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We show that for a class of penalty functions, finding the global optimizer in the penalized
least squares estimation is equivalent to the ‘exact cover by 3-sets’ problem, which belongs
to a class of NP-hard problems. The NP-hardness result is then extended to the cases of
penalized least absolute deviations regression and a special class of penalized support vector
machines. We discuss its implication in statistics. To the best of our knowledge, this is the
first formal documentation on the complexity of this type of problems.
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1. Introduction

Penalized likelihood estimation is ubiquitous in the statistics literature. It has
been adopted in density estimation [1], variable selection and model estimation [2],
wavelet-based denoising and estimation [3], high-dimensional data analysis [4], and
many more. We show that for several existing types of penalty functions, finding
global optimizers in response to the penalized least squares estimators (which are
special cases of the penalized likelihood estimations) are equivalent to the ‘exact
cover by 3-sets’ problem, which belongs to an NP-hard class [5]—no polynomial-
time numerical solution is available by now. This justifies why most existing tech-
niques adopt special local optimizers. We then extend the NP-hardness results
to penalized least absolute deviations regression and a problem that is derived
from penalized support vector machines. The proof of NP-hardness is preceded by
Natarajan [6] and some recent works in [7] and [8]. However, the proofs in this
paper require different and much more involved techniques.

The difficulty of searching for a global optimizer of a nonconvex penalized like-
lihood function is well known in statistics. However, nobody has formally docu-
mented such a difficulty. This paper is the first time to establish the NP-hardness.
NP-hardness, as a way to characterize computational difficulty, has been mostly
ignored by statistics community. One evidence is that by search for NP-hardness in
statistical publication, the only relevant outcome is [9], which appeared in eighties.
Statisticians are inspired by the optimality of local (not global) optimizers in some
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cases, and most of the literature focuses on this aspect, e.g., [2]. A common justifi-
cation is that it provides ‘positive’ message. On the other hand, our NP-hardness
result compliments existing literature by suggesting that only local optimizers are
computationally feasible.

Penalized likelihood estimation has incarnations such as penalized least squares
estimation, penalized least absolute deviations regression, penalized support vector
machines, and many more. Relevant NP-hardness results will be established in this
paper too.

The rest of the paper is organized as follows. Section 2 presents a formulation of
the penalized least squares estimation. It also describes some well-adopted penalty
functions and some known NP-hardness results. Section 3 establishes the NP-
hardness for penalized least squares estimators in a general way. Specific results
regarding each class of penalty functions are given in corollaries. Section 4 extends
the NP-hardness to regression with least absolute deviations. Section 5 discusses
the NP-hardness for a special class of penalized support vector machines. Section
6 discusses some related issues.

2. Problem Formulation

Consider linear regression model, y = Φx+ε, where we have y ∈ Rm,Φ ∈ Rm×n, x ∈
Rn, and ε ∈ Rm. Vectors y, x, and ε are called responses, coefficients, and random
errors respectively. Matrix Φ is called the model matrix. The penalized least squares
estimator is the solution to the following optimization problem:

(PLS) min
x

‖y − Φx‖2
2 + λ0

n∑

i=1

p(|xi|),

where term ‖ · ‖2
2 corresponds to the residual sum of squares, λ0 is a prescribed al-

gorithmic parameter, penalty function p(·) maps nonnegative value to nonnegative
value (p : R+ → R+), and xi is the ith entry of the coefficient vector x.

2.1. Some Penalty Functions and Known NP-hardness Results

Some choices of p are listed below. We always assume x ≥ 0, because in (PLS),
the penalty function has the form p(| · |), in words, one just needs to consider the
absolute value of the input variable.

• `0 penalty: p(x) = I(x 6= 0), where I(·) is the indicator function.
• `1 penalty: p(x) = |x|; Lasso (Tibshirani [10]) and its variants utilize this

penalty function.
• Ridge regression: p(x) = x2.
• More generally, for 0 < c < 2, bridge regression (Frank & Friedman [11])

takes p(x) = xc.
• Hard-threshold penalty (Donoho and Johnstone [12]): p(x;λ) = λ2 − [(λ −
|x|)+]2, where λ (λ > 0) is another algorithmic parameter. This penalty function
is smoother than the `0 penalty function.
• Nikolova penalty [13]: p(x) = x

1+x .
• Finally, the smoothly clipped absolute deviation (SCAD) penalty [2]: for



November 21, 2008 15:35 Journal of Statistical Computation & Simulation npHard-11-20-2008

Journal of Statistical Computation & Simulation 3

λ > 0, a > 1,

p(x) =





λx, if 0 ≤ x < λ;
−(x2 − 2aλx + λ2)/[2(a− 1)], if λ ≤ x < aλ;
(a + 1)λ2/2, if x ≥ aλ.

As one can see, penalized least squares covers many problems in model selection
and estimation. It is well-known that when the model matrix Φ is orthogonal, the
solutions to the above problems are trivial: just apply some univariate operators.
It is shown in Huo & Ni [7] and Ni [8] that for generic model matrix Φ, when the `0

penalty is chosen, the problem is NP-hard. The proof of Huo & Ni [7] utilizes the
result of Natarajan [6], which states that sparse approximate solutions (SAS) to
a linear system are equivalent to the exact cover by 3-sets (X3C) problem, which
is known to be NP-hard ([5]). Huo and Ni [7] applied the principle of Lagrange
multiplier to establish the relation between the `0 penalized PLS and SAS; then
they proved the NP-hardness. It remained open whether a more general PLS is
NP-hard.

3. General NP-Hardness for PLS Estimators

In this paper, we establish the following theorem.

Theorem 3.1 NP-Hardness of PLS : For general model matrix Φ, problem (PLS)
is NP-hard if the penalty function p(·) (p : R+ → R+) satisfies the following four
conditions.

C1. p(0) = 0 and function p(x), x ≥ 0, is monotone increasing: ∀0 ≤ x1 <
x2, p(x1) ≤ p(x2).

C2. There exists τ0 > 0 and a constant c > 0, such that ∀0 ≤ x < τ0, we have

p(x) ≥ p(τ0)− c(τ0 − x)2.

C3. For the aforementioned τ0, if x1, x2 < τ0, then p(x1) + p(x2) ≥ p(x1 + x2).
C4. ∀0 ≤ x < τ0, p(x) + p(τ0 − x) > p(τ0).

A proof is given in Appendix A. Note in most cases of PLS, we have p(0) = 0
and function p(·) is monotone increasing. Hence C1 is satisfied. Condition C3 is
satisfied if function p(x) is concave in [0, 2τ0]. Condition C4 holds if function p(x)
is strictly concave for point 0 and point τ0. See Appendix B for a brief justification.
Note that we only consider p(x) defined on the positive axis (i.e., x ≥ 0); this is
due to the formulation in (PLS). Such an assumption holds throughout this paper.

For the penalty functions in `0 penalty, bridge regression with 0 < c < 1, Hard-
threshold, Nikolova penalty, and SCAD, one can easily see that C3 and C4 hold.

Condition C2 is less intuitive. However, it is important to ensure the NP-
hardness. Recall that in Fan & Li [2], p′(|x|) = 0 for large |x| is a sufficient con-
dition for the unbiasedness of a PLS estimator. On the other hand, if p′(|x|) = 0
for |x| larger than a positive value, it is possible to find a quadratic function,
y = p(τ0) − c(τ0 − x)2, which is below penalty function y = p(x) for 0 ≤ x < τ0

with positive constants τ0 and c. For `0, hard-threshold, and SCAD penalties, one
can verify C2 by taking the following values for τ0 and c.

• For the `0 penalty, one takes τ0 = 1 and c = 1.
• For the hard-threshold penalty, one may take τ0 = λ and c = 1.
• For the SCAD penalty, one takes τ0 = aλ and c = 1

2(a−1) .
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Figure 1 demonstrate three penalty functions and their corresponding lower bound
quadratic functions in C2. Note that the choice of constant τ0 is not unique. One
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Figure 1. Illustrate of p(x) (solid) for `0 penalty, hard-threshold penalty, and SCAD penalty when λ = 1
and a = 2.7, and the correspond lower bound quadratic functions (dashed curves) as in C2.

can choose any τ0 such that condition C2 holds. From the above, we immediately
have the following.

Corollary 3.2: For the penalties in `0, hard-threshold, and SCAD, the imple-
mentation of PLS lead to NP-hard problems.

Note that the result of NP-hardness in Huo & Ni [7] becomes a special case.
It is well known that the `1 penalty leads to linear programming problems. It

is also well known that ridge regression and bridge regression with c ≥ 1 lead to
convex optimization problems, hence they have polynomial time solutions.

Solely based on Theorem 3.1, we can not establish the NP-hardness for the PLS
problem with Nikolova penalty function or bridge regression with 0 < c < 1.
One can not establish C2 for the Nikolova penalty; neither can we for the bridge
regression with 0 < c < 1. The derivatives of both penalty functions converge to
zero as the variable goes to the positive infinity. In Appendix C, it is shown that
if C2 holds, then p′(τ0) = 0.

This paper does not prove the NP-hardness for bridge regression with 0 < c < 1.
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We conjecture that the related PLS problem is still NP-hard. Some have argued
against using this type of bridge regression (with 0 < c < 1), e.g., it is shown in
Antoniadis & Fan [3] and Fan & Li [2] that an estimator from bridge regression is
not continuous. It is also difficult to implement a bridge regression with 0 < c < 1:
the gradient of the objective function in (PLS) becomes instable (going to infinities)
as some elements of x converge to 0. Finally, it is found that p′(x) = c·xc−1 → +∞,
as x → 0; in all the cases that we have proved so far, we have p′(x) upper bounded
in interval [0, τ0). This may explain why we have not obtain an NP-hardness proof
for this case.

The following theorem will be used to establish the NP-hardness related to the
Nikolova penalty. A proof is given in Appendix D.

Theorem 3.3 : Assume the model matrix Φ is of full row rank. For continu-
ous penalty function p(x) that satisfies condition C1 and is strictly concave within
interval (0,∞). Suppose penalty function p(x) satisfies the Lipschitz condition:
there exists a constant C1 > 0 such that |p(x1) − p(x2)| ≤ C1|x1 − x2| for any
0 < x1, x2 < ∞. Then the corresponding PLS problem is NP-hard.

For the PLS estimators with Nikolova penalty, it is observed that

p′(x) = (1 + x)−2 ⇒ 0 < p′(x) ≤ 1, ∀x ∈ [0, +∞).

Evidently, the Lipschitz condition holds. We immediately have the following.

Corollary 3.4: Assume the model matrix Φ is of full row rank. For a PLS esti-
mator with Nikolova penalty, the corresponding optimization problem is NP-hard.

4. Least Absolute Deviations Regression

It is interesting to know that when the quadratic term ‖y − Φx‖2
2 in (PLS) is

replaced by a sum of the absolute values of the residuals (i.e., ‖y−Φx‖1), for sev-
eral penalty functions, the corresponding optimization problems are NP-hard. The
proof of NP-hardness is nearly identical with the proof of Theorem 3.1. Recall that
these problems are associated with the least absolute deviations (LAD) regression
(Gentle [14], Bloomfield and Steiger [15]).

We consider

(PLAD) min
x

‖y − Φx‖1 + λ0

n∑

i=1

p(|xi|),

where all the notations are predefined. We have the following theorem.

Theorem 4.1 NP-hardness for Penalized LAD: For general model matrix Φ,
problem (PLAD) is NP-hard if the penalty function p(·) (p : R+ → R+) satisfies
the following three conditions:

D1. p(0) = 0 and function p(x), x ≥ 0, is monotone increasing: ∀0 ≤ x1 <
x2, p(x1) ≤ p(x2).

D2. There exists a constant τ0 > 0, such that function p(x) is concave in the
interval [0, 2τ0].

D3. ∀0 ≤ x < τ0, p(x) + p(τ0 − x) > p(τ0).

It is easy to verify that for the function p(x) in `0 penalty, bridge regression
with 0 < c < 1, hard-threshold, Nikolova penalty, and SCAD, the conditions in the
above theorem are satisfied. Hence we immediately have the following.
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Corollary 4.2: If the penalty function is chosen according to the `0 penalty,
bridge regression with 0 < c < 1, hard-threshold, Nikolova penalty, or SCAD, the
resulting problem as in (PLAD) is NP-hard.

We explain why the proof of Theorem 4.1 will be an easy extension from the
proof of Theorem 3.1. First of all, note that conditions D1 and D3 in Theorem 4.1
are identical with the conditions C1 and C4 in Theorem 3.1. Moreover, given D2,
it is easy to verify that a condition like C3 is satisfied, referring to the discussion
in Appendix B. Finally, given D2, for 0 < x < τ0, we have

p(x) ≥ x

τ0
p(τ0) +

τ0 − x

τ0
p(0)

=
x

τ0
p(τ0)

= p(τ0)− p(τ0)
τ0

(τ0 − x);

i.e., a condition like C2 is satisfied. As an exercise, readers can verify that the proof
of Theorem 3.1 in Appendix A can be modified to prove the Theorem 4.1.

5. A Problem Related to Support Vector Machine

The following problem is rooted in machine learning and data mining (Fan & Li
[4, Section 6.4]). We would like to forewarn the readers that the SVM formula-
tion below is untraditional. We do observe some initial description regarding the
extensions that we will address, see previous reference. However, they by far have
not become the mainstream methods. So this section is mainly to the curiosity of
theoreticians.

We consider

(PSVM) min
β

n∑

i=1

[1− yi(xT
i β)]+ + λ0

d∑

j=1

p(|βj |),

where (xi, yi),xi ∈ Rd, yi ∈ {−1, 1}, i = 1, 2, . . . , n, are training data; coefficient
vector β ∈ Rd has elements βj , j = 1, 2, . . . , d; function [·]+ corresponds to the
hinge loss and only takes nonnegative value:

[x]+ =
{

x, if x ≥ 0,
0, if x < 0;

constant λ0 is an algorithmic parameter; function p(·) is the aforementioned penalty
function. In 1-norm support vector machine (Zhu et al. [16] and references therein),
we have p(β) = |β|; while in ordinary support vector machine, we have p(β) = β2.

We show that for a class of penalty function p(·), the problem (PSVM) is NP-
hard. The proof of this NP-hardness result bears strong similarity with the proof
of Theorem 3.1. However, it is not a direct extension. In the proof (Appendix E),
several steps require somewhat different treatments.

Theorem 5.1 Penalized Support Vector Machines: For general training data
(xi, yi), i = 1, 2, . . . , n, the problem (PSVM) is NP-hard if there exists a constant
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τ0 > 0, such that

λ0 ≤ 3/p(τ0) (1)

and (for this τ0) the penalty function p(·) (p : R+ → R+) satisfies the three condi-
tions (D1-D3) in Theorem 4.1.

We now discuss when we can apply the above theorem. Recall the penalty func-
tions that are described in Section 2.1.

• For the `0 penalty, due to the concave condition D3, we must choose τ0 > 0.
Hence p(τ0) ≡ 1. Hence the above theorem only applies when λ0 ≤ 3.
• For the bridge regression with 0 < c < 1, we can choose τ0 to be any value in

interval (0,∞). Hence p(τ0) takes any value between 0 and +∞. Hence Theorem
5.1 applies for any λ0 > 0.
• For hard-threshold, one can choose τ0 > 0. Because p(τ0) takes any value in

interval (0, λ2), the above theorem applies for any λ0 > 0.
• For the Nikolova penalty, one can choose τ0 > 0. The possible values of p(τ0)

form interval (0, 1). Hence Theorem 5.1 applies for any λ0 > 0.
• For SCAD, we must choose τ0 > λ. We have λ2 < p(τ0) ≤ a+1

2 λ2. Hence
Theorem 5.1 applies when λ0 < 3/λ2.

From all the above, one can easily obtain the following.

Corollary 5.2: For a penalty function and its corresponding domain of the pa-
rameter λ0 that is specified in the foregoing list, the problem (PSVM) is NP-hard.

6. Discussion and Conclusion

We have considered a subset of penalized likelihood estimators. There are other
penalized likelihood estimators, e.g., a penalized likelihood estimator in logistic
regression (Fan & Li [4, Example 1]) and a penalized likelihood estimator in Poisson
log-linear regression (Fan & Li [4, Example 2]). We conjecture that in these cases,
finding the global optimizers in the corresponding optimization problems is NP-
hard.

As mentioned in the Introduction, most of computational statistical methods uti-
lize particular local optimizers, instead of searching for the global optimizer. Good
statistical properties can be derived for particular local optimizers, e.g., [2]. This
paper gives a formal characterization on the difficulty of finding the global opti-
mizer. Hence it can serve as a justification of existing approaches in computational
statistics.

Statistics is an applied science. Hence positive messages (i.e., those which intro-
duce new methods to solve otherwise challenging problems) are generally welcomed.
As a self-criticism, the present paper does not fit into such a fashion: we prove that
certain approach is not feasible in general. However, it is still of importance for
practitioners (as well as theoreticians) to be aware of such a scientific fact.

Researchers have worked out many realistic ways to utilized penalized likeli-
hood estimation principle. For example in [17], a sequence of convex optimization
problems is proposed to replaced the original PLS. With the innovative way of
choosing the weights in their penalty function, the authors were able to prove the
oracle properties of their estimator. Their oracle properties has two major com-
ponents: as the number of observations goes to infinity, (1) when the underlying
parameter is zero, the corresponding estimate goes to zero with probably one; (2)
when the underlying parameters are nonzero, the corresponding estimates behave
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like the nonzero subset is known in advance—the Fisher information bound of the
maximal likelihood estimator is achieved. In a separate work [18], sure indepen-
dence screening is proposed. The main idea is to preselect variates by considering
marginal correlations with maximal magnitudes. It is proven that asymptotically,
the method in [18] undercover all the relevant variates with probability going to
one. These works provide useful tools in computational practice. It is worth noting
that none of the aforementioned in this paragraph tends to solve the original PLS
problem, which is proven to be NP-hard in this paper.

Appendix A. Proof of Theorem 3.1

It is known that the exact cover by 3-sets (X3C) is NP-hard (Garey & Johnson
[5]). Let S denote a set with m elements. Let C denote a collection of 3-element
subsets of S. The X3C is (cf. Natarajan [6]): Does C contain an exact cover for S;
i.e., a subcollection Ĉ of C such that every element of S occurs exactly once in Ĉ.
Without loss of generality, we assume that m is divisible by 3; otherwise X3C can
never be done.

Let f(x) denote the objective function in (PLS); i.e., f(x) = ‖y − Φx‖2
2 +

λ0
∑n

i=1 p(|xi|). We will show that for a pair of (Φ, y), there exists a constant
M , such that f(x) ≤ M if and only if there is a solution to X3C. Hence if (PLS) is
not NP-hard, then X3C is not either; such a contradiction leads to the NP-hardness
of (PLS).

We now construct Φ and y. The number of columns in Φ is equal to the number
of subsets in C. Let φj (1 ≤ j ≤ |C|) denote the jth column of the matrix Φ. We
assign: for 1 ≤ i ≤ m, (φj)i =

√
c(λ0 + 1)/3 if the ith element of S appears in the

jth 3-subset in C; and (φj)i = 0, otherwise. Here (φj)i is the ith entry of vector
φj . Apparently, we have n = |C|, the size of C. Let y = τ0

√
c(λ0 + 1)/3 · 1m×1,

where 1m×1 is an all-one vector.
Suppose X3C has a solution. We create vector x∗ as: (x∗)i = τ0, if the ith 3-

element subset in C is used in the solution to X3C; and (x∗)i = 0, otherwise. Here
(x∗)i denotes the ith entry of vector x∗. One can easily verify that y = Φx∗. Hence
we have f(x∗) = m

3 λ0p(τ0).
Now assign M = m

3 λ0p(τ0). We show that if there exists x′ satisfying f(x′) ≤ M ,
then we must have x′ to be a solution of the X3C problem. Recalling that x∗
corresponds to a solution to X3C as described above, if the solution to the X3C
problem is not unique, it is possible that x′ and x∗ are not identical.

For 1 ≤ k ≤ m, Let Ωk denote a set of indices (of C) corresponding to the
nonzero entries in the kth row of matrix Φ. Given y = Φx∗, it is evident that there
is exactly one j ∈ Ωk, such that x∗j = τ0; while for other j ∈ Ωk, we should have
x∗j = 0. We will need the following lemma.

Lemma A.1: Suppose p(·) satisfies condition C1-C4. For 1 ≤ k ≤ m, the fol-
lowing strict inequality holds if at least one side of it is not equal to zero:

1
3

∑

i∈Ωk

[p(|x∗i |)− p(|x′i|)] < λ−1
0 · (λ0 + 1)c

3

[∑

i∈Ωk

(x∗i − x′i)

]2

. (A1)

Before giving the proof of the above lemma, we first introduce the following
lemma which will be used in the proof of Lemma A.1 and the proofs of other
theorems in the paper.

Lemma A.2: If τ0 ≤
∑

i∈Ωk
|x′i| and more than one x′i are not equal to 0 for
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i ∈ Ωk , we have p(τ0) <
∑

i∈Ωk
p(|x′i|).

Proof of Lemma A.2. Let c1 =
∑

i∈Ωk
|x′i| ≥ τ0, we have

p(τ0) = p(
τ0

c1

∑

i∈Ωk

|x′i|)
C3,C4

<
∑

i∈Ωk

p(
τ0

c1
|x′i|) ≤

∑

i∈Ωk

p(|x′i|).

Hence, Lemma A.2 holds. ¤
Proof of Lemma A.1. We prove this lemma in two cases.
In the first case, we suppose that the right hand side of (A1) is nonzero. Hence

the right hand side is always positive. The (A1) holds trivially if the left hand side
is nonpositive. If the left hand side of (A1) is positive, we have

1
3

∑
i∈Ωk

[p(|x∗i |)− p(|x′i|)]
(λ0+1)c

3 [
∑

i∈Ωk
(x∗i − x′i)]2

=
p(τ0)−

∑
i∈Ωk

p(|x′i|)
(λ0 + 1)c(τ0 −

∑
i∈Ωk

x′i)2

C3≤ p(τ0)− p(
∑

i∈Ωk
|x′i|)

(λ0 + 1)c(τ0 −
∑

i∈Ωk
x′i)2

≤ p(τ0)− p(
∑

i∈Ωk
|x′i|)

(λ0 + 1)c(τ0 −
∑

i∈Ωk
|x′i|)2

C2≤ (1 + λ0)−1 < λ−1
0 .

Note in all the three inequalities, we implicitly utilizes

p(τ0) >
∑

i∈Ωk

p(|x′i|). (A2)

By using Lemma A.2, we have τ0 >
∑

i∈Ωk
|x′i|. Then the first equality holds by

condition C3, and the last inequality holds by condition C2.
In the second case, we assume that the right hand side of (A1) is zero, we have

τ0 =
∑

i∈Ωk
x′i. From the assumption of our lemma, the left hand side can not be

zero simultaneously. Condition C1 and Lemma A.2 demonstrate that the left hand
side can only be negative: first, we have

p(τ0) = p(|
∑

i∈Ωk

x′i|)
C1≤ p(

∑

i∈Ωk

|x′i|);

Thus, τ0 ≤
∑

i∈Ωk
|x′i|. By Lemma A.2, it is easy to see (A1) holds. ¤

Given the definition of Ωk, it is not hard to see that

n∑

i=1

[p(|x∗i |)− p(|x′i|)] =
m∑

k=1

1
3

∑

i∈Ωk

[p(|x∗i |)− p(|x′i|)]. (A3)
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From the construction of Φ, it is not hard to verify the following:

‖y − Φx′‖2
2 = ‖Φx∗ − Φx′‖2

2

= ‖Φ(x∗ − x′)‖2
2

=
m∑

k=1

(λ0 + 1)c
3

[
∑

i∈Ωk

(x∗i − x′i)]
2. (A4)

Combine Lemma A.1 with (A3) and (A4), we have

n∑

i=1

p(|x∗i |)−
n∑

i=1

p(|x′i|) ≤ λ−1
0 ‖y − Φx′‖2

2;

and the equality holds if and only if the two sides of (A1) are equal to zero for every
k, 1 ≤ k ≤ m. Note the above is equivalent to M = f(x∗) ≤ f(x′). Recall f(x′) ≤
M , we must have f(x′) = M and ∀k, p(τ0) =

∑
i∈Ωk

p(|x′i|) and τ0 =
∑

i∈Ωk
x′i.

Utilizing Lemma A.2, one can show that within set {x′i : i ∈ Ωk}, we must have
exactly one element that is equal to τ0 and the rest are zeros. Given the design of
x∗, it is not hard to see that x′ corresponds to another solution to X3C. (Note the
solutions to X3C is not necessarily unique.)

From all the above, the theorem is proved.

Appendix B. Justifications Related to C3 and C4

Recall function p(x) is concave in [0, 2τ0]. Hence for x1, x2 < τ0, we have, for
0 ≤ λ ≤ 1,

p[λx1 + (1− λ)x2] ≥ λp(x1) + (1− λ)p(x2),

Therefore, we have

p(xi) ≥ xi

x1 + x2
p(x1 + x2) +

x{3−i}
x1 + x2

p(0), i = 1, 2.

Adding the above two and using p(0) = 0, we have

p(x1) + p(x2) ≥ p(x1 + x2).

The above is condition C3. The justification regarding C4 is nearly identical.

Appendix C. Proof of “First Derivative is Zero”

Recall p(x), x ≥ 0, is nondecreasing; hence p′(x) ≥ 0. On the other hand, it is
obvious that when C2 holds, we have

f(x) ∆= p(x)− p(τ0) + c(τ0 − x)2 ≥ 0, for x ≥ τ0,

and f(τ0) = 0; hence f ′(τ0) ≤ 0, which leads to p′(τ0) ≤ 0. From all the above, we
have that p′(τ0) = 0.
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Appendix D. Proof of Theorem 3.3

Let

f(x) = ‖y − Φx‖2
2 + λ0

n∑

i=1

p(|xi|),

where p(x) is the penalty function as in (PLS). Consider a truncated version of the
penalty function:

pt(x; N) =
{

p(x), 0 ≤ x ≤ N,
p(N), x > N,

where N is a positive constant. Correspondingly, we define

ft(x;N) = ‖y − Φx‖2
2 + λ0

n∑

i=1

pt(|xi|; N).

Minimizing the f(x) in Rn is the original PLS optimization problem; while mini-
mizing f(x; N) with a prefixed N is its truncated version. Applying Theorem 3.1,
it is not hard to see that the latter is NP-hard. We omit some obvious details here.

If we can show that for a constant N ′ that is large enough, the two problems have
identical solutions, then we prove that the PLS problem with the original penalty
is NP-hard.

We will show below that the solutions to the aforementioned problems are upper
bounded by a constant; hence by choosing N ′ as this upper bound, the two problems
are identical.

Let x0 be the minimizer of either objective f(x) or ft(x; N). Without loss of
generality, assume x0 is the minimizer of ft(x; N). Note the same argument will
apply to objective f(x) as well. We have ∀a ∈ Rn,

ft(x0 + a; N) ≥ ft(x0; N).

From the definition of ft(·; N), we have

‖y − Φ(x0 + a)‖2
2 + λ0

n∑

i=1

pt[|(x0 + a)i|; N ] ≥ ‖y − Φx0‖2
2 + λ0

n∑

i=1

pt[|(x0)i|; N ],

where (·)i denotes the ith element of a vector. Simplifying the above, we have

aT ΦT Φa + 2(xT
0 ΦT Φ− yT Φ)a (D1)

+λ0

n∑

i=1

{pt[|(x0 + a)i|; N ]− pt[|(x0)i|; N ]} ≥ 0.

We will need the following inequality, which is presented in a lemma.

Lemma D.1: For 1 ≤ i ≤ n, we have

|(ΦT Φx0 − ΦT y)i| ≤ 1
2
λ0C1,

where C1 is the Lipschitz constant that is given in the theorem statement.
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Proof. For 1 ≤ i ≤ n, within vector a, we set every entry except ai to be equal
to 0. From (D1), we have ∀ai,

T1a
2
i + 2T2ai + λ0[pt(|T3 + ai|; N)− pt(|T3|; N)] ≥ 0, (D2)

where T1 = (ΦT Φ)ii, T2 = (ΦT Φx0 − ΦT y)i, and T3 = (x0)i. Without loss of
generality, in the following argument, we assume that ai > 0. Readers can verify
that a trivially modified argument holds when ai < 0. Replacing ai with −ai in
(D2), we have

T1a
2
i − 2T2ai + λ0[pt(|T3 − ai|; N)− pt(|T3|; N)] ≥ 0. (D3)

Given the definition of pt(·, N) and the Lipschitz property of p(·), it is easy to see
that function pt(·; N) also satisfies the Lipschitz condition: for ai 6= 0,

∣∣∣∣
pt(|α + ai|; N)− pt(|α|; N)

ai

∣∣∣∣ < C1,

where α is an arbitrary real number. From (D2), we have

T2 ≥ −1
2
T1ai − 1

2
λ0

pt(|T3 + ai|; N)− pt(|T3|;N)
ai

≥ −1
2
T1ai − 1

2
λ0C1. (D4)

Similarly from (D3), we have

T2 ≤ 1
2
T1ai +

1
2
λ0

pt(|T3 − ai|; N)− pt(|T3|;N)
ai

≤ 1
2
T1ai +

1
2
λ0C1. (D5)

Letting ai → 0, combining (D4) and (D5), we have |T2| ≤ 1
2λ0C1. ¤

Let v = ΦT Φx0 − ΦT y, the above leads to the following:

‖x0‖∞ ≤ ‖x0‖2

≤ ‖(ΦT Φ)−1ΦT y‖2 + sup
‖v‖∞< 1

2
λ0C1

‖(ΦT Φ)−1v‖2

≤ ‖(ΦT Φ)−1ΦT y‖2 +
√

n1
2λ0C1

µmin(ΦT Φ)
.

where µmin(·) is the smallest eigenvalue of the matrix. Note the last term is a
constant, which is determined by Φ, y, λ0, and C1. By taking N ′ to be the above
constant, the above establishes the equivalence between the PLS problem with
the original penalty function and the PLS problem with the truncated penalty
function. Because the PLS problem with the truncated penalty function is NP-
hard, we conclude that the PLS problem with the original penalty function is
NP-hard as well. The theorem is proved.
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Appendix E. Proof of Theorem 5.1

Similar to the proof in Appendix A, we will show that if problem (PSVM) is not
NP-hard, neither is the exact cover by 3-sets problem. (Recall that the exact cover
by 3-sets problem is denoted by X3C.) Because we know that X3C is NP-hard, so
is the (PSVM). The proof is again constructive.

Let matrix Φ = diag(y1, y2, . . . , yn)X, where diag(y1, y2, . . . , yn) is a diagonal
matrix with diagonal entries y1, y2, . . . , yn and that

X =




xT
1

xT
2
...

xT
n


 .

Note Φ ∈ Rn×d. For any given matrix Φ, one can find a (non-unique) set of data
(xi, yi), i = 1, 2, . . . , n, such that the above holds.

Let f(β) = ‖1n −Φβ‖+ + λ0
∑d

j=1 p(|βj |), where 1n ∈ Rn×1 is an all-one vector,
and for vector x = (x1, x2, . . . , xn)T ∈ Rn, we have ‖x‖+ =

∑n
i=1(xi)+. It is evident

that problem (PSVM) is equivalent to

min
β

f(β). (E1)

We now construct a matrix Φ. Let S be a set with n elements. Without loss
of generality, we assume that n is divisible by 3. Let C denotes a collection of
3-element subsets of S. (Recall that the S and C are used in Appendix A.) Each
column of matrix Φ (denoted by φk, 1 ≤ k ≤ |C|) corresponds to a subset in
collection C. Moreover, we have (φk)i = 1/τ0 if and only if the ith element of S is
in the kth subset of C. Assume Ĉ ⊂ C corresponds to an exact cover of S by 3-sets.
For vector β∗ ∈ R|C|, we have β∗k = τ0 if and only if k ∈ Ĉ; the rest of β∗k’s are equal
to zero. Evidently, we have 1n = Φβ∗ and f(β∗) = λ0

∑|C|
j=1 p(|β∗j |) = λ0

n
3 p(τ0). We

will show that f(β∗) is a global minimum of f(β). Moreover, any global solution of
(E1) corresponds to an exact cover by 3-sets. Hence the NP-hardness of X3C will
lead to the NP-hardness of (E1), and then (PSVM).

Let Ωk, 1 ≤ k ≤ n, to be the same subset of indices of C that is defined in
Appendix A (right before Lemma A.1). For any other β′ ∈ R|C|, we establish the
following lemma.

Lemma E.1: For any k, 1 ≤ k ≤ n, we have

1
3

∑

j∈Ωk

λ0[p(|β∗j |)− p(|β′j |)] ≤
1
τ0
‖

∑

j∈Ωk

(β∗j − β′j)‖+; (E2)

and the inequality is strict unless both sides of the inequality are equal to zero.

Proof. We consider two cases:

• Case 1: when the right hand side of (E2) is positive, and
• Case 2: when the right hand side of (E2) is equal to zero.

Note the right hand side of (E2) is nonnegative, the above two cases cover all
possibilities.
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In case 1, we have

‖τ0 −
∑

j∈Ωk

β′j‖+ > 0 ⇒ τ0 >
∑

j∈Ωk

β′j .

We only need to consider the situation when for any j ∈ Ωk, we have |β′j | < τ0;
otherwise, the left hand side of (E2) is nonpositive and the lemma trivially holds.

Using Lemma A.2, we can show that we only need to consider the case when any
partial sum of quantities |β′j |, j ∈ Ωk, must be less than τ0. Because otherwise, the
left hand side of (E2) is no more than zero; hence the lemma holds.

Note condition D3 is identical with condition C4. We will show that the following
is true: ∀0 < x < τ0,

p(x) > p(τ0)− p(τ0)
τ0

(τ0 − x) =
p(τ0)
τ0

x. (E3)

To see the above, recall that at the end of Section 4, we have proved that when
condition D2 holds, we have

p(x) ≥ p(τ0)− p(τ0)
τ0

(τ0 − x).

Without loss of generality, let us assume that x < 1
2τ0. Recall condition D3 (p(x)+

p(τ0 − x) > p(τ0)). If p(x) = p(τ0)− p(τ0)
τ0

(τ0 − x) = p(τ0)
τ0

x, we have

p(τ0 − x) > p(τ0)− p(τ0)
τ0

x =
p(τ0)
τ0

(τ0 − x).

The three points 0 < x < τ0−x form a counterexample of the concavity condition.
Similarly, when x > 1

2τ0, a counterexample will be found (with three points τ0−x <
x < τ0). The counterexample demonstrates that (E3) holds.

Utilizing the above results, we have

left hand side of (E2)
right hand side of (E2)

=
λ0τ0

3
p(τ0)−

∑
j∈Ωk

p(|β′j |)
‖τ0 −

∑
j∈Ωk

β′j‖+

C3≤ λ0τ0

3
p(τ0)− p(

∑
j∈Ωk

|β′j |)
τ0 −

∑
j∈Ωk

|β′j |
(E3)
<

λ0τ0

3
p(τ0)
τ0

(1)

≤ 1.

Hence (E2) holds with strict inequality.
For case 2, we have τ0 −

∑
j∈Ωk

β′j ≤ 0. Hence we have

τ0 ≤
∑

j∈Ωk

β′j ≤
∑

j∈Ωk

|β′j |.
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Using Lemma A.2, we have

p(τ0) ≤
∑

j∈Ωk

p(|β′j |).

The above indicates that the left hand side of (E2) is no more than zero. Hence
(E2) holds. ¤

We show that β∗ minimizes the function f(β). Similar to the argument in Ap-
pendix A, we add up inequalities (E2) for all k, 1 ≤ k ≤ n. We have

f(β∗) ≤ f(β′).

The above is true for every β′; hence β∗ is a minimizer.
Now we show that the minimum of function f(β) is achieved when β corresponds

to an exact cover by 3-sets. Suppose we have f(β∗) = f(β′). Based on Lemma E.1,
both sides of inequality (E2) must be equal to zero for any k, 1 ≤ k ≤ n. That is,
∀1 ≤ k ≤ n, we have

p(τ0) =
∑

j∈Ωk

p(|β′j |), (E4)

and

τ0 ≤
∑

j∈Ωk

β′j . (E5)

From (E5), we have τ0 ≤
∑

j∈Ωk
|β′j |. By Lemma A.2, we have p(τ0) <

∑
j∈Ωk

p(|β′j |)
if more than one β′j are not equal to 0 for j ∈ Ωk . Thus, the equality in (E4) holds
if and only if for each k, 1 ≤ k ≤ n, there is exactly one j, j ∈ Ωk, such that β′j ≥ τ0

and the rest of β′j′ ’s (j′ ∈ Ωk) are equal to zero. Evidently, the positions of nonzero
entries of β′ corresponds to another solution to X3C.

From all the above, we prove the theorem.
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