a microarray data. The left two figures ((a) and (c)) are
when the local dimension is 1. The right two figures ((b) and (d)) are for the cases when the
local dimension is 15. We found that figure (d) is more ‘random’ than figure (c). Since the points
are more spread out in (d). The figure (a) and (b) give the original microarray data and its
re-arrangements based on the clustering.
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