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Abstract

We construct a simple example, surely known to Harry Kesten, of an R-
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The transition matrix K on S is irreducible and strictly substochastic. We
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The long run is a misleading guide
to current affairs. In the long run we
are all dead. Economists set
themselves too easy, too useless a
task if in tempestuous seasons they
can only tell us that when the storm

is past the ocean is flat again.

John Maynard Keynes

1. Introduction

A gambler is pitted against an infinitely wealthy casino. The gambler enters the
casino with x > 0 dollars. With each play, the gambler either wins a dollar with
probability b where 0 < b < 1/2 or loses a dollar. The gambler continues to play for
as long as possible. What can be said about her fortune after many plays given that
she still has at least one dollar?

Seneta and Vere-Jones [26] answered this question with the following probability

y—1
™ (y) = 1;py (\/E) fory=1,2,... (1)

where a = 1 — b and p = 2v/ab. Let X, be her fortune after n plays. Notice that her

distribution 7*:

fortune alternates between being odd and even. For n large, Seneta and Vere-Jones

proved that

T (y)
m* (2N)

for y even and x + n is even
PAX,=y| X, >1}~

% for y odd and = + n is odd

where N := {1,2,...} and P, means that we also condition on Xy = =z € N. The
probability 7* assigns to the even and odd natural numbers is denoted by 7*(2N) and
7*(2N — 1), respectively.

The gambler’s ruin problem and the Seneta—Vere-Jones’ result are beautiful, but
the even/odd periodicity obscures our main point. To remove this distraction, assume

the gambler starts with an even number of dollars 2z, and consider the Markov chain
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Xo, X2, Xy4,... The transition matrix for this chain restricted to even states that are
strictly positive is aperiodic, and

™ (y)
7*(2N)

li_}rn Pou{Xop =y | Xop > 1} = for y € 2N.

Notice that this limiting conditional distribution does not depend on the starting
state 2z. Whether this holds true in general for irreducible, aperiodic sub-Markov
chains is, or was, an open question. There is neither a proof' that if the limiting
conditional distributions starting from different states exist, they must be equal, nor
an example showing that they might not be. This paper fills that gap. We construct an
example where every starting state x leads to a different limiting conditional behavior
Ty

More precisely, consider a sub-Markov chain Xy, X7,... on a countably infinite
state space S. By a sub-Markov chain, we mean that the one-step transition matrix
K between states in S is substochastic; that is, K(x,S) = Zyes K(z,y) < 1. Strictly
substochastic means that there is at least one row x such that K (x,S) < 1. The missing
mass can be thought of as representing a transition to an absorbing state § ¢ S. K
is irreducible if for any x,y € S, there exists an n = n(x,y) such that K" (x,y) > 0
where K™ is the matrix of n-step transition probabilities. K is aperiodic if d = 1 where
d=ged{n > 0: K"(x,z) > 0}, which does not depend on & when K is irreducible. If
d > 1, then K is periodic with period d.

We construct examples where every starting state z leads to a different limiting con-
ditional distribution 7, even though the transition matrix is irreducible and aperiodic.

That is,
P{Xn =y | Xn €S} = m(y) foryes, (2)

but 7, is different for every x € S.

The paper is organized as follows. The first several subsections of section 2 define
some standard terms. In subsection 2.4 we define a limiting condition distribution—
called the Yaglom limit—for the aperiodic case. Our definition is slightly unusual since

we explicitly allow the possible dependence upon the starting state by including the

IThis is not exactly true; see the second paragraph of Section 4 of [15].
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starting state x in the r.h.s. of (5). We prove several basic results that follow from the
existence of a Yaglom limit in the aperiodic case for a fixed starting state x. Although
Kesten’s strong ratio limit property (SRLP) may not hold, we show that a generalized
strong ratio limit property (GSRLP) holds when a Yaglom limit exists for each starting

state—though each Yaglom limit may be different.

In subsection 2.4 we turn our attention to periodic Yaglom limits where K is periodic
with period d > 1. Many of our examples, e.g., the gambler’s ruin problem, are
periodic. The definition of a periodic Yaglom limit is given in (11) and again the
possible dependence on the starting state is explicit. In addition, the definition includes
the sequence of subsets of the state space that the process cycles through. A periodic
Yaglom limit requires that d different limits hold. After proving some basic properties
that follow from the existence of a periodic Yaglom limit, we establish a series of results

that greatly simplify the process of establishing a periodic Yaglom limit.

Section 3 describes a duality between t-invariant measures and ¢-harmonic functions
related to reversibility. A more general such duality is described in subsection 5.5.
Section 4 describes an idea that allows a variety of useful identities to be derived.
Section 5 contains a variety of examples including our primary example dubbed the
“hub-and-two-spoke example.” The hub-and-two-spoke example provides an excellent
medium for exploring the connections between Martin boundary theory—particularly,

the p-Martin entrance boundary theory—and Yaglom limits that may depend on the

initial state.

Instead of reading section 2 next, we encourage the reader to look at the definitions
of a Yaglom limit (5) and a periodic Yaglom limit (11) and then immediately jump
to the hub-and-two-spoke example in section 5. Theorem 1 shows that the periodic
Yaglom limit of the hub-and-two-spoke example depends on the initial state. This
and the other examples will motivate the results in the sections initially skipped. We
refer back to the results in the skipped sections as we need them when analyzing the

examples.
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2. Characterizing Yaglom limits

Throughout, we assume that K is an irreducible, substochastic matrix. Our goal in
this section is to characterize the Yaglom limits (2) as quasi-stationary distributions
for both the aperiodic and periodic cases.

Let ¢ be the exit time from S, also known as the time of absorption. Notice that
P.{X, € S} = K"(z,S) =P,{¢ > n},

and, since § is absorbing

K" (2, y)

n
PI{X”:y|X”€S}:Wx,Z‘) forally € S.

From Scheffé’s Theorem [2, Theorem 16.11], (2) implies convergence in total variation.
We frequently appeal to the corollary of Scheffé’s Theorem to conclude that
Eolf(Xn) | Xn € S] = maf = Zwm(y)f(y)
yes

whenever f is a bounded function on S.

2.1. Quasi-stationary distributions

We think of a distribution 7 as a nonnegative row vector with elements 7(y) for
y € S that sum to m(S) < 1. For 7 to be a quasi-stationary distribution, we need

m(S) =1, and
P{X,=y|X,€St=n(y) foralln>0 (3)

where P, is the distribution of the chain when X is given the distribution 7. Irre-
ducibility implies that a quasi-stationary distribution for K must be strictly positive.
If K is also strictly substochastic, then 0 < P.{X; € S} < 1. We will use the

abbreviation QSD for quasi-stationary distribution, and QSDs for the plural.

2.2. Invariant and excessive measures and QSDs

If we set n = 1 in (3) and multiply both sides by t := P.{X; € S}, we have 71K = tr
where 0 < t < 1. If K is strictly substochastic, the factor ¢ shrinks 7 to account for
the missing mass. Thus, 7 is a positive left eigenvector for the eigenvalue ¢ and will be

called a t-invariant QSD. Similarly, a measure ¢ on S is t-invariant if 0 < o(x) < o0
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forall z € S and oK =to. I If 0 < o(x) < oo for all x € S and 0K < to then o
is t-excessive. It follows from irreducibility that a non-degenerate t-invariant measure
with ¢ > 0 must be strictly positive. Invariant measure means the same as 1-invariant
measure.

We are primarily interested in p-invariant QSDs where p = 1/R and R is the

(common) radius of convergence of the generating functions

Gry(2) =Y K"(z,y)". (4)
n>0

Seneta [25, Theorem 6.1] has a proof that the radius of convergence of G, ,(z) is
the same for every z,y and also that R < oco. In addition, since K is substochastic,
1 < R < o0. R is called the convergence parameter of K, and p = 1/R the convergence
norm or spectral radius. Either G, ,(R) < oo for all z,y, or G, ,(R) = oo for all z,y.
In the former case, K is said to be R-transient, and in the latter case, R-recurrent. The
R-recurrent case tends to be far more tractable since there is at most one p-invariant

measure.

K may have t-invariant QSDs for ¢ # p. For example, a consequence of Theorem 4.2
in van Doorn and Schrijner [29] is that the gambler’s ruin problem described in the
Introduction has a unique t-invariant QSD for every t € [p,1). Our reason for focusing
on p-invariant QSDs is that Proposition 1 implies that only p-invariant QSDs can
describe the limiting conditional behavior when the initial distribution is concentrated
on a single state. If the initial distribution is allowed to have an infinite support, any
t-invariant QSD can be a limiting conditional distribution. However, we define Yaglom
limits only when the initial distribution is concentrated on a single state; consequently,
we can limit attention to p-invariant QSDs. We give examples where each starting
state = results in a different limiting conditional distribution chosen from an infinite
family of p-invariant QSDs.

Seneta and Vere-Jones [26] allow for the possibility that an irreducible, substochastic
matrix could have multiple p-invariant measures. The p-Martin entrance boundary
theory [8] describes the cone of such measures—more on that in subsubsection 5.2.11.
Nonetheless, we do not know of any earlier examples of Yaglom limits that depend on

the starting state.
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2.3. Harmonic and superharmonic functions

Analogous to t-invariant and t-excessive measures, we have t-harmonic and ¢-superharmonic
functions. A real-valued function i on S will be t-superharmonic if A > 0 and Kh < th.
To avoid continually writing “nonnegative,” we have included nonnegativity as part
of the definition of ¢-superharmonic. If in addition, Kh = th, then h is t-harmonic.
Due to irreducibility, a non-degenerate t-superharmonic function with ¢t > 0 must be
strictly positive. Harmonic and superharmonic mean the same as 1-harmonic and

1-superharmonic, resp.

2.4. The aperiodic case

A proper probability distribution m, describes the limiting conditional behavior

starting from state x € S if (2) holds, or equivalently,

K" (x,y)
Kn(z,9) — . (y) forallyes. (5)

where 7, is a proper probability distribution on S. This is often referred to as m, being

the limiting conditional distribution or as being the Yaglom limit.

Lemma 1. Let K be irreducible, aperiodic, and substochastic. If m, is a Yaglom limit

as in (5), then the following hold:

K"tl(z,9)
lim & \®2)
A s (6)
. K" y)

Remark 1. Recall that ¢ is the exit time from S. If the initial distribution is a t¢-
invariant QSD, then ( is a geometric random variable, and the conditional probability
of remaining in S for one more step is always ¢t. Call P,{¢ > n+1| ¢ > n} the survival
probability at age n starting from state x. Thus, (6) states that the (one-step) survival
probability starting from state x is asymptotically p. Consequently, if 7, in (5) is a

t-invariant QSD, then (6) implies t = p.

Remark 2. Kesten [18] proves (7) in Lemma 4 under a uniform aperiodicity assump-
tion. He also gives some of the earlier history of this result. Equation (6) can be proven
with an argument similar to Kesten’s proof of Lemma 4 assuming uniform aperiodicity

and the existence of a p-excessive probability measure p (that is, pK < pu) [10]. These
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results are quite general, and do not require a Yaglom limit to hold. If, however, a

Yaglom limit holds, then we have the following simple proof.

Proof of Lemma 1. Since K (y, S) is a bounded function in y, we can use the corol-
lary to Scheffé’s Theorem to show that

K™tl(z,S)
K7 (x,S) Z K" v, 5)
yeSs

— Zm(y)K Y. S

yeSs

=: L € (0,1].

If we think of the Lh.s. of (5) as being of the form a,,/b,, we have just argued that
bpt1/bn — L. From (5), we know that (an+1/an)(bn/bns1) — 1; hence, the ratios
an41/a, must also converge to L. To finish the proof, we need only show that L = p.

Since the root test is stronger than the ratio test, it follows that a,l/ "S5 L UK is
aperiodic, Theorem A of [30] implies that [K™(x,y)]"/™ — p. Since K"(z,y) = a,, we
know that L = p. g

Proposition 1. Let K be irreducible, aperiodic, and substochastic. If m, is a Yaglom

limit as in (5), then my is a p-invariant QSD.

Proof. We essentially repeat the proof of Theorem 3.2 in [20]. Starting from (7),

5. K" (2, 2)K (2.)
oo Kn(z,y)

K"(z,5) ¢~ K"(2,2)
mp> Kn<x,S)K(2’y)>
1

>
I
=

I

3

ir

8

VR

=

3
0
&

In the last step, we used (5) twice, and we again used the corollary of Scheffé’s Theorem

to interchange the limit and sum since K(z,y) is a bounded function of z. O

2.4.1. Kesten’s strong ratio limit property (SRLP). For a nonnegative matrix K—mnot
necessarily substochastic—Kesten [18] defines the strong ratio limit property as the

existence of a strictly positive constant R, a strictly positive function i on S, and a
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strictly positive measure 7 on .S such that

HILH;O m = _mm for all states u,v,z,y and all m € Z.

Our example in subsection 5.2 shows that an irreducible, aperiodic substochastic
matrix may not have Kesten’s strong ratio limit property. We are able to prove a
different property that our example does possess and will prove useful. Let us say that
a nonnegative matrix K has the generalized strong ratio limit property (GSRLP) if

there exists a strictly positive constant R, a strictly positive function h, and p-invariant

QSDs 7, on S for every x € S such that

lim w = R_mw for all states u,v,z,y and all m € Z.  (8)
n—oo K" (x,y) h(@)ma(y)
Much of the remainder of this subsection is closely related to the proof of Kesten’s
Theorem 2 [18].
If K is substochastic, irreducible and (5) holds for a fixed state zq, then K" (y, S)/K™(xo, S)
is a bounded sequence in n for each y € S. To see this, choose m so that K™ (x¢,y) > 0,

and then we have

m

Kn(yv‘s) < Kner(an S)

K0, 9) entae 87 = K (z0, )

— p™  using (6).

Since K"(y,S)/K"(xo,S) is bounded, we can choose a convergent subsequence N (y)

for each y, and define the subsequential limit

. . K™(y,S)
h(y) = lim ——220 forallyeS. 9)
R K(an, 5

If (9) holds for all subsequences, that is , if
K"(y, S)

hy) = lim et forallyes (10)
then

hy) . K"y, S

= = lim for all y,z € §

h(z) oo Kn(z,5) !
and h(zg) = 1.

Proposition 2. Let K be irreducible, aperiodic, and substochastic. If (5) holds for
every x € S and (10) holds, then the generalized ratio limit property (8) holds, and h
is p-superharmonic. If in addition the support of K(x,-) is finite for every x € S, then

h is p-harmonic.
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Remark 3. The periodic example in subsection 5.3 can be modified to show that h
may not be p-harmonic if the finite support assumption does not hold. The asymptotic
behavior of the survival probability relative to a reference state as in (9) play a key

role, and we use h to designate this survival ratio.

Proof of Proposition 2. First, we argue that h is strictly positive. We know that

h(zp) = 1. Choose m such that K™ (z,zg) > 0. Now,

K™t (z,8) = > K™(x,2)K"(2,5)

let n — oo,

Kmn(x,S) . K"(z,8) K"(x0,5)
Keay,9) ~ 2" Ry ) (. )

h(z) > Z K™(z,2)h(z)R™ from Fatou’s lemma

> K™ (x, x0)h(zo) R™

>0
since we already know that R = p~! > 0.
Next, to see that (8) holds,

K™t (y, v) _ K™t (y,v) K™(u,v) K™(u,S) K"(z, S) o (V) ()
Kn(z,y) Kn(u,v) K"™(u,S)K"(x,S) K*(z,y) 7o (y)h(x)

where Proposition 1 guarantees that m, is a p-invariant QSD for every = € S.

To show that h is p-harmonic when the support of K(z,-) is finite, return to the
argument at the beginning of this proof, and set m = 1. Instead of using Fatou’s
lemma, use the finite support to replace the first inequality with equality, which shows

that A is p-harmonic. O

Even if & is known to be p-harmonic, it can still be difficult to determine h since
K may have other p-harmonic functions as our hub-and-two-spoke example illustrates;
see (40). Often, Kesten’s Theorem 1 [18] can help since it gives conditions guaranteeing
a unique, up to multiplicative constants, p-harmonic function.

Let K be irreducible, aperiodic and substochastic. One vexing open question is that
we do not know whether the existence of a Yaglom limit starting from a particular

state x implies the existence of Yaglom limits starting from any state.
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2.5. Periodic Yaglom limits & QSDs

Fix the starting state x € S. If the period d > 1, then we can partition S into
d classes labeled Sp,...,S4 1 so that y € Sy iff K"™*(2,y) > 0 for n sufficiently
large. Hence, x € Sp, and {Xnatr € Sk} = {Xnatr € S}. For brevity, let Si4; =
Sitj (mod a)- We will say that K has a periodic Yaglom limit starting from z if for all

ke {0,...,d—1} and all y € Sk,

. _ _ 72 (y)
nILH;OPa:{Xnd-i-k =Y ‘ Xnd+k € S} - Wm(Sk) (11)

where m,, is a probability measure on S with 7,(S) = 1. We will show 7, must be a
p-invariant QSD. Unlike when K is stochastic, 7, (Sg) may take values other than 1/d.
Our starting point for the periodic case is slightly different than (2). Instead, we

assume that there exists a k£ such that
lim Po{Xparr =y | Xoarr € S} = 78 (y) for all y € Sy, (12)
n o0

or equivalently

KndJrk (.’K, y) k

lim =m,(y) forallye Sy. (13)

n— 00 K"d+k($, S)

k

where 7¥ is a probability measure on S with 7%(S;) = 1. If (13) holds for some k,
then Proposition 3 shows that we have a periodic Yaglom limit starting from z; that
is, (11) holds for all k, and 7, is a p-invariant QSD.

If a periodic Yaglom limit holds for some z € Sy, we have not been able to prove
that a periodic Yaglom limit holds starting from some other state in Sy. However, if
a periodic Yaglom limit holds for every state in Sy, then Proposition 4 shows that a

periodic Yaglom limit holds starting from any state in S.

Lemma 2. Let K be irreducible, substochastic, and periodic with period d > 1. If (13)
holds for some k € {0,...,d— 1}, then

K(”+1)d+k({£,5k) 4

nhenéo Kmnd+k(g Sy) -7 (14)
K(n+1)d+k
lim ﬂ:pd fory € Sk.

n—oo Kndtk(gp y)
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Proof. Using the corollary to Scheffés Theorem,

K(n+1)d+k:(x S) K”d+k(:£ y)
= 0 \WEJ = I ped
Knd—&-k(x’ S) y;g K"d+k(l‘7 S) (y, S)
=Y y)K4y,S)
yEeS
=L e (0,1].

As in the proof of Lemma 1, (13) implies that for any y € S,

K(n+1)d+k(x, S) K(n+1)d+k(l‘,y)

~Y L.
Kt (z, 5) Kndth(z,y)

Since the root test is stronger” than the ratio test, [K™®t%(z, y)]Y/ () — L1/4 but
Theorem A [30] implies that for any y € Sy, [K™4H*(z, )]/ (4+%) — p. Hence, L = p.
O

Proposition 3. Let K be irreducible, substochastic, and periodic with period d > 1.
Recall that x is a fized state in Sy. Suppose that (13) holds for some k € {0,1,...,d—1}.
Then (13) holds for all k € {0,1,...,d — 1}. Moreover, there is a p-invariant QSD 7,
such that % (y) = m.(y) /7 (Sk) for y € Sk, for each k € {0,1,...,d — 1}. Hence,

. o
lim P {Xngirr =y | Xndrr € S} = =)

Jim (S0 for all k and oll y € Sk.

In addition, the 7*(y) in (13) can be iteratively computed by using

7_‘_inr1 (mod d) (y) — pkim) Z W];(Z)K(Z7y) (15)
2E€Sy

where the probability of surviving for one more step given the current distribution is

k . .
s given by

(@) = 30 7K (2, 8)
z€Sk

Furthermore, the p-invariant QSD 7, can be constructed as

d—1
re =3 (16)
k=0

2See Clark [4, 11.5.3 and Corollary 255] or [5, 2.5] for a discussion.
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where
1
=T ple) | wEpl) |y ponG)paal) (17
B R G R ST TN B (18)

ok
Remark 4. Lemma 11 of Ferrari and Rolla [9] and Proposition 3 are closely related.

Equations (20) and that cxpr/p = ci41 are in their Lemma 11.

Remark 5. In the following special case, pg(z) is easy to compute. Let A :=={z € S :
K(z,S) < 1} be the set of possible exit states. If A C S; for some j, then

p? fork=j

pr(x) =
1 fork#j

which follows from (20) below.

Proof. Recall that € is the exit time from S. Let s, := sp,(2) == P,{¢ > n+1]|{ > n}
for n € Ng = {0} UN. Clearly, s, > 0, and so is inf, s, since (14) implies that
liminf, s, > p® > 0.

We now show that spqir — pr where py, = prp(z) =3 g, ¥ (2)K (2, Sky1)-

1— P Zzesk Knd+k(3372)K(275k+1) B Zzgsk W’;(Z)K(Z,Skﬂ)

Snd+k Knd+E(z, Sp)Snatk Snd+k
Z KR (e, ) K(z,Sky1)
- = Knd+k(z S.) Snd+k
Ktk (g 2) i 1
- Z Knd+k (g, S)) ~ ez inf,, s
2€5, k n ond+k
— 0.

where we used (13).
For brevity, write k 4+ 1 for kK 4+ 1 (mod d). The next step is to establish that (13)
holds when k is replaced by k + 1 and to relate 751 with 7*. For y € Sy, 1,

Knd+k+l($, y) Knd—i—k (.73, Z)
nd+k+1 = nd+k K(Za y)
K (2, Sk+1) K (x, Sk) Snd+k

2ESE
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Thus, 7%+1 is a probability measure on S with m¥1(S,, ;) = 1, as can be seen by
summing over y € Sk41. Thus, (15) holds.

Now that we have established that (13) holds when k is replaced by k + 1, we
can repeat the above arguments d — 2 additional times establishing that the above
expressions in this proof hold for all k € {0,...,d — 1}.

Next, since

K(n+1)d+k (x,5)
Knd+k Qj Sk H Snd+k+]>

pt = po(@)p1(x) ... pa_1(xz) asn — oo (20)

where we used (14).

Though the notation suppresses the dependency, pk, Sna+r and the forthcoming
Co, - .-, Cq—1 all depend on the initial state being z. Construct ¢y, ..., cq—1 as in (17)
and (18). The constants are nonnegative, and ¢y + -+ + ¢4—1 = 1. Define m, as
n (16). Since m,(Sk) = ck, 7, is a probability measure on S, and if y € Sy, then
7*(y) = m.(y) /7x(Sk) for all k.

The last step is to show that 7, is p-invariant. We will use the fact that cgxpr/p =
¢k+1 and that from (19),

Pt (y) = Y 7 (2) K (2,y)

zZESk

Let y € S. Since y € S, there exists some k = k(y) such that y € Si41. Since

Y om(2)K(zy) = Y am(2)K(zy)

z€S z€S)
= CkPkaH(y)
= PCk+17T.];+1(y)
= pma(y),
T, 18 a p-invariant QSD. O

If we assume that a periodic Yaglom limit exists starting from every state in one
class, say Sp, then we can show that under certain conditions a periodic Yaglom limit

will exist starting from every state in S. Since we will be assuming that a periodic
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Yaglom limit exists starting from any state in Sy, we drop the assumption that x is
a fixed starting state in Sy, which means that we need to be careful about quantities
that depend on the starting state. However, we will still need a fixed state zy in Sy
as a reference point for the following definition. If the following limit exists, which is

similar to (10) except with nd instead of n, then define

7 . Knd(yv‘sb)

ho(y) = lim

——= 11 So. 21
n%ooK"d(wo,So) oraly € oo ( )

If (21) holds, then it follows that

iLO(y) — lim Knd(yvso)
ho(z)  n—oo Knd(x,Sp)

for all x,y € Sp.

In the following proposition when the starting state is in a class other than Sy, do

not relabel the classes.

Proposition 4. Let K be irreducible, substochastic, and periodic with period d > 1. If
(12) holds for all x € Sy, (21) holds, and the support of K (u,-) is finite for all u € S,
then there is a periodic Yaglom limit starting from any state in S. More precisely, if

u € S; where j € {1,...,d— 1}, then

Kndtk=i (’U,7 y) Ty (y)
Knd+k=i(y, Sg) 7w (Sk)

for all k and all y € Sy, (22)

where m, is a p-invariant QSD. In particular, for k =0, the r.h.s. of (22) is given by

T () = Y waemy(y) fory € Sy, (23)
€Sy
= <K Dhol@) (24)
> zes, K (u, 2)ho(2)

where the weights w, , are nonnegative and sum to one. In addition,

K30, S0) e, K77 (w,)ho(@)
Kndtd=i(v,So) 3 g K43 (v,2)ho(2)

(25)

Remark 6. The terms involving hg(-) account for the relative likelihood of a long
remaining lifetime, which might vary over the states in Sy. If the hypotheses of Prop. 6
hold, then the denominator in (24) simplifies to p®~7h(u) where h(u) is defined just

prior to Prop. 6.
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The example in subsection 5.3 shows that h may not be p-harmonic if the finite

support assumption does not hold.

Proof. Tt suffices to establish that (22) holds for any j € {1,...,d— 1} but only one
k since Prop. 3 can then be used to show that (22) holds for all k and that , is a
p-invariant QSD. We will show that it holds for £ = 0 by letting k = d in the Lh.s.
of (22) and showing that it converges to the r.h.s. of (23). At which point, everything
follows from Prop. 3 except (25).

Consider the numerator of the Lh.s. of (22) with k = d divided by K"4(x,Sp).
That is, for y € S,

K(R—O—l)d—j(u’y) _ Z K- J( ) K"d(x Y) Knd(.’l? So)

K”d(xo,SO) 2€50 K"d(x S()) Knd(l'o So)
—>Zdeux (y)ho(z)
T€So

where we used the finite support of K977 (u,-) to justify interchanging the limit and
summation and then used (21) and (12).

Now, consider the denominator of the L.h.s. of (22) also with k£ = d and also divided
by K"(zg,Sp). That is,

K (n+1)d— I (u, So) Z Fod- j (g Sp)

K”d :)30 S() 25 K"d(l‘o So)

— > K% (u,z)ho(x)

€Sy
where we again used the finite support of K9~ (u,-) to justify interchanging the limit

and summation and then used (21).

Combining the above, the Lh.s. of (22) with k = d has a limit
 Caesy K (u,2)ml (y)ho()
ZZGSO Kd=i (ua Z)hO(Z)

= 3wl )ml(y) for y € S
€Sy

for y € Sy

where w(u, z) is defined in (24). Clearly, w(u,z) > 0and }_ 5 w(u,z) = 1. The limit
7,7 (y) is also nonnegative and > yeso 7,7 (y) = 1. Thus, after a temporary relabelling

of So,...,S4—1, we can use Prop. 3 to establish (22) for all k.
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Lastly, to establish (25), just use the result related to the denominator of the Lh.s.
of (22) starting from u and the analogous result starting from v.

d

Recall that pg(x) = lim, P,{¢ > nd+ k+ 1| { > nd + k} where z € Sy, which
gives the asymptotic probability of surviving one more step given that the process
is currently in Sy and started in state x. Part of the hypothesis of the forthcoming

Prop. 6 will be that each of the functions po(+),. .., pa—1(-) is a constant; that is,
pr(x) = pr(y) for all k, and all z,y € Sp. (26)

We will see an example where (26) holds even though 7, # m, whenever x # y.
Remark 5 gave one sufficient condition for—something stronger than—(26) to hold. A

second sufficient condition for (26) is given in the following proposition.

Proposition 5. Let K be irreducible, substochastic, and periodic with period d > 1.
If (12) holds for all x € Sy and if the following limits exist
K™(z,S)

nh_)rr;O K (20, 5) for all x € Sy, (27)
then (26) holds for all k € {0,...,d —1}.
Proof. For x € Sy,
K nd+k+1 z,S K nd+k z,z
d k( k1) = d k( ) K(z, Sk+1)
Knd+ (x,Sk) pay> Knd+ (x,Sk)
z2€S0
= Y mh(2)K (2, ki) = pr(x)
zE€Sk

where we used (12) and the corollary to Scheffé’s Theorem in the last step. Conse-

quently, for z,y € Sp,

<Knd+k+l($’sk+1)) ( Kk (y, S > . pi()

Ktk (z, Si) Kndth 4t (y, Spy1) pr(y)
On the other hand, the above limit could also be evaluated using (27). If the limits
in (27) hold, then the limits must be equal to ho(z) where hy was defined in (21)

Consequently,

Knatht1(g S )\ [ K™ (y, S) ho() ) ho(y)
Ktk 1 (y, Seiq) Knd+k(z, Sp)

which means that py(z) = pr(y) for all k. O
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If (21) holds, we define h(u) for u € S as follows: if u € S, then

) = 0 Y K 0, 2)hof)
€Sy

where j € {0,...,d — 1}. As in the aperiodic case, h is a measure of the likelihood of

surviving for a long time relative to a fixed state xg. The following proposition shows

that under certain conditions h is p-harmonic. Although there may be many other

p-harmonic functions, h plays an important role in the large deviation behavior.

Proposition 6. Let K be irreducible, substochastic, and periodic with period d > 1.
If (12) holds for all x € Sy, (21) and (26) hold, and the support of K(u,-) is finite for

all w € S, then h is p-harmonic. If in addition v and v are in the same class S;, then

(28)

Remark 7. The example in subsection 5.3 shows that h may not be p-harmonic

without the finite support assumption.

Proof. First, we show that h is p-harmonic. Fix j € {0,...,d —1}. Let u € S; and

v € S;41 (where by convention Sq means S).

Y K(wo)h(v) =Y K(u,0)p/ Y " KU (0,2)ho ()

v €Sy

= pp Z K49 (u, 2)ho(z)
€Sy

= ph(u).

Next, we prove the ratio limit result. Let v € S; for fixed j € {0,...,d — 1} From
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(26), pr(x) does not depend on z, so we shorten it to pg. Fix i € {1,...,d}.

Kd ]+md+z u S Z Kd j u {E (z,y)KZ(yasl)

z,y€So
Kcl J+md+z Kmd Kmd
u S Z Kd j ( ) K’L( Sz) (J?, SO)
Kmd(xo SO 2.5ESo Kmd((E So) Kmd(l'o, So)
— Z K49 (u, 2)7%(y)po - - - pi—rho(z) as m — oo
z,y€So
. Pi-1 Z K4 (u, 2)ho(z)

€Sy
=po...pic1p* 7 h(u)

where we justify interchanging the limit and sum in the next paragraph. In the above,
we used the identity >0 g ™ S(y)KI(y,S;) = po(x)...pj—1(z). Also, since the pi’s do
not depend on z, they could be factored outside the summation. Consequently, if v is

also in S;, then

>
~
=

Kd_j+md+i(u’ S) — Y as m — oo
Kd=itmdti(y, S) " h(v) '

Since this limit does not depend on 7 and j as long as u and v are in the same class,
(28) holds.

Since there are only a finite number of states z accessible from w, it suffices to show
that we can interchange the limit and the sum over y € Sy. Since K™%(z, y)/ K™% (¢, Sp)
converges to 70 (y)po . . . pi—1ho(x), which is summable over y € Sy, and since K*(y, S;)
is bounded, we can again use the corollary to Scheffe’s theorem to justify interchanging

the limit and sum. O

3. Duality and reversibility

In some situations, a duality exists between t-invariant measures and t-harmonic
functions. The example in subsection 5.3 is a situation where they cannot be linked
since there is a p-invariant measure, but no p-harmonic function. We now describe
a situation where such a duality arises and is related to a kind of reversibility for
substochastic matrices; there will be additional duality discussion without reversibility

in subsection 5.5.
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First, we need several definitions. Given a positive t-invariant function h on S,

Doob’s h-transform of K, sometimes called the twisted kernel, is given by

Ry =& (f}fg)l(y)‘

Similarly, given a positive t-invariant measure o on S, the time reversal with respect

to o is

% () = ZWEW D)

Both % and K are stochastic matrices on S. If K = ? and the same eigenvalue t was
used in constructing both, then h is the dual of o, and vice-versa.
We will call K reversible if the Kolmogorov criterion holds. That is, let g, z1,...,z,
be a sequence of states in S with g = x,,. K isreversible if K (zg,z1) K (z1,22) - K(Xp—_1,2n) =

K(zp,2p-—1) -+ K(x1,20) for all such sequences of states.

Proposition 7. Let K be irreducible and substochastic on S. The following are equiv-

alent:
(a) K is reversible.

(b) K(xg,21)K(x1,22) - K(Xp—1,2n) = K(2p,xpn_1) - K(x1,20) where xg,x1,..., %y

is any sequence of states in S with o = x,.

(c) there exists a positive measure y on S, which we will call the reversibility measure,

such that y(x)K (z,y) = v(y)K (y,z) for all x,y € S.

IfK = ? where both were computed using the same eigenvalue t, then K is reversible.

If K is reversible and o is a t-invariant measure, then h(zx) = o(x)/v(x) for x

m

S defines the corresponding t-harmonic function. If K is reversible and h is a t-
harmonic function, then o(x) = h(x)y(xz) for x € S defines the corresponding t-

invariant measure. If K is reversible, o is t-invariant, h is t-harmonic, and o(x) =

h(z)/y(z), then K = %.

Remark 8. In the stochastic case, a constant function h is l1-harmonic so K =
? becomes the familiar K = ?, though without the assumption of stationarity.

For example, consider a simple random walk on the integers that moves right with



Yaglom limits 21

probability 0 < p < 1/2. Birth-death processes are reversible since they satisfy
Kolmogorov’s criterion, and for this process with h being a column vector of ones,
we have y(z) = o(z) = (p/(1—p))®. For this pair, K = %, and the associated Markov
chains drift to negative infinity. There is another 1-harmonic function: ((1 — p)/p)®.
The corresponding 1-invariant measure must be obtained by multiplying by ~(x) giving
(...,1,1,1,...). Both the time reversal and the twisted process for this pair drift to
plus infinity. The next section contains substochastic examples, but notice that a single

measure vy works for all eigenvalues ¢ of K.

Proof. Statements (a) and (b) are equivalent by definition. The following parts of
the argument related to Kolmogorov’s criterion is quite similar to the argument in the
proof of Theorem 1.7 in [16] though without stationarity and for a substochastic matrix.
For any path © = (xg,z1,...,2,), let k(z) = K(zg,z1)K(21,22) -+ K(Zp—1,25). In
addition, let & = (2, Tn_1,...,20). If (b) holds and zy = x,,, then x(z) = x(T).

Let y be some other path ending at y,,. If (b) holds, ¢ = yo, n = ym, and both

paths have a positive probability of occurring, then

w(@)/m(T) = K(y) /6 (). (29)

To see this, let z be a path from zy = x, = y,, and ending at zy = g = yg with
k(z) > 0. Then k(zz) = k(x)k(z) where zz denotes the path that initially follows
x to x, and then follows z back to zo. Similarly, x(yz) = k(y)k(z). Under (b),
r(xz) = k(¥2) = K(Z)r(T); hence, k(z)/k(T) = k(F)/k(2). Similarly, x(y)/k(y) =
(%) /k(z), which gives (29).

Fix some state 0 and (0) > 0. Let  be a path from 2y = 0 to some state x,, with
#(x) > 0. If (b) holds, then define v(z,,) = v(0)k(z)/x(T). Under (b), it follows from
(29) that the definition of y(z,) makes sense since the r.h.s. is the same for all such

paths. Consider a path that is one step longer: zx,41. For this path,

o) =102
O

K(xp, Tnt1)

K(zpi1,m0)’

= y(zn)

which means that (c) holds. Thus, (b) implies (c).
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To see that (c) implies (b), suppose that x is a path with zy = x,, and &(z) > 0.
Since v(0) = 7(0)s(z)/k(T ), Kolmogorov’s criterion holds.
To see that K = % implies reversibility, where both were computed using the same

eigenvalue t,

K(w,y) = K(y,)
K(z, y)hly) _ o(y)K(y,z)
th(z) to(x)
o(x)K(z,y) _ o(y)K(y, )

h(z) hy) 7

which means that (¢) holds.

If K is reversible, then we know that (c) holds with ~(z). Since o is t-invariant,

R(,y) = TWE@2)

to(x)
_ K(@.y)o(y)/1)
t(o(x)/y(x))

Since the sum over the Lh.s. is 1, o/ is t-invariant, and we have K = %

If K is reversible, then we know that (c¢) holds with v(z). Since h is t-harmonic,

Since the sum over the lLh.s. is 1, vh is t-invariant, and we have K = ? The last

claim follows from a straightforward algebraic simplification. O

4. One idea that yields a handful of identities

We will exploit the following simple idea in computing various quantities of interest:
frequently, it can be easier to analyze a well-chosen twist or time reversal rather than
directly analyzing the process of interest. For example, suppose we are interested in
computing the probability of ever hitting state y starting from state x. If the well-
chosen twist or time reversal eventually hits y for certain when starting from z—that is,
if Fee(2,9y) =1 or ?E* (z,y) = 1in (30) below—then we have the hitting probabilities

for other twisted processes and time reversals.
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Initially, assume that the process of interest is a Markov chain starting in state x
that has transition matrix either ?5 or K, ¢, where ?5 would be the time reversal of K
with respect a t-invariant measure o¢ and K, ¢ would be the time reversal with respect to
t-harmonic function h. Assume that the quantities of interest are the probably of ever
hitting y starting from z, which will be denoted by ?5(1', y) and F‘g(x, y), respectively.
Let either of be a (well-chosen) t*-invariant measure, or let hi be a (well-chosen)

t*-harmonic function. For simplicity, assume t* = t.

% ae(y) e z>; ~ hes (@) he(y)
e(z,y) = (z,y) and K¢(2,y) = Ke- (7, y)

( ) oe(x he(@) hex(y)

Va ) O (ac)? ~ hes(2) he(y)

¢ 05 (v) 0¢ g ¢ he () hee(y)

The idea is simply to undo the twist or reverse and redo the twist or reverse with a
better measure or harmonic function. In some contexts, it might be advantageous to
mix the two: undoing the twist and then applying a time reversal or vice-versa.

The same idea can be exploited to obtain useful expressions for a different quantity
of interest: the generating function G, ,)(2) defined in (4). Suppose that ¢ = 1/z
and that oy is a (well-chosen) ¢-invariant measure or hf is a (well-chosen) ¢-harmonic

function for K. Then

Glay(2) = ;E‘Z; Ge(y,2) (31)
I NLUSIC))
= Ge+(2,9) e (32)

%
where G¢-(y, ) is the expected number of visits to x starting from y for the reversed
process with transition matrix ?5* and GE* (z,y) is the expected number of visits to y
starting from z for the twisted process with transition matrix INQ*. The proofs of the

above equations are straightforward algebraic manipulations.

5. Examples

The examples are based on the Seneta and Vere-Jones’ [26] semi-infinite random walk
with absorption, which is the same as the gambler’s ruin problem in the Introduction.
Our primary example is a “hub-and-two-spoke example” that is depicted in Fig. 1. A

hub-and-one-spoke model, shown in Fig. 2, functions as a notational bridge between
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b b/2 b/2 b
EOEBOBOSOSON

FIGURE 1: K is restricted to Z.
our primary example and the Seneta—Vere-Jones example. The hub-and-one-spoke

example is simply a relabeled version of the Seneta—Vere-Jones example. The notation

for these 3 examples will be the following:

Hub-and-two-spoke: Let X = {Xj, X1, ...} be a Markov chain with state space Z :=
{...,=1,0,1,...} augmented with an absorbing state ¢ and transition matrix K

between states in Z as shown in Figure 1.

Hub-and-one-spoke: Let Y = {Y}, Y1, ...} denote the Markov chain with state space
Np augmented by an absorbing state §, and @@ will denote the transition matrix

between states in Ny as shown in Figure 2.

Seneta—Vere-Jones: Let Z = {Zy, Z1, ...} be the Markov chain with state space N
augmented by an additional absorbing state 0. The strictly substochastic matrix

P gives the transition probabilities between states in N where

0 b 0 0O
a 0 b 0 O

P= (33)
0 a 0 b O

Throughout, we assume that 0 <b<1/2<a<landa+b=1.

These three examples can be coupled in the following natural way. Given the hub-
and-two-spoke model X, let Y,, = |X,| and Z, = (Y,, + 1) for all n prior to the
(common) time of absorption ¢. The coupling makes it easier to take advantage of

results in Seneta—Vere-Jones [26]. For example, K™(0,0) = Q"(0,0) = P"(1,1) so
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b b b
a a a

FIGURE 2: @ is restricted to No.

all three matrices have the same convergence parameter R, and from Seneta—Vere-
Jones [26] R = 1/p where p = 2v/ab. Next, we review a few results from Seneta—Vere-

Jones [26].

5.1. Seneta—Vere-Jones semi-infinite random walk with absorption

The matrix P given in (33) for the Seneta—Vere-Jones example [20] is irreducible,
strictly substochastic, and periodic with period 2. Let f, be the probability that the
first return to state 1 starting from 1 occurs at time n. Then the generating function
F(z) =350 fn2" = (1 — V1 —4abz?) /2. Hence, the convergence parameter of P is
R = 1/p where p = 2v/ab. Since F(R) = 1/2, G11(R) = 1/(1 — F(R)) = 2 < o0, P

must be R-transient.

Seneta and Vere-Jones [20] prove a periodic Yaglom limit where the p-invariant QSD
on the r.h.s. is 7* given in (1), which does not depend on the starting state z. From
(35) in [26] and from p. 430 of [26], we have the following asymptotic expressions as

n — oo

z—1 y—1
2n a b 1 (4ab)”
Pz, y) ~ (\/2) Yy ( a) \/; 372 for y — x even (34)

P{(=n|Zy=xa}= z <( n )/2> p(n—2)/2,(n+z)/2 for 1 — = even
n n—=x
L AN
- Wl)z( )a2( =) for n — x even (35)

where ( is the time of absorption.
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5.2. Hub-and-two-spoke model: our primary example

At first, this two-spoke variation may seem pointless, but the point is to construct
a tractable model that has more than one way to escape from 0. Each spoke provides
a different escape route. We will show that the periodic Yaglom limit starting from

state z in the hub-and-two-spoke example is

152 (14 Iyl + 3v) (ﬁ) " tyez Mo} (36)

—=£ for y = 0.

T (y) =

For y > 0, m,(y) is strictly increasing in z—each starting state x has a different Yaglom
limit. For aperiodic examples, it suffices to look at either the even states or the odd
states and use the two-step transition matrix K2. For K2, the limiting conditional

distribution of being in state 2y for y > 0 is strictly increasing in the starting state 2z.

Theorem 1. The hub-and-two-spoke model with 0 < b < 1/2 < a <1 anda+b =

1 is periodic with period d = 2 and has a periodic Yaglom limit m, given in (36).

Equivalently,
KZrL
Kgn((jj Z;)) 773«((22) for x even and y even, (37)
K (2,y) 72 (y)
K2+1(z, 9) — Z+ 1) for x even and y odd,
KQn(a: y) 7"'a:(y)
: dd and y odd
K(z,9) 7+ 1) for x odd and y odd,
K> (z,y)  ma(y)
K21 (z, S) . (22) for x odd and y even (38)
where
1
+(27) =
" (22) = 1
722 4+1) = 2
1+p

In the next two sections, we prove Theorem 1. To show that (37)-(38) hold, we
first look at the asymptotics of their denominators, and then the asymptotics for their
numerators. In the remainder of this section, we describe the p-invariant measures and

harmonic functions for the hub-and-two-spoke model.
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We leave it to the reader to show that the matrix K possesses a family of p-invariant

QSDs o¢ indexed by & € [—1,1] and given by

lyl
1op b or
el =) ﬂ+-m+fy)<¢:> for y € Z\ {0} (39)

1= for y = 0.

a

Thus, if the chain starts from state z, 7, = o¢ with { = /(1 + |z|) is the periodic
Yaglom limit. The derivation of the asymptotics of K is given in the next sections.
By looking at o¢ (1), it is clear that every member of the family is a different distribu-
tion. For each distribution, the correct amount of mass is lost to absorption: ac¢(0) =
1 — p. As ¢ increases from —1 to 1, o¢(|y|) increases from ((1 — p)/(2a))(1/b/a)"! to
(1 = p)/(2a))(1 + 2|y|)(y/b/a)l¥l. When ¢ = 0, the distribution is symmetric with
o0(y) = oo(—y). The mass o¢(y) + o¢(—y) = 7*(Jy| + 1) does not depend on &; 7* was
defined in (1). Consequently, the mass on the even integers 27 and the odd integers

27 4+ 1 does not depend on &. Since

0eK(2Z) = poe(2Z) by p-invariance, and
0eK(2Z) = 0¢(2Z + 1) by periodicity and nonabsorption,
we have
(22) = — (27 +1) = L
o =—,0 = —
¢ 1+p ¢ 1+p

In addition to the p-invariant measures o¢, K also has p-harmonic functions he. A
function h > 0, which we think of as a column vector with elements h(y) for y € S, is
p-harmonic if Kh = ph.

Equivalently, h is a nonnegative right eigenvector for the eigenvalue p = 1/R. In this

example, K has a family of nonnegative p-harmonic functions h¢ indexed by £ € [—1,1]:

he(y) == [1 + |yl + €] (\fb) " ez (40)

Proposition 8. All p-invariant probability measures for the hub-and-two-spokes ex-
ample are in the family (39) and all positive p-harmonic functions are in the family

(40).
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Proof. To see that there are no other positive p-harmonic functions h with h(0) = 1,
notice that h(y) satisfies the difference equation bh(y + 1) — ph(y) + ah(y — 1) = 0 for
y € N. Since this difference equation is a linear, homogeneous, second order difference
equation with constant coefficients, we look at the roots of the characteristic equation
br?2 — pr + a to determine the general solution. Both roots are r = m, so h(y) =
(c1 + coy)r¥ spans the space of all solutions. Since h(0) = 1, we must have ¢; = 1,
which we do in (40). For h(y) to be nonnegative, we need c2 > 0. For y > 0, that
means that (1 4+ &) = ¢o > 0 implying £ > —1. By symmetry, we need £ < 1 so that
h(y) is nonnegative for y < 0. Thus, (40) is the set of all positive harmonic functions
normalized to have h(0) = 1. A similar difference equation argument shows that o¢

for £ € [—1,1] describes all p-invariant measures up to scalar multiples. O

In section 3 we described a duality that sometimes exists between p-invariant mea-
sures and p-harmonic functions. We now show that for each value of £ € [—1,1] the
p-harmonic function h¢ and the p-invariant measure o¢ are linked. For the hub-and-

two-spokes example, the measure

ip (%)‘zl for x #0

1=p for x = 0.

satisfies y(z) K (x,y) = v(y) K (y,x). From Prop. 7, the p-invariant measure linked with
the p-harmonic function he¢(x) would be he(x)y(x), which simplifies to o¢(x).

5.2.1. Asymptotic behavior of the survival probability. For x even, K*"(x,S) = K"~ 1(x, S).

Since K" (—x,S) = K™(z,5), also assume that x is nonnegative. Now,

K*(z,8) =P{¢ >2n| Xo =z}

= P{¢(=2n+2k—1| X, =a}

k=1
oo

=> P{(=2n+2k—1|Zy=x+1}.
k=1
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Since P{¢ =2n+2k —1| Zy = = + 1} is asymptotically equivalent to the r.h.s. of (35)
after replacing n by 2n + 2k — 1 and x by = + 1 and since the equivalence is uniform
over k € N (for a discussion of this condition, see (5.27) of [22]),

o0

(LB 4 1)22n+2k

(@n+2k—2-2)/2 5 (2n+2k-+2) /2
(2m)1/2(2n + 2k — 1)3/2

K*(z,8) ~
1

k=

E;rw; (\f ) ;wa %i (L+ (2K 4ab)/( 2n)) /2
SR (fs) e

—(@+1) ( \/g) 1 _a4ab% (j{;’g” for even z > 0 (41)

where the second from last step follows from using dominated convergence to show

that

lim i (4ab)* = i(élab)k
oo (1+ (2k — 1)/(271))3/2 .

k=1
5.2.2. The periodic Yaglom limit of the hub-and-two-spoke model. In this section, we
show K corresponding to Figure 1 has a periodic Yaglom limit; that is, we establish

(36). Let a,y > 0. From the coupling, we have
Q"(z,y) = K"(z, —y) + K"(z,y),

and we can determine the asymptotics of @ from the asymptotics of P given in (34)
that were derived in Seneta and Vere-Jones [20].

Similar to the classical ballot problem, there are two types of paths from z to y:
those that visit 0 and those that do not. From the reflection principle, any path from
x to y that visits 0 has a corresponding path from —z to y with the same probability
of occurring. Thus, if 4, K"(x,y) denotes the probability of going from z to y in n

steps without visiting zero in between, we have
K"(z,y) = (o3 K" (2,y) + K" (—2,y) = (0 K" (2, y) + K" (2, —y).

From the coupling, (o, K"(z,y) = P"(z,y).
Forx>0and y > 1,

Q"(x,y) = K"(z,y) + K" (x, —y).
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Hence
K"(z,y) = Q" (z,y) — K" (z, —y)
= Q" (@) — [K"(2.y) = oy K" (@)
Q@ y) + (0 K" (@) (42)
- ] ,
Similarly,
K"z, —y) = Q" (x,y) — {o}K"(x,y). (13)

2

5.2.3. Yaglom limits from even states to even. If either x is 0 or y is 0, then the
asymptotics of K™ (z,y)/K"(x,S) can be obtained directly from the results in Seneta
and Vere-Jones [26] through the coupling Thus, (13) holds for k£ = 0.

Now, let z,y > 1 and even. From the couplings,
Q*(2,y) = P (¢ + 1,y + 1), (o, K" (2, y) = P2 (a, y).

Since x — y is also even, (34) gives

Hence, using (42) and (41),

K@y CTHWED @D (\/E)y S &0r

K (2,8) " 2@+ 1)
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We now argue that (13) holds for d = 2, k = 0 and Sy = 2Z with

[yl
1p® (1 + |y + &) \/z for y # 0 and even z, ¥,
2a |z|+1 a (46)

1—p

! for y = 0 and even z.

0

We are still assuming even z,y > 1. Since 7,

(y) is the same as (45), we know that
(46) holds for even x,y > 1. The asymptotics for —x to —y are the same as from x to

y, and 7% (—y) = 70(y) so (46) also holds in this case.

To handle from z to —y, we use (43) instead of (42), which causes a single sign
change, and the final result agrees with (46) in this case. The asymptotics from —z to

y are the same as from z to —y, and (46) gives the same result in both cases.

5.2.4. Yaglom limits from even states to odd. Instead of using a similar argument for
the asymptotics from even to odd, we use Proposition 3. Since (13) holds for &k = 0,
Proposition 3 gives (13) for k = 1. Proposition 3 also gives 7., which is a probability
measure on the odd states S; = 2Z — 1 giving the asymptotics from even to odd. Next,
Proposition 3 gives us the p-invariant QSD 7, for every even z. We leave it to the
reader to show that 7, is given by (36). Hence, we have the asymptotics going to any

state as long as the starting state is even.

5.2.5. Yaglom limits starting from odd states. To finish determining the periodic Ya-
glom limit, we obtain the asymptotics starting from an odd state. Instead of direct
calculations like those that led to (44), We use Prop. 4. To do so, we need the function
ho defined in (21). The class Sy is the even states. Choose 2o = 0 to be the reference
state. From (41) and symmetry, it follows that ho(z) = (|z| + 1) ( a/b) Ix‘. Since the
assumptions of Prop. 6 hold, there exists a p-harmonic function h that agrees with ho
on Sy such that (28) holds. However, (40) describes all p-harmonic functions for K.
The only p-harmonic function that could agree with h on Sy is ho, that is, he with
& =01in (40). Thus, h = hy. Furthermore, since the assumptions of Prop. 6 hold, the
denominator of (24) simplifies to p?=7 h(u).

Let u € 51, that is, an odd state, and y € Sy. To make things easier, temporarily
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assume u > 1 and y # 0. From (23),

W) =D waamh(y)

€Sy
= %Wﬁ_l(y) + bhp(z(z)l)wu )
= 9770 _but2) a o
B 2Vab(u+ 1)V a u-1(y) + 2v/ab(u + 1)\/; ut1(¥)
= ﬁﬂﬁ_l(y) + %wgﬂ(y)
lyl
1 — p? u  u-—1 u+2 u+1 b
- 2ap (1+|y|+ {2@“) - +2(u+1)u+2]y> ( a)
= (y)

where we used (46) several times. The case with y = 0 is much simpler and also
simplifies to 70(0). We leave the cases with u < 1 to the reader. Thus, we have the
asymptotics starting from an odd state and going to an even state. Again, Prop. 3
allows us to extend the result to going to any state. Hence, we have the asymptotics
starting from any state and going to any state. Combining all of the results, we have
that (11) holds where m,(y) is given in (36) (though we would have to interchange
labels on Sy and Sy in (11) if the initial state were odd).

5.2.6. Rates of convergence and the starting state’s influence. One fear with Yaglom
limits is that by the time the transient conditional distribution becomes close to the
limiting conditional distribution, the probability of non-absorption will be so small
that the limit will be of little practical importance. To briefly address this fear, we
describe some empirical results where the dependence of the limiting distribution on
the initial state is apparent after a small number of steps (50 steps in Table 1) and the
non absorption probability is not ridiculously small (0.00047 in Table 1).

Suppose that b = 1/5, so a =4/5 and p = 4/5. Also assume that the initial state is
Xo = 10. From (46), P1o{ X2, =0 | ¢ > 2n} — 79,(0) = 0.45 and P1o{ X2, € 2N | ( >
2n} — 201/440 ~ 0.46. The latter limit is the limiting conditional probability starting
from 10 of being a strictly positive, even integer after an even number of steps. Starting
from state 10, £ = 10/11; asymptotically after a large, even number of steps, over 90%

of the probability mass is on the nonnegative, even integers. The remaining probability
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n  KU(Q00)  K"(102N)  K"(10,-2N) K"(10,5)

K7(10,5) Kn(10,5) K" (10,5)

0 0.00 1.00 0.00 1.00
10 0.11 0.89 0.00 1.00
20 0.38 0.60 0.02 0.31
30 0.44 0.53 0.03 0.042
40 0.46 0.50 0.04 0.0050
50 0.46 0.49 0.05 0.00047
00 0.45 0.46 0.09 0.0

TABLE 1: Rates of convergence starting from state 10 with b = 1/5 and 2N = {2,4,6,...}.

mass, approximately 0.09, is on the strictly negative, even integers. Table 1 suggests
that at least in some cases the limiting conditional distribution might be giving some
information before the probability of non-absorption K™(10,.5) becomes ridiculously

small.

Table 1 also illustrates the long range influence of the starting state. The limiting
conditional probability of being in a strictly positive state is roughly 5 times larger
than the limiting conditional probability of being in a strictly negative state. If the
initial state had been zero, then the two limiting conditional probabilities would have
been equal. If the process had started in state -10, the third and fourth columns would

swap.

5.2.7. Domain of attraction paradoz. The domain of attraction problem is to determine
which initial distributions lead to a particular QSD describing the limiting conditional
behavior. To make things concrete, consider our hub-and-two-spoke example in Fig. 1.
Suppose Xg = 6 and b = 1/5, which means a = 4/5 and the limiting conditional
behavior is described by 7. Then, X5 is 8 with probability b2, 6 with probability 2ab,
and 4 with probability a?. It might seem obvious that the distribution of X, must be
in the domain of attraction of g, but it is not even true. It may seem surprising, but
the limiting conditional behavior is quite different when these two distributions are
used as initial distributions even though there is no possibility of absorption in 2 steps

when starting from 6.
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If the initial distribution were 8 with probability b%(225/28) = 9/28, 6 with proba-
bility 2ab(25/16) = 1/2, and 4 with probability a?(125/448) = 5/28, then the limiting
behavior would be described by mg. This distribution is obtained by letting the mass
at y be

K" (u, y)h(y)
S, Knd(u, 2)h(z)’

where nd = 2 and w = 6. Intuition for this choice is given in Remark 6. Other
distributions in the domain of attraction can be obtained by increasing n, but for our

hub-and-two-spoke example, we can do more.

If the support of Xy is finite, then the limiting conditional behavior is described by
o¢ with € = E[Xo/(|Xo| + 1)] where straightforward modifications need to be made to
the description of the limiting behavior if the support of X contains both even and odd
states. If the initial distribution were that of X5 above, then the limiting conditional
behavior would be described by og472/7875. However, if the initial distribution is either
Xo = 6 or the distribution on 4,6, and 8 with probabilities 5/28, 1/2, and 9/28, then
E[Xo/(|Xo| +1)] = 6/7, and 067 = e.

Thus, in the previous paragraph, we have completely described the domain of
attraction for our hub-and-two-spoke example for every p-invariant QSD o¢ provided

the initial distribution has a finite support.

5.2.8. Harmonic functions arising from ratio limits. Suppose x, y are both even inte-

gers. From the asymptotic expression for K2", it follows that

K (z,y)  he(2)
K2(0,y)  he(0)

where he¢ is the p-harmonic function given in (40) with £ = y/(|y| + 1). Similarly, for
x odd and y even integers
K?" i (z,y) he(x)

K2(0,y)  "he(0)”

We leave the other cases to the reader.

The above results are not surprising given the existence of the measure vy described
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in Prop. 7. For example if z, y are both even integers then

E(x,y) _ 7(0) K"

K7(0,y) ~ () K>

x)
0)

(y,
(y,

7(0) my(x)
y(0) ()

he ()

¢(0

5.2.9. Time reversals and h-transforms. In addition to the p-invariant measures for the

>
~~

hub-and-two-spoke example, we have determined all nonnegative p-harmonic functions
for K. Since we have a multitude of p-invariant measures o¢ and p-harmonic functions
he, we can define a multitude of time reversals

Roe(y) K (y, x)

% (z,y) = ———"""—= (47)
¢ o¢(x)

and a multitude of twisted processes (tilted processes, Doob’s h-transform, Derman-—

Vere-Jones transform, change-of-measure)

- RK(z,y)he(y)

Kelo) = == 15 (48)

Both [?5 and K ¢ are stochastic matrices on S for every £ € [—1,1]. However, depending
on the choice of £, the time reversal’s behavior can vary considerably, and similarly for

the twisted process. In the hub-and-two-spoke example, we have

K(0,1) 1
P(){X1:1|X1€S}:K((O S)) 257

but, depending on the choice of &, f{g(O, 1) and %5(0, 1) can take any value in the
interval [1/4,3/4]. Even if the time until absorption is ¢ > n and n is tending to oo,
the initial state = still influences the state prior to absorption X¢_;, and two steps

prior to absorption, X¢_g, ...

5.2.10. Escape probabilities for time reversals and h-transforms. Let yf = (?g, y?, .
denote a Markov chain with transition matrix ?5 as given in (47). The transition
matrix ?5 is a birth-death chain on the integers that is stochastic and transient,

SO ?5 must escape to either plus infinity or negative infinity. We now compute
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the probability of escaping to plus infinity starting from x; that is, we compute
%E(x) = IP’{%E escapes to + oo | yg =z}

Computing <ﬁg(:ﬂ) is easiest in the two extreme cases. When & = 1, %1 on the
negative integers is a symmetric, simple random walk: for x < 0
z+1)K(z+1,x2)

poi(x)

=gz (Vo)
(1~ p)/20) (Vi7a) "

?1(1‘,%‘4— 1) = 01(

b
" 2Vaby/bja

=1/2,

which means that the process cannot escape to negative infinity. Hence, %1(1) = 1.
Similarly, <E,l(:r) =0.

Now, we can handle the more interesting cases with —1 < £ < 1. From the first
equation in (30) with &* =

- )

RAUEACT
T = a0

Since ?1 (x,¢) = 1 whenever £ > z and since the walk is nearest neighbor and transient,

Q
Q

letting ¢ — oo gives the desired escape probability

— 1+£&o01(x)
o¢(x)
which can be rewritten as
— 1+¢
o¢(x) he(w) = —=01(2). (49)
By considering the other extreme case with £* = —1 and letting £ — —oo, we obtain
— 1-¢

0¢(2)(1 = he(2) = ——0-1(2) (50)

Adding (49) and (50) yields the representation

1+¢ 1-¢
2 2

oe(y) = o1(y) + o1(y) for &€ 0,1]. (51)

Now, we turn our attention to escape probabilities for the twisted processes. Let

X¢ = (X'g, Xf, ...) denote a Markov chain with transition matrix fQ as given in (48).
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The transition matrix f(g is a birth-death chain on the integers that is stochastic
and transient, so X¢€ must escape to either plus infinity or negative infinity. We now
compute the probability of escaping to plus infinity starting from x; that is, we compute
he(z) = P{X¢ escapes to + oo | X5 = z}. Recall that he(z) was defined in (40).

Computing fzg (z) is also easiest in the two extreme cases. When & = 1, K*' on the
negative integers is a symmetric, simple random walk, which means that the process
cannot escape to negative infinity. Hence, ﬁl(x) = 1. Similarly, ﬁ_l(a:) =0.

Now, we can handle the more interesting cases with —1 < ¢ < 1. From the second

equation in (30) with £* =1,

Fg(l‘,f): Fl(l‘,f),

and Fy(z,¢) = 1 whenever £ > z. Since the walk is nearest neighbor and transient,
letting ¢ — oo gives the desired escape probability
> hi(x) 1+¢
h = —
¢(z) he(z) 2
14z 1+¢
14|z +&x 2

The analogous result with £* = —1 and ¢ — —oc is that

h_l(a:) 1 —g

1-— ilg($) = hg((E) 9

Combining the two gives the representation

_1+¢ 1-¢

he(x) 5 hi(z) + Th,l(x) for £ € [-1,1]. (52)

Although we have determined the escape probabilities for all h-transforms, the escape
probabilities when h = h defined in (9) will play a fundamental role in Yaglom limits in
the R-transient case [11]. For our example, h = hg as described in subsubsection 5.2.5;
hence, the probability of escaping to positive infinity starting from state x for this

h-transform is

. Itz
ho@) = S T al)

In particular, the probability measure 7, describing the periodic Yaglom limit start-

ing from x can be represented as the following convex combination of two extremal
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measures

e = ho(2) Too + (1 — fzo(x)) T oo
Thus, the escape probabilities corresponding to h determine the proper weights.

5.2.11. Martin exit and entrance boundaries of the hub-and-two-spoke model. This sec-
tion depends heavily on the works of Dynkin [8] and Woess [32, 33]. Among other
things, the Martin exit boundary theory can characterize all positive harmonic func-
tions, and the Martin entrance boundary theory, all invariant measures of an irreducible
stochastic or substochastic matrix. Generally, there seems to be more interest in exit
boundary theory since it is useful in describing the limiting behavior of transient pro-
cesses; if left unspecified, Martin boundary theory usually refers to the exit boundary.
Similarly, the ¢t-Martin exit and entrance boundary theory can be used to describe
all t-invariant harmonic functions and ¢-invariant measures. Again, there seems to
be more interest in the exit boundary theory. Papers that study the t-Martin exit
boundary of killed random walks include Ignatiouk-Robert [13, 14], Doney [6], Alili
and Doney [1], Raschel [24], and Lecouvey and Raschel [20]. Maillard [21] identifies
the t-invariant measures for the Bienaymé-Galton-Watson process t > p. The p-
Martin entrance boundary for this process is trivial having a single point, and the
corresponding p-invariant measure is the classic limit of Yaglom. When the p-Martin
entrance boundary is trivial, it is impossible to have different (aperiodic or periodic)
Yaglom limits starting from different initial states.

Fix t > p. Although G, ,)(t) was defined in (4), the Martin boundary definitions
will be slightly less ugly if we also define G¢(2,y) = >_,,((1/t)" K" (z,y). To construct
the t-Martin boundaries, we define *M and M*, the t-Martin entrance and exit kernels
respectively using 0 as the reference state, as:

Gt(xa y)
Gt (07 y) .

Recall that K is R-transient, and 1/t < R so *M and M* exist.

Gi(,y) , and M™*(z,y):=

M= g0

(53)

Let “S be the smallest compactification such that the t-Martin kernel *M (x,y)
extends continuously in ; i.e., oo € 'S if there is a sequence z,, € S such that

*M(xy,y) converges for every y. The limiting measure on S is denoted by *M (oo, -).
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Let 0" S := "5\S be the boundary of *S. 9”8 is called the t-Martin entrance boundary.
For more details, see of [33, Chapter 7]

Similarly let S* be the smallest compactification such that the ¢t-Martin kernel
M*(z,y) extends continuously in y; i.e., yoo € S* if there is a sequence y,, € S such that
M*(z,y,) converges for every x. The limiting function on S is denoted by M*(, yoo)-
Let 9S* := §*\ S be the boundary of S*. 9S* is called the t-Martin exit boundary.

We are particularly interested in the p-Martin entrance boundary. Though the
p-Martin entrance boundary for substochastic matrices seems to have received little
attention, it is ideally suited for studying Yaglom limits starting from a fixed state
since the Yaglom limit (periodic or aperiodic) is a p-invariant QSD, and the p-Martin
entrance boundary describes all p-invariant measures.

For the hub-and-two-spoke example, we will show that the p-Martin exit and en-
trance boundaries both have two points {—oo, +oo}. If 2,, = —o0, then *M (z,,) —
o-1(")/o-1(0); if ©, — 400, then *M(z,,-) — 01(-)/01(0). Thus, we can extend
*M continuously to the boundary 0°S = {—o0,+00} by defining *M(—co,-) =
o-1(-)/o-1(0) and "M (+o00,-) = o1(-)/01(0). Since the two limits differ, we cannot
extend M continuously with a smaller compactification. Similarly, we will show that
if y, = —oo, then M*(-,y,) — h_1(-) = M*(,—o0) and that if y, — 400, then
M*(-,yn) = hi1(-) = M*(-,400), which shows that the p-Martin exit boundary is
90S5* = {—o0, +o0}.

To verify the claimed limits for the entrance boundary, let us derive a more conve-
nient expressions for the p-Martin entrance kernel given in (53). From (53) with ¢ = p

and using (31),

Mry) = TS

Now, it is simple to compute the claimed limits for *M (z,,y). If z,, — —oo, choose
&* = —1so that "M (zy,,y) — 0-1(y)/o-1(0). On the other hand, if =, — +00, choose
&* =1 so that "M (x,,y) = o1(y)/o1(0).
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Similarly, the p-Martin exit kernel can be rewritten using (32) to obtain

f}* (z,y) he(x)
Fe-(0,y) he-(0)

which makes it easy to verify the claimed limits for M*(x,y,).

M*<.’17,y) =

For the hub-and-two-spoke model, we have the representation of all positive p-
invariant measures by (51) and all positive p-harmonic functions by (52). The mapping
where state x € Z is mapped to z/(1 + |z|) is a homeomorphism that connects the
boundary points —oo to —1 and 4oco with 1. With this homeomorphism, (52) is
the general integral representation of the p-harmonic functions over the p-Martin exit
boundary (see Theorem 6 in [8]) and (51) will be the integral representation of the
p-invariant measures over the p-Martin entrance boundary (see Theorem 11 in [8]).

From [27], we know that the hub-and-one-spoke model also has a unique quasi-
stationary distribution for every ¢ € (p,1). We now argue that—similar to the situation
when ¢t = p—the hub-and-two-spoke model has a family of quasi-stationary distribu-
tions for every t € (p, 1), which can be normalized to give a t-invariant quasi-stationary
distribution.

Fix t € (p,1). Let 0 < s; < s3 < 1 be the roots of the f(r) = ar? — tr + b, which

must be real and distinct since the discriminant is positive. Define

% forz>1
o_(z) = C’s‘lw‘ + s;%slslfl for x < —1
1 forz =0

where C' = (1/2 — s2/(s2 — s1)). Even though C < 0, o_(z) is strictly positive since
o_(z) > s|1I|/2 for all z. In addition, o_ is summable since o_(z) < s|2w‘ for all x.
Thus, o_ could be normalized to be a proper probability distribution. Furthermore,
o_ is a t-invariant measure for K. For x > 2, the time reversal of K with respect to o_
gives ?(1‘, x—1) =b/(ts1) and ?(1‘, x+1) = asy/t. For x > 2, the drift b/(ts1) —asi/t

is negative if s; < y/b/a. But the smaller root s; is less than /b/a since

F(V/bja) = (p—t)V/b/a < 0.

Since the time reversal is 1-transient, the reversed process converges to —oo. Thus, the

t-Martin entrance boundary will have a point —oo, and the ¢-Martin entrance kernel at
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—00 is o_, which is a minimal ¢-invariant measure. By symmetry, o4 (z) = o_(—z) is
a different minimal ¢-invariant measure corresponding to a different t-Martin boundary
point 4+o00. Since a nearest neighbor random walk on the integers could have at most
two points in the (full) Martin compactification and we have found two minimal ¢-
invariant measures, we have found the whole Martin compactification. Any convex
combination of the two minimal ¢-invariant measures is also a t-invariant measure.
Since the Martin boundary does not depend on ¢ for ¢ € [p,1), the Martin boundary
is stable [23].

5.3. Time until returning to state zero

We construct an example where the ratio limit fL() that is defined just before Prop. 6
is not p-harmonic; indeed, this example does not have any p-harmonic functions. This
example does not contradict Prop. 6 since the support of K (u,-) will be infinite when
u = 0. Thus, the finite support assumption is needed in Prop. 6 and, in general, we
cannot limit attention to p-harmonic functions when determining iL() Despite the
above, we compute the limiting conditional distribution. In addition, if we consider
K? with state space the even integers, we have an example with a Yaglom limit that
falls outside of Kesten’s sufficient conditions [18] since his condition (1.4u) does not

hold.

This simple example has several other interesting aspects. The p-Martin exit kernel

at +oo is the same as the p-Martin kernel at state 0, which leads to a divergence

of approaches on whether to include 4+o0c in the boundary. Doob [7] and Kemeny,
Snell and Knapp [17] would not include the point o0, while Hunt [12], Dynkin [8],
and Woess [32, 33] would include +o0o allowing S to remain discrete in the induced

topology; see the discussion at [33, page 189]. We follow the latter group.

The example is a variation on the hub-and-one-spoke example. Returns to state 0
in the hub-and-spoke model form a terminating renewal process. Define a sub-Markov
chain where—prior to absorption—the state is the remaining lifetime of this renewal

process; that is, the number of steps until being in state 0.

The state space is Ng, and the substochastic transition matrix is (recycling the
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notation K)

fi ' fo f3 fa fs
O 0 0 o0

0 1 0 0 O

—_

where f,, is the coefficient of 2™ in the generating function F'(z) given in the beginning
of subsection 5.1. For this example, 0 = f; = f3 = f5 = ..., F(R) = 1/2, F(1) = b,
and K is periodic with period 2.

If both the hub-and-one-spoke and the remaining lifetime examples start in state
0, then we can couple the two processes so that the times of visits to state 0 are
identical. It immediately follows that this example is also R-transient with p = 2v/ab.
In addition, an asymptotic expression for Po{¢ > 2n} is given by the r.h.s. of (41) with
& = 0. This gives an asymptotic expression for the denominator of ho(0) in (21) where
the subscript 0 denotes the class of even states and zy = 0 is the reference state.

An asymptotic expression for the numerator can be found by noticing that Po, {¢ >
o2n} = Po{¢ > 2n — 2z}. Simplifying gives ho(2z) = R2*. Consequently, from the
definition of h(-) immediately before Prop. 6, we have h(z) = R* for # € Ny. Even
though we have computed h(-), we now show that h(-) is not p-harmonic by showing
that K does not have any p-harmonic functions.

Solving Kh(z) = ph(z) for z > 1 gives h(z) = R*h(0), which is looking like h(-)
above. However, the equation Kh(0) = ph(0) simplifies to pF(R)h(0) = ph(0), but
F(R) = 1/2. Thus, there is no non-zero solution, and K does not have any p-harmonic
functions. The function h(z) = R* is p-superharmonic.

We can compute the limiting conditional distribution for the remaining lifetime
example as follows. First, since

K"(z,y) _ K" *(0,y)
Kn(z,S)  K"=(0,5)

any limiting conditional distribution would not depend on the initial state, so we can
assume that the initial state is 0 without loss of generality. (This would also be true
if we looked at a two-spoke version of the remaining lifetime example.) Consequently,

should it exist, let 7% to be the periodic Yaglom limit on S where Sy = 2Ng and S;
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is the odd positive integers analogous to (12) or (13). Similarly, should it exist, let 7
denote the corresponding p-invariant QSD.

From the coupling argument, we know that

K2n

lim K*(0,0)
n—oo K21 (O7 S)
1—p?

a

(0)

and if a periodic Yaglom limit exists, that

1—p
—.

7(So) = 1/(1 + p), w(S1) = p/(1 + p) and 7(0) =

Fory > 1,

Yy
K*(0,2y) = K*"724(0,0) = > K*"2Y725(0,0) foy
k=1

1 (dab)™*¥ [ n o
~e e 1= fuR
3/2
\/7? n / b1

1— p? -
k=1

where we used the coupling to see that K™(0,0) = P"(1,1), (34) with 2 = y = 1,
and (41) with = 0. Since 3~ -, p* d1<k<y forR2* = b/(1 — p?), it follows that
79 is a proper probability measure on Sy. Thus, for every o € Sy, the hypotheses of
Prop. 3 hold; hence, for every = € Sy, there is a p-invariant QSD. But K has a unique
p-invariant QSD, which is given by

m(y) =p’ L) [1 ~ > fuR*
k=1

a

for y € Ny,

(and is quite different from the analogous result for the hub-and-one-spoke model).
Consequently, the p-invariant QSD 7 must describe the (periodic) limiting conditional

behavior starting from any state x.

5.3.1. Exit and entrance boundaries for the time remaining until returning to zero For
the time until returning to zero example, we examine the p-Martin exit and entrance
boundaries. Unlike the hub-and-two-spoke model, the p-Martin entrance and exit
boundaries are not the same. In addition, the minimal p-Martin exit boundary and

the p-Martin exit boundary are not equal.
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To compute the p-Martin kernels, use (32) so that

>

(z

(y)

Gp(‘r7 y) = é(l‘,y)

>

where h(z) = R,

and fr = Rfih(k —1)/h(0) = fxR*. Notice that K(0,5) = F(R) = 1/2. To compute
G(z,y), notice that G(x,y) = 1{z >y > 0} + G(0,y) where 1{z >y > 0} is 1 if z >
y > 0 and zero, otherwise. To compute G (0,y), also notice that the number of upward
excursions has a geometric distribution with parameter 1/2, and the expected number
of excursions is 1. Each excursion visits y with probability Fy = fy+1 + fy+2 + ...
Thus, G(0,y) = F,.

Now, the p-Martin exit kernel is

Since M*(x,y,) — R* as y, — 00, there is a single point 400 in the p-Martin exit
boundary—even though M*(z,+o00) = M*(z,0) = R*, a point is still added in the
compactification of the state space; see [33, page 189]. As a consequence, the minimal p-
Martin exit boundary is the empty set since there are no minimal p-harmonic functions;
see [33, page 207]. Thus, for this example, the p-Martin exit boundary and the minimal

p-Martin exit boundary are not the same.

5.4. Age example

Instead of considering the remaining lifetime as in the previous example, consider

the age where the age is the number of steps since being in zero prior to absorption.
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The state space is Np, and the substochastic transition matrix is (recycling the notation

K again)
0 b 0 0 0
T9 0 1—7“2 0 0
K =
T3 0 0 1*7"3 0
where r; = fj/Fj and F'j = fj + fj+1 +.... The age example and the remaining

lifetime example can be coupled so that they are in zero at the same points in time
and have the same time of absorption if both start in state 0. Thus, the age example
is also R-transient with p = 2v/ab. This example is also periodic with period 2 since
O=ri=r3=---

The age example seems nicer than the remaining lifetime example since the support
of K(u,-) is finite for all states u. Nonetheless, K does not possess a p-invariant QSD.
From Prop. 3, it follows that (12) cannot hold. Thus, the age example does not have

a (periodic or aperiodic) Yaglom limit.

5.5. Duality without assuming reversibility

In section 3, we described a duality between t-invariant measures and ¢-harmonic
functions that relied on reversibility. We describe a generalization that does not rely
on reversibility.

For this duality to hold, we need the following two conditions:

o If *M(z,,y) converges to a minimal ¢-invariant measure o for some sequence z,,

then M*(x, z,) also converges to a minimal ¢-harmonic function h.

o If M*(x,z,) converges to a minimal ¢-harmonic function h for some sequence z,,

then *M(z,,y) also converges to a minimal ¢-invariant measure o.

A t-harmonic function h is minimal if A(0) = 1 and h > h; where hy is also t-
harmonic implies that h;/h must be a constant; a minimal t-invariant measure is
defined analogously. The above two properties imply that M* = * M where M* is the
minimal t-Martin exit boundary [32, page 263-264] and *M is the minimal t-Martin

entrance boundary.
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Let o be any t-invariant measure for K, and let i be any ¢t-harmonic function. The
Poisson-Martin integral provides a unique representation of h [32, (24.18)] and o:
h(z) = M*(z,-)dv"
M*

o) = [ M.

When M* = * M, we can say that h and o are duals of each other if v* = 7 in their
Poisson-Martin representations.

We show that this concept of duality includes the duality described in section 3
when K is reversible. Let = be the reversibility measure of K. For the first part of
the argument, assume that h is a minimal ¢-harmonic function. Hence, there exists
a sequence of states z, such that M*(x,z,) — M*(x,z.) = h(z), and the unique
Poisson-Martin representation has v being a point mass. We need to show that
*M(zn,z) = o(x) = h(z)y(x) and that o is minimal to know that o is the dual of h

under the generalized definition.

Now

* Gt(znvx)

M(zp,x) = Gi(on, 0)
— ’7(1') t(xazn)/’}/(zn)

V(O)Gt(oazn)/'y(zn)

90 el
BECRE
= y(@)h(z) = o(x)

In addition, ¢ is minimal. To see this, assume that ¢ > o1, which is also t-invariant.
Hence, h > hy where hi(x) = o1(z)/v(x). Since hy is also t-harmonic, h/hy is a
constant, but that means o /oy is a constant, which means o is minimal. Thus, ¢ must
be the dual of h under the generalized definition.

The second part of the argument is analogous to the first part except for starting
off with a minimal ¢-invariant measure o and showing that h(z) = o(z)/v(z) is the
dual of 0.

From the first two parts of the argument, it follows that M* = *M and that
if zoo € M* then M*(2,25) = "M (200, x)/v(x). From the Poisson-Martin integral
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representation, it now follows that that the generalized definition of duality reduces to

h(z) = o(x)/v(xz) when K is reversible.

6. Literature

Van Doorn and Pollett [28] survey the vast literature on, and the interconnections
among, Yaglom limits, limiting conditional distributions, QSDs and t-invariant mea-
sures. We discuss only the most relevant papers, and we consider only irreducible
chains. Many papers are set in continuous time, but most results for continuous time
processes have an obvious analog in discrete time [28, Section 3.4].

In the impressive paper Seneta and Vere-Jones [20], the authors show that the
Yaglom limit does not depend on the initial state in the R-positive case, but they
allow for the possibility that a Yaglom limit might depend on the starting state in the
R-transient case. Seneta and Vere-Jones analyze several examples including the killed
simple random walk on the nonnegative integers that we exploited and the Bienaymé-
Galton-Watson process.

That the Yaglom limit might depend on the starting state seems to have been
overlooked for two reasons: first, in all of the analyzed examples with Yaglom limits
starting from a fixed state, the limit did not depend on the starting state; second, it
seems like there should be a coupling argument showing that the limit does not depend
on the starting state.

The connection between the p-Martin entrance boundary and Yaglom limits for
p # 1 seems to have been largely overlooked except for Maillard [21], who studies the
minimal ¢-Martin entrance boundary for ¢ > p for the subcritical Bienaymé-Galton-
Watson process. He finds that the p-Martin entrance boundary is trivial and that there
is a unique p-invariant QSD, which is the classic Yaglom limit. Breyer [3] made the
profound connection between the space-time Martin entrance boundary and Yaglom
limits but failed to realize that convergence to the space-time boundary could fail
as in Kesten’s example [18] (see below). Lalley [19] identifies the space-time Martin
boundary of a nearest neighbor random walk (stochastic transition matrix) on a class
of homogeneous trees.

Seneta and Vere-Jones [26] mention but do not pursue the domain of attraction
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problem. Most of the domain of attraction work has been concerned with situations
where there is a unique t-invariant distribution for each ¢ € [p, 1), and the question is
which initial distributions are in the domain of attraction of a particular ¢-invariant
distribution; see van Doorn [27] and Villemonais [31]. This is slightly different than
subsubsection 5.2.7 where we have many p-invariant distributions, and we determine
which initial distributions with a finite support are in the domain of attraction of a
given p-invariant QSD.

The most amazing example appears in H. Kesten’s tour de force [18]. Certainly,
Kesten was aware that the Yaglom limit could depend on the starting state, but he
does not even bother to mention it. Instead, he focuses on constructing an example of
a sub-Markov chain possessing most every nice property possible including having at
least one p-invariant QSD, but fails to have a Yaglom limit! Our far more pedestrian
example has a different Yaglom limit for every starting state. Kesten’s example and
ours are similar. The only difference is that Kesten allows the process to stay in each
state x with probability r,. Once the process leaves a state, the transition probabilities
are identical to our example. By carefully choosing the values of r,, Kesten constructs
an example where P{X,, > 0 | Xo = 0, X,, € S} oscillates as n increases. Hence the
Yaglom limit fails. Kesten [18] also gives general conditions guaranteeing the existence
of a Yaglom limit that does not depend on the starting state but this result depends
on conditions ensuring the uniqueness of the p-invariant probability or equivalently the

triviality of the p-Martin entrance boundary.
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