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Abstract
Detection is a fundamental problem in many ap-

plications. In many cases, knowing the presence of
underlying objects is of significant importance. Mul-
tiscale methods have been demonstrated to be advan-
tageous in solving this problem. Besides theoretical
results that have been achieved, this paper discusses
how the ‘most powerful’ detection can be realized, for
a set of specifically organized underlying objects. We
focus on the design of the detection procedure. Multi-
scale Significance Run Algorithm—MSRA—serves as
a general framework. It is shown that by assigning an
hierarchy to the alternatives, one can nearly realize the
most powerful detection under certain conditions.

1 Introduction
Detection is a fundamental problem in many appli-

cations. There are two levels of detection problems.
At the first level, one may simply determine whether
or not an underlying object exists. At the second level,
given that an underlying object is present, one wants
to estimate the location, sizes, strength, orientation,
etc., of the underlying object. The second level detec-
tion problem usually is also called an inference prob-
lem. In this paper, we consider the detection prob-
lem at the first level. The improvement is that by
organizing the potential underlying objects, a ‘most
powerful’ hypothesis testing can be (in some sense ap-
proximately) realized.

Recently, it has been shown that a multiscale anal-
ysis can reveal the true ‘dimensionality’ of detecting
geometric objects in a Gaussian random field [1]. Due
to the space, we refer to that paper for more details.
The multiscale tools that are utilized in the paper
[1] have been applied in detection problem, and scat-
tered in several papers [4, 3, 6]. Most interestingly,
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while considering another type of detection problem—
i.e. detecting a function in a point cloud—an ap-
proach called Multiscale Significance Run Algorithm
(MSRA) is developed in [2]. A synopsis of this ap-
proach will be provided later. The key result is that
by applying MSRA, the fundamental threshold of the
detectability—above this threshold, an object is de-
tectable; below this threshold, no one should be able
to distinguish it from pure noises—is obtained. The
paper [2] solves a problem for random point clouds.
Later on, in [5], the same method is extended for de-
tecting objects in imagery data.

Despite the successes in determining the asymptotic
rates of the detectability under various situations, the
original MSRA serves as a starting point. In the sense
that (1) there is no discussion on how to choose the
optimal values for the procedural parameters, (2) the
discussion on the power of the hypothesis testing pro-
cedure can be strengthened. In this paper, by assign-
ing a hierarchical structure to the possible underlying
objects, we discuss how to choose the optimal values
of the procedural parameters in MSRA. We will argue
that our choices of these parameters will lead to (in
an approximate sense) the ‘most powerful’ test (i.e.,
detection).

The rest of the paper is organized as follows. In
Section 2, three exemplary detection problems are pre-
sented. In Section 3, the MSRA is summarized. Sec-
tion 4 describes the effects of the values of the param-
eters in MSRA. Section 5 describes selection of the pa-
rameters, which will lead to a statistically ‘most pow-
erful’ test. Some discussions, summary and conclusion
are provided in Section 6.

2 Exemplary Detection Problems

We consider the detection problem, in which the
underlying objects are barely above the possible level
of being detectable. Three examples are given.



Example 1 (Ship Wake Detection) An example
of ship detection is presented in Figure 1. In the first
figure, there are two small boats (with ship wakes) in
the northwest corner. The second image only contains
the ocean—no ship. We are interested in whether the
two images are distinguishable. If they are, in what
sense?

Both images are taken by satellite, and are down-
loadable on the web:

• The image (a) is taken near golden gate bridge,
San Francisco, CA. Besides the two small boats,
a large one left the picture, and an incoming one
is near the bottom. It was taken on July 10, 1993,
and covers roughly a region of 800 meters by 600
meters.

• Image (b) is an ocean image with no boat in it.
It is taken about 17 km South of St. Petersburg,
Florida, United States.

(a) Ocean Image 1.
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Figure 1: A ship wake image and an oceanic image.
In (a), two small boats are in two boxes.

Example 2 (Cryo-EM Images) Figure 2 presents
an image that is generated by cryo-electron microscopy
(cryo-EM). It is an example in Microtubule Studies
(refer to http://cryoem.berkeley.edu/). Since the im-
age is taken at molecular level, significant amount of
noises are present. The question is whether at the
current resolution, enough information is available for
confident inference of the underlying structures.

CryoEM
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Figure 2: A cryo-electron microscopy (cryo-EM) im-
age.

Example 3 (Features in Texture Images)
Figure 3 illustrates some features embedded in texture
images. Again, we would like to detect the presence
and locations of the embedded objects.
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Figure 3: Features embedded in texture images.

3 MSRA: Multiscale Significance Run
Algorithm

MSRA is introduced in [2] to derive an asymp-
totic rate of the level of detectability for an underlying
curve. The basic idea can be summarized as follows.

1. Basic elements. Some regions, which satisfy spe-
cific geometric conditions, are chosen as basic el-
ements. In [2], the basic elements are axoids.
In [5], the basic elements are digital axoids. In
multiscale approach, basic elements are the set of
multiscale features (such as dyadic intervals, or
dyadic rectangles, or beamlets, etc as in [1]).

2. Significant elements. For a given basic element,
one would like to decide whether or not the con-
tent inside this element is likely to be ‘abnormal’:
likely to overlap with an underlying structure. An
abnormal basic element is significant. Let “p” de-



note the probability that a basic element is sig-
nificant.

3. Significant graph and a Bernoulli table. If two ba-
sic elements are next to each other, they are ‘con-
nected’. Let all the significant elements be the
nodes in a graph. There is an edge between two
nodes iff the two corresponding basic elements are
connected. Hence we have a graph, which is called
significant graph. In the cases that are described
in [2, 5], the basic elements are equally spaced at
x and y coordinates and orientations, the signifi-
cance graph can be abstractized as a table; each
entry has a fixed chance to be significant. For ob-
vious reasons, this table is called a Bernoulli net
(or table). An illustration of a Bernoulli net is
given in Figure 4.
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Figure 4: A Bernoulli net (significance graph).

4. Longest runs. A significance run is a chain of con-
nected significant nodes. The longest run is the
longest significance run, i.e. the longest chain of
connected significant basic elements in a Bernoulli
net.

5. Test. The test statistic is the length of the longest
run(s). The motivation is that if there is no un-
derlying structure, the length of the longest run
is statistically upper bounded. If the observed
length of the longest run is much bigger than the
just mentioned upper bound, then there is an ev-
idence that there is an underlying object.

Remark 4 We solve a first level detection problem.

Figure 5 presents a showcase of MSRA, for imagery
data.

4 Parameters in MSRA
As illustrated in Figure 4, there are four parameters

in a Bernoulli net. They are

(b) Longest Run in White Noises
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Figure 5: Two showcases of MSRA. In each case, (a)
is a pure noisy image; (b) is a longest run in the noisy
image (a); (c) is a noisy image with an embedded fea-
ture; (d) is a longest run for image (c). The longest
runs are dramatically different when there is a feature
embedded.

• the size of the Bernoulli net, which are denoted
by “M” (height) and “n” (width);

• the success probability, which is equal to “p”—the
probability of being significant;

• the number of nodes that are connected in the
next level, which is denoted by “C”.
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Figure 6: L∗ versus p: effects of significance probabil-
ity p. When the value of p is increased, the histogram
of L∗ is shifted to the right. No. of simulations is 1000
per histogram.

Let L∗ denote the length of the longest run in the
Bernoulli net. The distribution of L∗ depends on these
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Figure 7: L∗ versus C: effects of connectivity. Every
time when the value of C is doubled, the histogram of
the lengths of the longest run L∗ is shifted to the right
significantly. No. of simulations is 100 per histogram.

parameters: M,n, p, and C. Simulations are carried
out to study their relation at finite samples. The fol-
lowing presents a summary of the results.

• For fixed values of M and n, when the value of
C or p is increased, the distribution of the L∗

changes dramatically. These can be seen in Figure
6 and Figure 7.

• For fixed C and p, if the value of M or n is dou-
bled, the change of distribution of L∗ is insignifi-
cant. These can be observed in Figure 8 and 9.

Normally in designing an MSRA, one assumes that
the value of C is fixed. Values of M and n may vary.
However because they have small effects on L∗, their
effects are negligible. Hence an important designing
factor is the probability p. In the next section, we will
focus on the choice of probability p.

Remark 5 For a fixed scale, there is a Bernoulli net.
When the scale is increased (resp. decreased) by 1, the
value of n is doubled (resp. halfened). Because it is
shown that the value of n has small effect on the max-
imum length L∗; we can assume to be working at one
scale. Such a simplification for analysis should not be
interpreted as working on a mono-scale methodology.

5 ‘Most Powerful’ Detection
In this section, we will prove that if there exists a

test (i.e. detection) with power close to 1, then there is
a selection approach for MSRA, such that the power of
the derived test is close to one. In this sense, we claim
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Figure 8: L∗ versus M : effects of heights. When the
value of M is doubled, the histogram of L∗ does not
change dramatically. No. of simulations is 100 per
histogram.

that the derived test is nearly ‘most powerful’. In the
rest of this section, the formulation of the hypothesis
testing problem is described in Section 5.1; a lower
bound of the power of a type of MSRA is derived in
Section 5.2; the nearly most powerfulness is proved in
Section 5.3.

5.1 Hypothesis Testing with Composite
Alternative

The detection problem is equivalent to a hypothe-
sis testing problem, with a simple null hypothesis (no
underlying structure) and composite alternative hy-
potheses (determined by the shape, thickness, length,
orientation, amplitude, smoothness, etc., of the under-
lying structures).

As a preparation, we introduce some notations. For
a fixed scale s, let ra(s) denote a chain of basic ele-
ments that ‘cover’ the underlying object (also known
as structure). Let L(ra) denote the length of this
chain. Note L(ra) is also the length of the corre-
sponding run in the Bernoulli net. Let θa denote the
parameters associated with the underlying object. It
may include in the information on amplitudes, etc.
Let T (p, s) denote the parameter by following which,
the success probability in the Bernoulli net is equal to
p for scale s. Note that in the axoids cases in [2, 5],
T (p, s) is the threshold for the X-statistics. However,
T (p, s) may stand for parameters in a more general
sense. Let p′(θa, s, T (p, s)) stand for the probability
of being significant for an element in run ra. Some-
times, p′(θa, s, T (p, s)) is also written as p′(p; θa, s), to
emphasize the fact that p′ is a function of p.
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Figure 9: L∗ versus n: effects of the width of the
Bernoulli table. Every time when the value of n is
doubled, the histogram of L∗ does not change dra-
matically. No. of simulations is 100 per histogram.

5.2 Power of the Test for a Single Alter-
native

Given a simple alternative hypothesis: Ha : ra, θa.
Let L∗

α(p, s) denote the (1−α)-percentile of the maxi-
mum lengths (L∗) under the null hypothesis (H0). Let
I stand for an image generated according to the alter-
native. The power of an MSRA-based-test with level
α, for a simple null and a simple alternative, is

power = P{L∗(I) > L∗
α(p, s)},

where L∗(I) is the length of the longest run in image
I.

We only consider the cases when p′ ∼ 1. Because if
there is a counterexample against the null hypothesis,
the counterexample should be in the neighborhood of
the underlying object. A lower bound of the power
function is

power ≥ [p′(p; θa, s)]L
∗
α(p,s)+1. (1)

Notice that both p′(p; θa, s) and L∗
α(p, s) are mono-

tonically increasing functions for variable p. Recall a
condition:

L∗
α(p, s) < L(ra);

otherwise the underlying object will not be detectable.
To maximize the lower bound of the power in (1), the
following algorithm can be applied:

1. For t = L(ra) − 1, L(ra) − 2, . . . , 1,

• choose the maximal value of p, conditioning
on

L∗
α(p, s) ≤ t;

• For the above p, compute p′(p; θa, s);

• compute power(t) = [p′(p; θa, s)]t+1.

2. the maximum value of the lower bound in (1) is
equal to

max
t<L(ra)

power(t). (2)

Remark 6 (New Detection Procedure) The
above can be viewed as a procedure including
[L(ra) − 1] times of hypothesis tests: the null is
rejected iff the null is rejected at least for one time;
Instead of computing p′(p; θa, s), we find L∗(I) and
reject the null iff L∗(I) > t. The upper bound of the
Type-I error (level of the overall test) is increased
to [L(ra) − 1]α; while the power of the test is the
maximum in the right hand side of (1). If the lower
bound in (1) is close to one, the power of this test is
close to 1.

Remark 7 It is shown that value of s has little effect
on the value of L∗

α(p, s). Hence the values of L∗
α(p, s)’s

may be computed across scales. Finding the maximum
value of p under condition “L∗

α(p, s) ≤ t” may not be
an easy task. It can be done numerically.

Remark 8 The above is a simplification of a much
more complex dependence relationship. For the case
of filament detection in [5], Figure 10 illustrate the
interdependences. The notation N∗ is the threshold
of significance, which is the same as T (p, s) that was
defined earlier.
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Figure 10: Design strategy for MSRA.

5.3 Nearly ‘Most Powerful’ Test
Now we prove the statement at the beginning of

this section. Consider the following cases:

L(ra) = 2j0 , 2j0+1, 2j0+2, . . . , 2j1 ; j0 < j1.



Assume there is an integer j2, j0 ≤ j2 ≤ j1, such that
p′ ∼ 1 and there is a test with power close to one—
more specifically, we have (p′)L∗+1 ∼ 1. By choosing

α = α0
1
2k

(j1 − j0 + 1)−1, and

L(ra) = 2k, k = j0, . . . , j1,

applying the procedure that was described in the pre-
vious subsection, similar to the arguments in Remark
6, the overall test has level α0 and power being close
to one. For obvious reasons, this test is called a nearly
most powerful test.

Remark 9 The above test requires

2j0 + · · · + 2j1 = 2j1+1 − 2j0

times of using Significance Run Algorithms (SRA).

Remark 10 The above test can be simplified without
loss of the power of the test, by taking advantages of
the interdependence between the SRAs. The necessary
efforts that are required in implementation may be sig-
nificantly less than it appears. The details are very
involved and lengthy. They are skipped.

Remark 11 For nondyadic values of L(ra), because
it can be approximated by a dyadic integer, the same
result still holds. The reason we do not consider ar-
bitrary valued integer is that we do not want the value
of α being too small.

6 Summary and Conclusions
We considered the problem of detecting the pres-

ence of embedded objects. MSRA serves as a founda-
tion to organize the underlying objects. When there is
an object, with which there are powerful detections—
the powers of the tests are close to “1” for a range
of levels of the test—then a combination of MSRA
with specially chosen procedural parameters is nearly
most powerful—its power will be close to “1” too. The
essence of the approach is to decompose a test with
composite alternative to a combination of multiple hy-
pothesis testings with each of them having simple al-
ternative. This method provides a unified and most
powerful detection for underlying objects.

The current paper presents a theoretical analysis,
which points the feasibility of the proposed approach.
Details in the numerical algorithms will be refined and
improved. More importantly, finding the maximum
value for probability p when the value of L∗ is given
could be a challenging numerical problem. We will
also explore how to use the interdependence in the

Bernoulli net to improve the power of the test. It
is conjectured that the current estimate has the right
asymptotic order; this needs to be proved in a rigorous
way.
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