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Abstract

We extend the standardized time series area method for constructing confi-
dence intervals for the mean of a stationary process. These intervals are based on
orthonormally weighted standardized time series and are designed to have more
degrees of freedom than their predecessors. The higher degrees of freedom result
in smaller mean and variance of the length of the confidence intervals.

Authors’ addresses: David Goldsman, School of Industrial and Systems Engineer-
ing, Georgia Institute of Technology, Atlanta, GA 30332, smanQisye.gatech.edu;
Robert D. Foley, School of Industrial and Systems Engineering, Georgia Institute
of Technology, Atlanta, GA 30332, rfoley@isye.gatech.edu.

Keywords: Simulation, Stationary Process, Variance Estimation, Standardized
Time Series, Orthonormal Area Estimator.

1 Introduction

An important problem in computer simulation is that of finding confidence intervals
for the mean p of a weakly stationary, discrete-time stochastic process Yi,Ys,.... For
example, the Y;’s could represent successive customer waiting times from some simulated
queueing process, and we could be interested in finding a confidence interval for the mean
waiting time.

IfYy,Ys, ..., Y, were independent, identically distributed (i.i.d.) normal random vari-
ables, then

Yn + tnfl,a/QSn/\/ﬁ (1)

would be a 100(1 —a)% confidence interval for 1, where Y,, is the sample mean, bp—1,a/2 18
the 1—a/2 quantile of the ¢ distribution with n—1 degrees of freedom, and S? is the sample
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variance. However, when the random variables are dependent, the confidence intervals
from (1) perform poorly. Typically, the Y;’s are positively correlated, S? underestimates
the quantity o2 = nVar(Y,), and the coverage is smaller than the desired level 1 — a.
A natural method for overcoming these problems is to group the data into b batches of
equal size, and then to treat the batch means as i.i.d., normal data points. This batch
means method gives confidence intervals of the form

Y £ ty 102584/ Vb, (2)

where S3 , is the sample variance of the batch means. The degrees of freedom b— 1 should
be as large as possible subject to obtaining the desired coverage. Indeed, as b increases
and the batch size becomes large, it can be shown that the expected value and variance of
the half-length of the confidence intervals decrease—yielding better confidence intervals
provided that the appropriate coverage is obtained (Schmeiser [19]).

Besides batch means, a variety of other methods have been proposed including spectral
analysis, overlapping batch means, regeneration, autoregressive modeling, and standard-
ized time series (STS). (See, e.g., [4] for a review of such techniques.) Our method is an
extension of the STS area and weighted area estimators of Schruben [20] and Goldsman
and Schruben [13].

The standardized time series of Y1,Y5,...,Y, is

(] (Yo = Yine))
av/n

where Y; = 1,Y;/jfor j = 1,2,..., |-] is the greatest integer function, and o? =
lim,, .o nVar(Y,) > 0. The quantity o? is called the variance parameter; as well as being
interesting in its own right, the accurate and precise estimation of o2 is key to the good
performance of confidence intervals.

The sample mean Y,, and the random function oT},(-) are computed from the data
Y1,Ya, ..., Y, As pointed out in [20], the entire time series Y}, Ys, ..., Y, can be recon-
structed from Y, and oT,(-); thus, all of the information in the original time series is
retained. The (weighted) area method computes

T.(t) =

for 0 <t <1, (3)

An) = =S w(D)oT, (%), (@)

k=1

S|

where w(t) is a certain weighting function (to be discussed in the sequel); this statistic
is then used to form confidence intervals for p based on the t distribution with only one
degree of freedom. Obviously, there is still a great deal of unused information left in
oT, (). We develop a method in which more of the information can be extracted in a
useful and meaningful way. Specifically, we will use d different weighting functions to



obtain d statistics from o7, () that are asymptotically i.i.d., normal random variables
with mean zero and variance o?. We can then construct confidence intervals based on
the t distribution with d degrees of freedom; and it turns out (analogous to the method
of batch means) that the higher d is the better. Even though d can be as large as desired,
we shall see that as d grows, the amount of data needed to obtain coverage 1 — «a also
grows. But even obtaining as few as two or three degrees of freedom instead of one from
oT,(-) results in confidence intervals with smaller expected lengths.

The STS procedure of [13, 20] is carried out on each of b > 1 batches of observa-
tions, thereby extracting a total of b degrees of freedom (and better confidence intervals).
Although the discussion in our paper is limited to the case of one batch, we can easily
generalize the results to more than one batch (see Song [21]). Our work bears similarities
to that of Dzhaparidze [6, pp. 276-277|, who uses d > 1 multiple weighting functions
on the standardized periodogram of a single batch of observations; the purpose is to
incorporate more degrees of freedom into goodness-of-fit tests on the spectral density of
a time series. We will also use multiple weighting functions in this paper.

The current paper concentrates on the discrete-time setting, Y7, Y5, ..., though all of
our results hold in the continuous-time setting, Y, t > 0 (and sometimes with simpler
proofs). Furthermore, the continuous-time setting includes the discrete-time setting sim-
ply by defining Y; = Y|;). Nevertheless, we shall keep the exposition in the discrete-time
setting for two reasons. First, it seems to be encountered more often in practice. Second
(and more importantly), users supplied with Y7,Y5,... in the continuous-time setting
would typically approximate the weighted area under the standardized time series with
the Riemann sum A(n) from (4); users would usually avoid the analogous weighted area
expression using Y; = Y}, , i.e., A'(n) = [y w(t)oT,(t)dt. Even if A’'(n) possesses desir-
able properties, there is no guarantee that these properties will hold for the Riemann
approximation A(n). Hence, we have gone to the discrete-time setting and used the
Riemann sum as the definition of A(n); this should ensure that our results hold both in
theory and for what is actually computed in practice.

The remainder of the paper is organized as follows. §2 derives a class of estimators
for 02 and confidence intervals for . §3 defines desirable properties and gives sufficient
conditions for them to hold. §4 describes implementation aspects which substantially
decrease the computation time and storage space requirements. §5 contains an extended
analytical example for the first-order moving average process. Empirical aspects of the
performance of the confidence intervals are studied in §6. We provide conclusions in §7.
The reference [7] is an early version of this paper containing preliminary results.



2 Variance Estimators and Confidence Intervals

Similar to Glynn and Iglehart [8], we need a reasonable assumption about Y;,Ys,... in
deriving our confidence intervals for u.

Assumption FCLT There exist p and positive o such that as n — oo,

X, A oW,

where VV is a standard Brownian motion, L, denotes convergence in distribution
as n — oo, and ~
i = LtV = p)
n<t> =
NLD

Remark 1 Assumption FCLT appears as if it should be a result and not an assumption.
Since [8] lists several different sets of sufficient conditions for Assumption FCLT to hold,
the user can select whichever is appropriate.

for 0 <t <1

Remark 2 The sample paths of X, lie in D|0, 1], the space of functions on [0, 1] which
are right-continuous and have left-hand limits; the sample paths of W lie in C|0, 1], the
space of continuous functions on [0, 1]. Even though the sample paths of X, lie in DI0, 1],

we can interpret L in the uniform topology since the jump points occur at fixed time
points; cf. Billingsley [3, p. 153].

Recall that a Brownian bridge B(-) (or tied-down Brownian motion as it is sometimes
called since it is conditioned to equal zero at both ¢ = 0 and 1) can be obtained from a
standard Brownian motion W(-) by letting B(t) = tW(1) — W(t). Furthermore, W(1)
and B(-) are independent.

Theorem 1 Under Assumption FCLT,

(VYo = p),0T,) = (oW(1),0B).

Proof For x € D|0,1], define h(z) = (z(1),y), where y(t) = tz(1) — z(t) for 0 <
t < 1. So h(eW) = (eW(1),0B(-)). Similarly, define h,(z) = (z(1),z), where
z(t) = tx(l) —x(t) + ([nt] — nt)z(1)/n. Note that hy(X,) = (Vn(Yy — p),0T5,()).
From Theorem 5.5 and the subsequent comments of [3], we need only show that h is
continuous and h,, converges to h uniformly on compact sets. On D|0, 1], we use the

uniform metric (i.e., sup norm); see [3, §18]. It is easy to verify that the above conditions
hold. O



Remark 3 Three useful properties fall out of Theorem 1:
1. /n(Y, — p) is asymptotically oNor(0, 1),
2. 0T, is asymptotically o times a Brownian bridge, and

3. vn(Y, —p) and oT,, are asymptotically independent; thus, all information gleaned
from oT,, will be asymptotically independent of \/n(Y,, — p).

We can extract more information from o7,,(-) than from Equation (4) by using more
than one “weighting” function. In particular, let

1 & k k
A; = — i(—)oT,(— D
) = & T 5
for weighting functions w;(+), ¢ = 1,...,d. The next theorem says that for large n,
(A1(n),..., Aq(n)) behaves like the multivariate normal random vector (Ai,...,Ay),

where

A= " wi()oB(1) dt.

Theorem 2 If Assumption FCLT holds and w;(-) is continuous on [0,1], ¢ = 1,...,d,
then as n — oo, (Ay(n),..., As(n)) 2 (4,..., Ag).

Proof This proof is similar to that of Theorem 1 though we need to redefine h and h,,.
Let h(zx) be a d-dimensional vector whose ith component is

/ " wi(t)a(t) dt

for x € D[0,1]. So h(oB(t)) is (Ay,..., Ag). Similarly, define h,(x) as a d-dimensional
vector whose 1th component is

/0 L (D)(t) dt

for = € DI[0,1], where w;,(t) = w;(|nt]/n), 0 < ¢ < 1. Thus, h,(oT,(t)) is
(Ai(n),..., Aq(n)). Using the continuity of the w;’s, it is not hard to show that h is
continuous and h,, converges to h uniformly on compact sets. O

The continuous mapping theorem immediately gives us the next corollary.

Corollary 1 If Assumption FCLT holds and w;(+) is continuous on [0,1], i = 1,...,d,
then as n — oo,

d d
Vip(n) = ;A?(n)/d A ;Af/d.



The next theorem gives conditions that the weighting functions must satisfy so that
Ay, ..., Ag are i.i.d. Nor(0, 0?) random variables. First, we need a definition.

Condition O The functions wi,...,wy are said to satisfy Condition O if they are
orthonormal with respect to r(s,t) = (s At)[1 — (s V t)] over the unit square, where A
denotes minimum and V denotes maximum; i.e.,

/01 /Olwi(s)wj(t)r(s,t) dsdt = { (1) iﬁ ;;; :

Theorem 3 Suppose that Assumption FCLT holds and wy,...,wy are continuous on
[0,1]. Then Ay,..., Ay are i.i.d. Nor(0, 0?) random variables iff wy, ..., wy satisfy Condi-
tion O.

Proof Clearly, (Ay, ..., Ag) has a multivariate normal distribution with mean zero. We
need to show that the covariance matrix is o times the identity matrix. Now,

Cov(A;, Aj) = Cov Uol w;(s)oB(s) ds, /01 w;(t)oB(t) dt
- 1 / " wi(s)w; (1) Cov(B(s), B(1)) ds dt.

Since Cov(B(s), B(t)) = r(s,t), the covariance matrix will be o2 times the identity matrix
iff wy, ..., wy are orthonormal with respect to r(s,t). O

Theorem 3 only gives us the conditions the weighting functions must satisfy, not
the weighting functions themselves. One method of obtaining orthonormal weighting
functions is to take any set of linearly independent functions wvy,...,v4 and use the
Gram-Schmidt procedure to orthonormalize them.

Example 1 Suppose we let v;(t) = ¢!, i = 1,2,3,4. Note that the v;’s are linearly
independent. Applying the Gram-Schmidt procedure with respect to r(s,t) yields the
orthonormal weighting functions

wi(t) = V12

wy(t) = V720(t —1/2)

wy(t) = V252000t —t 4 1/5)
wy(t) = 60(14t% — 21t? + 9t — 1).

The following corollary is a consequence of Theorem 3 and Corollary 1.



Corollary 2 Suppose that Assumption FCLT holds and that w;(-) is continuous on
0,1], i = 1,...,d. If wy,...,wy satisfy Condition O, then ¢ , A?/0? is a chi-squared
random variable with d degrees of freedom, and Viy(n) 2 o2x3/d.

FEach A?(n),i=1,...,d, is an estimator for o2; we refer to Vjy-(n) as the orthonormally
weighted area estimator for 2. The area estimator from [20] corresponds to the case with
d =1 and w; (t) = V12, while the weighted area estimators of [13] correspond to d = 1.

Once we have orthonormal weighting functions, we can compute the A;(n)’s and then
Viv(n). Since Viy(n) is asymptotically ox3/d, /n(Y, — u) is asymptotically Nor(0, o2),
and the two are asymptotically independent (cf. [8, 20]), we know that the pivot

Yu—p o (6)

- tda

Viv(n)/n

a t random variable with d degrees of freedom. Hence, an approximate 100(1 — )%
confidence interval for p is given by

= VVV (n) ‘

Yn T td,oz/Q <7>

3 Properties

Suppose we have several orthonormal estimators A3(n),..., A%(n) computed from the
same information. Since there is a virtually unlimited supply of orthonormal weighting
functions, we should select those A%(n)’s that have certain desirable properties. For
example, although all of the A%(n)’s are asymptotically unbiased for o2, there is usually
bias for finite sample sizes. Therefore, one desirable property is that the bias of A?(n)
as an estimator of o2 converges to zero quickly. In particular, we will call an estimator
first-order unbiased for o* if E[A%(n)] = 0% + o(1/n). §3.2 gives results that will enable
us to find the bias of A%(n) as an estimator of o2, and then to find first-order unbiased
estimators for o?.

Asymptotically, the estimators A%(n),..., A3(n) are independent, but for finite sam-
ple size n, there is usually some correlation between the estimators. Thus, another
desirable property for the estimators to have is that they are first-order uncorrelated, i.e.,
Corr(Af(n), A%(n)) = o(1/n) for i # j. This is the topic of §3.3. We would also prefer
that the A?(n)’s be approximately independent of the sample mean Y,,. This property
would help the distribution of the confidence interval pivot to be approximately t4. We
give relevant results in §3.4. Lastly, §3.5 presents asymptotic properties of our confidence
interval estimators for u.



3.1 Assumptions

Before we find first-order unbiased and uncorrelated estimators, we need to make some
assumptions on the covariance function Ry = Cov(Y1, Y1.x) and on the weighting func-
tions wy, ..., wy.

Assumptions FO
1. Yy, Ys, ... is stationary,
2. Assumption FCLT holds,
3. S0, kY Ry < oo,
4. 302 R = lim,_oo 0'7% = 0% > 0,
5. w! is continuous and bounded on [0,1], i = 1,...,d, and

6. fy Jo wi(s)w;(t)r(s,t)dsdt =1,i=1,...,d.

Assumption FO.3 is a technical condition on the underlying stochastic process that
is satisfied by many stationary stochastic processes of interest; it is needed in our main
proof. Assumption FO.4 should not be interpreted as a definition of o2 since that quan-
tity was already implicitly defined as the appropriate constant needed in the functional
central limit theorem. Sufficient conditions for 6 to be equal to 3°5° Ry appear in [8].
Assumption FO.5 is a mild technical condition on the weighting function that allows us
to invoke the trapezoid rule in our main proof.

3.2 Bias and Variance of A?(n)

In order to obtain an expression for the bias of A?(n) (and, implicitly, the bias of V- (n)),
we first define the quantities

¢
Wi t) = /wi(s>d8’ 0<t<17 Z:17 ad7
0
W, = W;(1), i=1,...,d,
_ i
Wi(t) = Wi(s)ds, 0<t<1; i=1,...,d,
0
‘/T/YZ = ‘/T/z(l)a 7’:]'7 7d7
cij = Wi=W)(W; —=W,)+W,W;, 4,5=1,...,d, and
v = —22/€Rk
k=1



Using Assumptions FO, we can derive the next theorem, a generalization of the discrete-
time analog of Corollary 4.2 from Goldsman, Meketon, and Schruben [11].

Theorem 4 Under Assumptions FO,
1, y
Cov(A;(n), A;(n)) = o” / / wi(s)w; (£)r(s, t) dsdt+% +O(1/n?).
0o Jo n
Proof See the appendix. 0O

We now have an important corollary concerning the expected value of A?(n).

Corollary 3 Under Assumptions FO,

Var(Ai(n)) = E[A300)] = 0>+ 22 +-0(1/n?).
n
Corollary 3 gives the bias of A?(n) as an estimator of 2. The term ~yc;/2n constitutes
the first-order bias, where v is a constant that depends only on the stochastic process
Y1,Ya, ..., and ¢; is a constant that depends only on w; (cf. Song and Schmeiser [23]).

Example 2 For the w;’s from Example 1, we have ¢i1 = 3, o9 =5, c33 =7, cas = 9. So
the weighted area estimator of o2 can be quite biased for stochastic processes with ||
large.

If we can select weighting functions with ¢; = 0, then A?(n) will be first-order unbi-
ased for 0. Although a first-order unbiased estimator may not be unbiased, we would
expect that such an estimator would have a smaller bias and, hence, yield “better” con-
fidence intervals (see Sargent, Kang, and Goldsman [18]).

Example 3 If w;(t) = v/840(3t* — 3t + 1/2), then ¢;; = 0, and so A?(n) is first-order
unbiased for o2 (cf. [11]).

Here we define a condition on the w;’s that will be sufficient for an estimator to be
first-order unbiased for o.

Condition U The weighting function w; is said to satisfy Condition U if W; = W; = 0.

Corollary 4 Under Assumptions FO, the random variable A%(n) is first-order unbiased
if w; satisfies Condition U.

Proof Follows from the definition of ¢;;. O



Remark 4 Although we have no control over 7 (since it depends on the underlying
stochastic process), A%(n) is first-order unbiased if it happens that v = 0, e.g., when
Y1,Y5, ... areiid.

Given a set of linearly independent weighting functions satisfying Condition U, we can
use the Gram-Schmidt procedure to orthonormalize these weighting functions to satisfy
Condition O. Fortunately, since Condition U is preserved under linear combinations, we
see that it is preserved during the Gram-Schmidt procedure. Thus, we will be able to
find weights that satisfy both Conditions O and U.

Example 4 Two polynomial weighting functions satisfying Conditions O and U are

63000 /1 9t
wit) = S (550t 1) e

-2 31t 2513
wy(t) = V574560 <ﬁ+_76 —t2+—38 )

It would be useful to have an infinite set of reasonably simple weighting functions
that satisfy Conditions O and U. The next example gives such a set.

Example 5 An infinite sequence of weighting functions satisfying Conditions O and U
is w;(t) = 8micos(2mit), i = 1,2,....

Remark 5 The weightings from Example 5 are also suggested by Bartlett and Diananda
[2] in the context of testing for autoregressive processes (also see Dzhaparidze [6]). In
fact, the example is similar to a Karhunen-Loeve expansion (cf. Ash and Gardner [1])
with the added wrinkle that the orthonormal functions must satisfy Condition U. We
will use the weighting functions of Example 5 in our empirical studies.

3.3 Correlation between A7(n) and A3(n)

As mentioned earlier, another desirable property for estimators to have is that they are
first-order uncorrelated. Although we cannot always give conditions for A%(n), ..., A%(n)
to be first-order uncorrelated, we can do so for Ay(n),..., As(n). In fact, with no addi-
tional conditions beyond O and U, the next corollary shows that Corr(A;(n), A;j(n)) =

o(1/n) for i # j.

Corollary 5 If Assumptions FO hold, and if w; and w;, ¢ # j, satisfy Condi-
tions O and U, then Corr(A;(n), A;(n)) = O(1/n?).
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Proof Follows from Theorem 4 and Corollary 3. O

If we are willing make more assumptions, then we can make a stronger statement
concerning Corr(A?(n), A(n)).

Corollary 6 Suppose Assumptions FO hold, (A;(n), Aj(n)) is bivariate normal, and
Var(A%(n)) — Var(A?), ¢ = i,j. If w; and wy, i # j, satisfy Conditions O and U, then
Corr(Af(n), A%(n)) = O(1/n").

Proof Since (A;(n), A;(n)) have respective means equal to zero, Patel and Read [16, p.
309] and Theorem 4 imply that

Cov(Af(n), A3(n)) = 2Cov?(Ai(n), A;(n)) = O(1/n%).

The proof is completed by noting that Var(A%(n)) converges to a constant, viz., 20%. O

3.4 Correlation between Y, and A?(n)

We also stated earlier that another nice property would be for the sample mean Y,, to be
approximately independent of the A%(n)’s. We give the following related results, both of
which show that the associated correlations disappear quickly as the sample size grows.

Theorem 5 If Assumptions FO hold, and if w; satisfies Condition U, then
Corr(Y,, Ai(n)) = o(1/n).

Proof See the appendix. 0O

Again, more assumptions will allow us to make a stronger statement concerning

Corr(Y,,, A%(n)).

Theorem 6 Suppose Assumptions FO hold and (Y, A;(n)) is bivariate normal. Then
Corr(Y,,, A2(n)) = 0.

Proof Without loss of generality, we can assume that E[Y,] = 0. Then the result follows
from Patel and Read [16, p. 309]. O

11



3.5 Confidence Intervals

The confidence intervals for u given by Equation (7) are asymptotically valid, i.e., they
achieve approximately the desired coverage as the run size n — oo (with d fixed). Given
that a particular confidence interval attains the nominal coverage 1 — «, we might be
interested in studying the lengths of the confidence intervals—the smaller the better if
the desired coverage is obtained.

To this end, we define the half-length of the orthonormally weighted area confidence

interval for p as H = tg44/2y/Viv(n)/n. Similar to Schmeiser [19] and Goldsman and
Schruben [12], we find that as n — oo (with d fixed)

)

\/’f_lH 2> Utd,a/Q\/X?i/d-

Assuming uniform integrability, we can obtain

\/HE[H] — O'td,a/z %F«Iil(z—/l;)m (8)

and

where I'(+) is the gamma function. The right-hand sides of Equations (8) and (9) both
decrease in d.

Although Schmeiser [19] argues that there is not much to be gained in terms of E[H]
and Var(H) by taking d > 30, it is interesting (at least pedagogically) to study the
coverage of the confidence intervals for “large” d. In particular, we want to see how the
coverage behaves as we push the value of d higher. (Also see Example 10 in §6.) If d is
large and we assume that the A%(n)’s, i = 1,...,d, are approximately independent, then
a central limit theorem (see Rohatgi [17]) implies that

14
Viw(n) = 5> Ai(n) ~ Nor(E[Viy(n)], Var(Viy (n))),
i=1
where the notation = is taken to mean “is approximately distributed as”. Thus,

T e

Vir (1) /1 SVwm)oz X

where Z ~ Nor(0,1) and X ~ Nor(E[Vyy(n)], Var(Viy(n)))/0* ~ Nor(1,2/d). Then the
probability that the confidence interval (7) covers p is approximately Pr{|T| < tga/ 2} =

12



2% (tg,a/2) — 1, where the cumulative distribution function (c.d.f.) of T is given by

F~(s) = P{T < s} = Pr{Z < s|X|"/*}

T

- /_o:o Pr{Z < slal'?} fx(2) do = /OOO ®(s2'/?) fx (2) du, (10)

and where ®(-) is the standard normal c.d.f.; fx(-) is the probability density function
(p.d.f.) of X, and Var(X) = 2/d is small enough to assume that Pr{X < 0} is negligible.
(Note that the integral in (10) can be evaluated numerically.)

4 Implementation Aspects

We have presented the weighted area A;(n) as arising from a two-stage process: compute
the standardized time series 0T, (t); then compute the weighted area A;(n) using o7, (t)
and the weighting function w;. Intuitively, this is a good way to think of A;(n), but
computationally, it is inefficient. Let us rewrite Equation (5) to see if we can find more
efficient ways to compute A;(n) directly from Y;,Ys,...,Y,. (See Dzhaparidze [6] for
similar results related to periodograms.) Equations (3) and (5) and some algebra yield

Ayn) = %iwi(/{/n)k(mjgﬁm
"k
- (B )

= W;%(J)Yga (12>

(ZY) “Sudyy

j=1 j=1

where we define
n

g:(j) = Z(k/n w;(k/n) — sz k/n) (13)

k=1

for a weighting function w;.
Equation (12) provides an easy way to compute A;(n), i = 1,...,d; it requires only
that we use (13) to calculate (or store a priori) g;(j), j = 1,...,n, before summing the

linear combination of the Y;’s in one pass. This expression for A;(n) will allow us to derive
its performance characteristics for the specific analytical examples to be presented in §5.
Equation (11) gives an even more efficient way to calculate the A;(n)’s, i = 1,...,d, in
one pass. This alternative requires only that we maintain and update the 2d+1 quantities
Zﬁ':] Y;, Sk (k/n)w;(k/n), and Sk, w;(k/n) Z?:] Y;, i =1,...,d, the only nontrivial

13



update being, for £ =1,...,n — 1,

441 k

2wl

ZY

E Y'*é EZY+
njlj_:wzn Wil

5 Analytical Results for the M A(1) Process

For some simple stochastic processes and low-order polynomial weighting functions, it
is possible to carry out the algebra to obtain ezact results on Viy(n). Throughout this
section, we find such exact results for a first-order moving average [MA(1)] process. The
MA(1) is given by Y41 = 0¢; + €541, 7 = 1,2,..., where the ¢;’s are i.i.d. Nor(0,1); so
Ry =1+ 6% Riy = 0, and R, = 0, otherwise. It is easy to see that for the MA(1),
0= (1+0)% and v = —20.

§5.1 analyzes the bias, variance, and mean squared error (m.s.e.) of the weighted area
and batch means estimators for 62, In §5.2, we study the correlation between A%(n) and
A3(n). §5.3 is concerned with the correlation between the sample mean Y, and A?(n);
and §5.4 gives exact results for confidence interval coverage and expected half-length for
some special cases.

5.1 Bias, Variance, and Mean Squared Error of A?(n)
For an MA(1) process, Equation (12) gives

Cov(ai (), A2(n) = 15 3501 (R)oa()Cov(¥ i)

= %{(Hw)fjg](j +0§jg] 923+1)+g1(]+1)g2(j)]}, (14)

whence
1 n n—1
E[A%(n)] = Var(4;(n)) = = 1—|—92 Z +292g1 Na(G+1)|. (15)
7j=1 7j=1

We can now determine the bias of A?(n) as an estimator of o2.

Example 6 Consider the weighting function wy (t) = v/840(3t? — 3t + 1/2) from Exam-
ple 3. If we calculate g;(j) from Equation (13) and then plug into the above equation,
we obtain

7(0°— 100 +1) 1050

2 _ 2
A n)] = o*+ =

O(1/n%).

14



This directly shows that E[A%(n)] = 0% + O(1/n?); hence, A}(n) is first-order unbiased
(which makes sense in light of Example 3). Note that if 0 happens to equal (104+/96)/2,
then A2(n) is second-order unbiased for o2.

Since Aj(n) is a linear combination of zero-mean, jointly normal random variables,
we have Ai(n) ~ Nor(0,E[A%(n)]). This implies that A%?(n) ~ E[A%(n)]x?, and so
Var(A%(n)) = 2E%[A%(n)]. Thus, if we use the weighting function w; from Example 6,
the m.s.e. of A?(n) as an estimator of o2 is MSE(A?(n)) = Bias?[A3(n)] + Var(A3(n)) =
20 + O(1/n?).

Remark 6 (Comparison to Batch Means) Perhaps the most popular estimator for
o? is the batch means estimator mentioned in §1,

2 m o o\ 2 m : 2 2
Vasln) = mShy, = o 3 (Vi = Vo) = 2= (72, = 072),
i=1 =1

where we divide the n observations into b adjacent, nonoverlapping batches, each of
length m (assume n = mb), and where the ith batch mean is Y;,, = 37, Yiicym+k/m
for i =1,...,b. From [18], we have E[Vp,(n)] = 0? +v(b+ 1)/n = 0?4+ O(1/n). So the
weighted area estimator using a first-order unbiased weight is generally less biased for
o?. From [5], we have Var(Vg,(n)) = 20%/(b—1) + O(1/n), and so the m.s.e. of Vpz2(n),
the batch means estimator for o2 based on b = 2 batches, is 20* + O(1/n)—about the

same as that of the weighted area estimator based on just d = 1 degree of freedom.

5.2 Correlation between A7(n) and A3(n)

We illustrate the calculation of the Corr(A3(n), A3(n)) for an MA(1) process.

Example 7 Consider the weighting functions w; and wsy from Example 4 (which sat-
isfy Conditions O and U). If we calculate g;(j) from Equation (13), ¢ = 1,2, and then
substitute into Equation (14), we obtain

5v3(02 — 100 + 1)

Cov(Ai(n), As(n)) = 19n?2

+0(1/n*) = O(1/n?).

Then [16, p. 309] yields
Cov(A%(n), A%(n)) = 2Cov*(A;(n), As(n)) = O(1/n*).

Further, by Corollary 3, Var(A?(n)) = 2Var*(A;(n)) — 20 as n — oo for i = 1,2. Thus,
Corr(A2(n), A3(n)) = O(1/n*), a result that is in line with Corollary 6.
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5.3 Correlation between Y, and A?(n)

We can also study the covariance between A;(n) and the sample mean Y;, for the MA(1).
In particular,

n®2Cov(Yy, Ai(n)) = zn: g: (k) zn: Cov(Y;, V%)
k=1

— )Y k) 4205 gulk) — 0(g:(1) + () = —B(gi(1) + gu(m)).

k=1 k=1

the last step a result of the fact that >7_, g:(k) = 0. Since Y, and A;(n) are jointly
normal, they will be independent if Cov(Yy,, A;(n)) = 0, i.e., if 6 = 0 or g;(1) + gs(n) = 0.
In addition, Theorem 6 immediately shows us that Corr(Y,,, A?(n)) = 0.

Example 8 Let wy(t) = v/840(3t> — 3t + 1/2) as in Example 3 (which satisfies Condi-
tion U). After some algebra,

V840

 4n?2

7)) = [47° = 65%(n + 1) + 2j(n” + 3n+ 1) —n(n+ 1)),

so that g;(1) + g1(n) = 0. Thus, for the MA(1) process with weighting function w;, we

have that Y,, and A;(n) are not only first-order uncorrelated, they are independent.
Unfortunately, it can be shown that this exact independence does not necessarily

manifest itself for any w; satisfying Condition U.

5.4 Properties of Confidence Intervals

We can give exact results for coverage and expected half-length for several special cases
of the approximate 100(1 — @)% confidence interval for p given by Equation (7) with
d = 1. For the remainder of this subsection, consider the first-order unbiased weighting
function wy (t) = v/840(3t> — 3t + 1/2) from Example 3. Since

o M(n) ~ E[An)]x} (see §5.1),
e Y, ~ Nor(u,0%/n), and
e Y, and A?(n) are independent (see Example 8),

the confidence interval pivot is exactly distributed as (cf. (6) with d = 1)

Y, = B ty/u(n),



where u(n) = \/E[A3(n)]/o?.
The resulting two-sided weighted area confidence interval has coverage

CVGw = Pr(—t1 a2 < Y, < th.a/2)
= Pr(—tiaou(n) <ty <ty a0u(n))

2
= —arctan(ly aou(n)).
T

Since A%(n) ~ E[A3(n)]x?, the expected half-length is

E[Hw] = tiapE[(Ai(n)/n)"?]
t,a/2(E[AT (n) /) /2E[(XD) 2]

= t]7a/2\/2E[A( )]/mr

(cf. [18]). Similarly, one can also show that the batch means method with two batches
yields coverage

CVGy = %arctan(tm/g E[VBa(n)|/o? )

and expected half-length

E[Hp] = t1,0/2y/2E[Vpa(n)]/n.

For this special example, the above results allow us to compare analytically the
weighted area confidence interval based on w;(t) and the batch means confidence in-
terval based on two batches—both of these confidence interval methods use one degree
of freedom. The case of positive MA(1) parameter 6 is not interesting since very small
n yields coverages close to 90%. However, 6 < 0 is a different story; in this case, the
MA(1) has negative serial correlation. Table 1 gives exact results when § = —0.9 and
1 —a=0.90.

We see that the coverages for batch means slowly decrease to the nominal value 90%.
The weighted area coverages dip below 90% but rebound to come within 0.01 of 1 — «
a bit before the batch means method This peculiar “dip” is due to the weighted area
variance estimator underestimating o2. The expected half-lengths for the weighted area
confidence intervals are usually much r;maller than those for the batch means method.

6 Empirical Performance Results

We now give empirical results comparing the orthonormally weighted area method with
the batch means method in terms of confidence interval performance. We carried out a
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4 0.942 | 0.956 | 2.937 | 3.914
8 0.941 | 0932 || 1.474 | 1.273
16 0.940 | 0.907 || 0.742 | 0.472
32 0.939 | 0.878 || 0.377 | 0.188
64 0.936 | 0.859 (| 0.193 | 0.087
128 || 0.932 | 0.861 | 0.102 | 0.049
256 | 0.926 | 0.874 || 0.056 | 0.032
512 | 0.919 | 0.885 || 0.032 | 0.022
1024 || 0.912 | 0.892 || 0.019 | 0.016
2048 || 0.907 | 0.896 | 0.013 | 0.011
4096 || 0.904 | 0.898 || 0.008 | 0.008
8192 | 0.902 | 0.899 || 0.006 | 0.006

Table 1: Exact Results for the MA(1) Process with § = —0.9 from §5.4

L n [ Cro| Cpa| Cwa | Cws |
16 0.612 | 0.339 || 0.605 | 0.307
32 0.682 | 0.434 || 0.676 | 0.393
64 0.741 | 0.538 || 0.734 | 0.497
128 |[ 0.789 | 0.627 || 0.784 | 0.596
256 || 0.820 | 0.703 |[ 0.815 | 0.682
512 || 0.853 | 0.764 || 0.846 | 0.748
1024 || 0.867 | 0.804 || 0.859 | 0.791
2048 || 0.882 | 0.841 || 0.882 | 0.834
4096 || 0.888 | 0.865 || 0.887 | 0.860
8192 || 0.891 | 0.879 || 0.889 | 0.877

Table 2: Estimated Coverages for the M/M/1 Example 9
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[ 7 [ Ca | Cpa Cwa | Cus ]
16 || 5.95 | 1.84 || 5.82 | 1.67
32 || 7.25 | 230 || 7.13 | 2.04
64 | 8.17 | 2.69 || 8.11 | 2.41
128 || 8.55 | 2.95 || 8.60 | 2.67
256 || 8.15 | 2.96 || 8.27 | 2.76
512 || 6.98 | 2.69 || 7.04 | 2.59
1024 || 5.62 | 2.25 || 5.63 | 2.22
2048 || 438 | 1.79 || 4.38 | 1.79
4096 || 3.23 | 1.36 || 3.24 | 1.37
8192 || 2.38 | 1.00 || 2.36 | 1.01

Table 3: Estimated Expected Half-Lengths for the M/M/1 Example 9

battery of Monte Carlo experiments involving simple ARMA, queueing, and inventory
processes; the next empirical example can be viewed as representative, and shows that
our new method is at least competitive with batch means when d is small.

Example 9 Consider the waiting time process of customers in a stationary M/M/1
queue with arrival rate 0.8 and service rate 1.0. We compare the performance of four
confidence interval estimators: batch means with 2 and 4 batches from (2) (Cp2 and
Cp.4, respectively), and the orthonormally weighted area estimators from Example 5
using weighting functions wy, ..., w,; with d = 1 and 3 (Cw,; and Cy 3, respectively).
Note that Cpg and Cy;; are based on 1 degree of freedom, while Cp 4 and Cy 3 are
based on 3 degrees of freedom. Tables 2 and 3 give estimated coverages and expected
half-lengths of the four confidence interval estimators. These results are based on 20000
independent replications of the appropriate simulation experiments. Coverage of 90% is
desired; the standard error of the coverage estimates is about 0.002.

Table 2 shows that Cg 9 and Cyy; have better coverage for small sample sizes, but all
methods approach the desired coverage as n increases. Table 3 shows that the expected
values of the half-lengths for Cpz 4 and Cyy 3 are much smaller than those from Cp o and
Cw,1. Similar results hold for the variances of the half-lengths.

We see from Example 9 that for fixed n, coverage sometimes deteriorates as the degrees
of freedom increases (whether we use batch means or the orthonormally weighted area
method); cf. [18]. Clearly, the experimenter would like to maximize the degrees of freedom
subject to proper coverage since the expected value and variance of the half-lengths tend
to decrease with increasing degrees of freedom (see [19] and Table 3). The next example
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shows that it is possible for the orthonormally weighted confidence intervals to work with
“large” degrees of freedom, even when only “limited” data is available.

Example 10 Suppose that we take n = 128 i.i.d. Nor(0, 1) observations, and that we
are interested in forming orthonormally weighted area 90% confidence intervals for u
based on d = 30 degrees of freedom. (Of course, batch means with one observation per
batch and n — 1 = 127 degrees of freedom would have produced exactly 90% coverage
for this example’s scenario.) We shall use Example 5’s weighting functions, which satisfy
Conditions O and U. We conducted Monte Carlo simulation runs of the process to obtain
10000 independent realizations of the confidence intervals; the estimated coverage was
0.9099. Coverage inflated unacceptably for d > 30 at the expense of increased half-
lengths.
How can we explain such behavior? By Equation (15) with 8 = 0, we have

V()] = =3 ELAm)] = 25> g2 (k). (16)

=1 k=1

Q=

d
i=1

Similarly, (14) with 0 = 0 and Patel and Read [16, p. 309] imply

d d
Var(Vig (n)) — %;;COV(A?(n),Ai(n))
2 d d - 2 d d n 2
= oYY (A A ) = oS (S ek ) . (17)

For the ii.d. Nor(0,1) example at hand, Equations (16) and (17) give E[Vjy(n)] =
1.0678 and Var(Viy(n)) = 0.07627, respectively; so Viy(n) is a bit biased for estimat-
ing the variance parameter o2 = lim, .., nVar(Y,) = Var(Y;) = 1, while Var(Vjy(n)) is
a little bigger than the anticipated Var(o?x3/d) = 2/d = 0.06667. Using our values
for E[Viy(n)] and Var(Viy(n)) into the p.d.f. fx(z) and integrating the right-hand side
of (10) numerically via Mathematica (see [24]), we obtain an approximate coverage of
2% (t30,0.05) — 1 = 0.9094 (which is very close to the Monte Carlo coverage result).

7 Conclusions

This article studied orthonormally weighted area variance estimators. These variance
estimators are first-order unbiased, and thus compare favorably to the analogous batch
means variance estimator. Our orthonormal estimators can also be used to construct
asymptotically valid confidence intervals for the mean of a stationary stochastic process.
The confidence intervals are based on more degrees of freedom than their competitors;
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therefore, the new intervals tend to have smaller expected half-lengths and smaller half-
length variances.
There are a number of ways to improve or otherwise use the orthonormal estimators.

1.

In a sense, the orthonormally weighted area estimator is at the opposite end of the
spectrum from the estimators in [13, 20]; those articles take one estimator (d = 1)
with multiple batches, while we have one batch with several estimators (d > 1).
The “best” procedure may lie between the two ends of the spectrum. If multiple
batches are employed, the weighted area estimators are asymptotically independent
of the classical batch means estimator (as the batch size grows); see Schruben [20]
and our Theorem 1. Hence, the degrees of freedom from all of the estimators can
be added—yielding better confidence intervals.

. We can apply Meketon and Schmeiser’s [15] methodology to our orthonormal area

estimators. In [15], the authors divide n observations into n — m + 1 overlapping
batches, each of size m. We would expect that the bias of the resulting overlapped
orthonormal area estimators would be the same as that of the regular orthonormal
area estimator, but that the overlapped estimators’ variances would be somewhat
smaller.

. We would hope to apply our orthonormalization methodology to other variance

estimators, perhaps the Cramér-von Mises estimators discussed in [9].

. We can obtain confidence intervals for o2, a problem that is interesting in its own

right. For example, starting with Viy(n) =~ 02x3/d, it is easy to show that an
approximate 100(1 — «)% confidence interval for o is given by

d VVV (n) 2 d VVV (n)

2 2 )
Xd,o/2 Xd,1—a/2

where X3, and xj,  are appropriate quantiles from the x3 distribution.

. It is straightforward to use the methods of this article to derive first-order unbiased,

orthonormally weighted area estimators for o2 = nVar(Y,,) (instead of o2).

Song [21] and Song and Schmeiser [22] express several estimators (including the
weighted area estimator) as quadratic forms and graph the coefficients of the
quadratic forms in three dimensions (cf. Grenander and Rosenblatt [14]). These
graphs yield considerable insight into the behavior of the orthonormally weighted
area estimators.
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8 Appendix

This appendix contains the proofs of Theorems 4 and 5. Throughout, n is the sample
size, © and j are reserved for subscripts of the weighting functions, and k, ¢, and m are
integers. The following notation will be used in the appendix; the subscript D denotes
the discrete analogs of previously defined quantities such as W;(t).

Ly = ZYk, m=1,...,n,
k=1
V(m) = Var(Z,), m=1,...,n,
m 1 & k
Wpi(—) = — (=), m=1,....,n; i=1,...,d,
D’(n) n};w(n) m n; 1
WDJ' = WD7i(1)a = 1, . ,d,
B ln—] k .
Wp;, = =) Wpi(=), i=1,...,d, and
n iz n
= max s (1)1
A @élozggpl\w()\

The next four lemmas provide “big-Oh” results that will be used in the proof of
Theorem 4.

Lemma 1 Under Assumptions FO,

V(n) o,y 2
— = o —I—n+n;:n(k n) Ry (18)
92,7 1
= o’ + " +O(—n2). (19)

Proof Equation (18) follows from the definition of 7, Assumption FO.4, and the fact
that V(n) = nRo+2 72| (n — k) Ry; after noting that n| 352 (k—n)Ry| < 352, k2| Ry,
Equation (19) follows from Assumption FO.3. O

Lemma 2 Under Assumptions FO, if k£ </, then

Cov(Ze Zi) = ko?+ 243 (m—0ORn+ > (m—k)R,, —

. (m — (€ — k) Rop.

k

oo
m=~ m=k m=~—

Proof Follows from the fact that Cov(Zy, Z;) = [V(¢) + V (k) — V(£ — k)]/2 (cf. [10])
and Equation (18). O
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Lemma 3 Under Assumptions FO,
_ ol 1
n2 Z wl COV Zn, Zk) = OQ(WD7Z‘ — WD7’£) + %WDJ + O(E>

Proof By Lemma 2 and summation by parts, we have

LS~k 7Y ., Fin)
sz COV Zna Zk) — ﬁ ;wz(g) <]€0'2 =+ 5) + 2
. 2
- UQ(WDJ —Wpy) + lWDJ' + <?),
2n n
where
sz {Z (m—=n)Rpn+ Y (m—k)Rpn— Y (m—(n—k)Ry|.
m=n m=k m=n—k

To finish, we establish that P;(n) is of order O(1).

P(n)| < ﬁfj[immmwimmmu S mlRyl

k= = m=k m=n—k

= lznmmuz (m AR Rl + 3 m+1)An)IRmI]

m=1

IN

43 Z m?R,,| = O(1) (by Assumption FO.3). O

Lemma 4 Under Assumptions FO,
1 n
-3 Z Z U)Z COV(Zk, Zg)

e =

= [(WDz WD2>WD3+WD2(WDJ_WDJ>]
f
- Zsz ’f\/f)+ WDzWDg+O( )

k=1 ¢=1

Proof By Lemma 2 and summation by parts, we have

! ZZU)Z COV(Zk,Zg>
=1

3
Ly
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NN L7, Pa)
= Xl wn ) [k A 0o + 2] + =L
o A k { Y Py(n)
- 7 (DY (D) k40— (kV O] + L WpWp ; + 2
53 Y+ (R O] Wi, W, 4 2
= *[(Wpi —Wpi)Wpj +Wpi(Wp; —Wp,;)]
o I k 14 Pi;(n)
—— ;;wl<g)w]<g)(l€ vV g) + %WDJ'WD’]' + 77,3 s
where
Piy(n) = Y > wi()wi(=) | D (m—=ORp+ > (m—k)Rp— > (m— [0 —k[)Ry,
k=1¢=1 T | m=e m=k m=|0—k|

To finish, we establish that P;;(n) is of order O(n).

=1 4= m=k m=|{—k|

|Pi(n)] < ﬁQZZ{Zm!RmHZm!RmH > mlRn|
k=14=1 | m=¢{

= [277,271: m| Ry | + Ig:é: Z m|Ry,|

(=1 m=¢ =|0—k]|

= [Zanm/\n\R | + an\R H—ZZn—f Zm\Rmﬂ
m=1 m=~£
< B> m?|Ry| = O(n) (by Assumption FO.3). O

m=1

We now have the machinery to prove the main result.

Proof of Theorem 4. By Equation (5)
é k 14
COV(AZ'(H), Aj = n2 Z sz 77, COV(T (5)7Tn(_))

k=1 =1 n
- n3 Zzwl

E kl k !
—V(n) — =Cov(Z,, Zs) — —=Cov(Zy, Z}) + Cov(Zy, Zy)
k=1¢=1 n n
(from Equatlon (3) and the definition Of Zm)

1 - - L l
== EV(n)(WDﬂ — WDJ')(WDJ' — WDJ') (WD P WDJ-) Zw]<n)COV(Zn, Zg)
/=1

an

1
o

1
—E(ij I/VD‘7 ZU)Z n COV(Zn,Zk)
k=1

3wy (bconz. 2)

k=1 ¢=1
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(from summation by parts)

VW f
-0 lWD’iWD’j —WpiWp,; — n3 Z sz J(kV 5)1
k=1 (=1
+% |:(WD,Z' - WD,Z')(WD,]' - WD,j) + WD,Z'WD,]} T O(]./n2) (20)

(from Lemmas 1, 3, and 4).

At this point, we would like to replace the discrete approximations to integrals with
the integrals themselves. To do this, we need three “big-Oh” expressions relating the
approximations and the integrals. From the trapezoid rule for integration, we have

k k. w;(0) —wi(%)

(MY = ( 2
which gives us the first of the three expressions needed:
(1) —w; (0
To get a similar relationship for Wp , start off with
W;

} :—ZW ——+O(1/n)

replace W;(k/n) in the summation Wlth the right-hand side of (21), and collect terms to
obtain the second approximation needed:

(0
2O o me) (23)
The third approximation relates the double summation in (20) with the integral

//wl s)w;(t)(sVil)dsdl = //wl s)w;(t tdsdt—l—//wl s)w;(t)sdsdt. (24)

The first term on the right-hand side of Equation (24) gives us

/01 /twi(s)wj(t)tdsdt _ /01 W (0w, (1) di

WDJ' -

S Z kWZ E) _ Wiy (1) + O(i) (from the trapezoid rule)
U n 2n n?
1”kk£ k 1 &k k k Wiw; (1) 1
_ L E Yy S By i (0) — wy(Ey) = 25 o=
23 () + 5 3 () 0) — i) - 5 0l
(by (21), the boundedness of w;, and the definition of Wp, ;(k/n))
E”: Z Bt k) L wiOW; — W;) — Jo swi(s)w;(s) ds — Wiw;(1) N O(%)
—=.n n 2n n
(dfter applylng integral approximations and then integration by parts). (25)
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Similar machinations on the second term on the right-hand side of (24) yield

/] ] w;(s)w;(t)tdsdl

o En: En: g”*%wﬂ%) 4 WO = W) + Jo 5;‘;;‘(8)%(8) ds —w(HW; oL

).
(26)

n2

Substituting (25) and (26) into (24) and rewriting gives us the third “big-Oh” expression:
" (kve) L k
kvo L
n n n
1
- / wi(s)w; (t)(s V 1) ds dt
0

_wz(O)(WJ - Wj) + ’LU](O)(WZ - Wz) - wz(].)W] - w](l)Wz
2n
Now use the three expressions (22), (23), and (27) in (20) to obtain

o

FO(y). (1)
Cou(is(n), Ay(n)) = o [Witb; = Wit — [ 1 / ") (£)(s V 1) dsdi
oL (W = W)W, = 1W,) + W] +0(=). (29

To complete the proof, we use repeated integration by parts to simplify the coefficient of
the o2 term in (28):

Win — I/T/ZW] — /01 /01 wl(s)w](t)(s +t—5sA t) dsdt
= I/VZI/V7 - I/T/ZW] — (I/VZ — m)Wj — I/VZ(I/V7 - W]) + /0] /01 wi(s)wj(t)(s VAN t) dsdt
= [ [ wilshus0)(s A1) dsdt — (W, = (W, — 7))

= [ [ wilswit)s nt = stydsdr. ©

Finally, we prove Theorem 5.

Proof of Theorem 5.

ns/QCOV(Yn, Al(n)) = Z wi(E)COV<Zn’ -



"k
= Vi(n) Z - w; Zwl VCov(Zp, Zy)
k=1
= n(WDJ/Q — WD,Z')")/ + O( )
(by Lemmas 1 and 3 and summation by parts)

= o(n) (by (22), (23), and Condition U).

Thus, Cov(Y,,A;(n)) = o(1/n*?). Meanwhile, Lemma 1 implies that nVar(Y,) =

V(n

)/n — o2, and Corollary 3 implies that Var(4;(n)) — o%. O
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