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Abstract

We consider a finite capacity queueing system in which each arriving customer offers
a reward. A gatekeeper decides based on the reward offered and the space remaining
whether each arriving customer should be accepted or rejected. The gatekeeper only
receives the offered reward if the customer is accepted. A traditional objective function
is to maximize the gain; that is, the long-run average reward. However, it is quite
possible to have several different gain optimal policies that behave quite differently.
Bias and Blackwell optimality are more refined objective functions that can distinguish
among multiple stationary, deterministic gain optimal policies. This paper focuses on
describing the structure of stationary, deterministic, optimal policies and extending this
optimality to distinguish between multiple gain optimal policies. We show that these
policies are of trunk reservation form and must occur consecutively. We then prove
that we can distinguish among these gain optimal policies using the bias or transient
reward and extend to Blackwell optimality.

Key words and phrases: Semi-Markov decision processes, bias optimality, gain optimality,
Blackwell optimality, trunk reservation, revenue management

1 Introduction

We consider a slight generalization of the following. Suppose we add a gatekeeper to an

M /M /n/m queueing system, and the gatekeeper decides whether each arriving customer is
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admitted or rejected. Different customers bring different rewards, and the gatekeeper receives
the reward only if the customer is accepted. The gatekeeper knows the reward offered by the
customer and the number of customers currently in the system. The gatekeeper’s objective
is either to maximize the long-run average reward received or to achieve a more stringent
form of optimality such as bias or Blackwell optimality. Clearly, as the number of customers
in the system nears the system capacity m < oo, the gatekeeper would be inclined to
reject customers offering smaller rewards since accepting these customers might prevent the
admission of a customer offering a larger reward.

More precisely, we assume that the arriving customers form a Poisson process with arrival
rate A > 0. The amount of work required by each customer is exponentially distributed
with mean one. Each arriving customer independently offers a reward r; with probability
pr > 0 for k =1,2,...,¢. Thus, the arrival process can be decomposed into ¢ independent
Poisson processes with rates A\, = App for £k = 1,...,¢ corresponding to the ¢ different
rewards offered. In our generalization, we can equivalently consider a single server which
works at rate p; when the number of customers in the system is ¢, and we assume that
0=p < < ... < py < oo, Thus, to model a system with n identical servers in
which the customer’s service times are exponentially distributed with mean 1/p, we simply
set p; = min{n,i}p. Our system has a maximum capacity of m < oco. Hence, customers
arriving to a full system are rejected. Customers offering a reward rj will be called class k
customers for £k = 1,...,¢, and we assume that ry > ro > ... > r; > 0. The gatekeeper,
fully cognizant of the system parameters m, ¢, (r1,...,7¢), (A1,..., A¢), and (uo, . .., fim), but
without any additional knowledge concerning actual service times or on the future of the
arrival process, decides for each arriving customer based on the class of the arriving customer
and the current number of customers in the system whether to accept of reject the customer.

All rejected customers are lost.



In many previous models, the objective was to maximize the long-run average reward.
As is standard in the literature, we call a policy that maximizes the long-run average reward
gain optimal. However, there is the possibility of multiple gain optimal solutions. In order
to decide which policy of the group of gain optimal solutions should be chosen, we turn to a
more sensitive optimality criterion in the form of bias optimality that in turn leads us to the
even more sensitive criterion of Blackwell optimality. Suppose there are two gain optimal
policies that receive exactly the same sequence of rewards except that one policy receives an
extra reward at time zero. With respect to gain optimality, the one time reward would be
ignored, but with respect to bias optimality, the policy yielding the extra reward would be

preferred. We illustrate this with an example.
Example 1

Suppose m = 4, n = 4 and [ = 2, so that there is no buffer and there are two customer
classes. Let the arrival rate be A = .75. The probability of arrivals being of class 1 is
p1 = 2/3 while the probability of class 2 is ps = 1/3. Let the reward of class 1 and class 2
be 1 = 1 and ry, = .8, respectively. Finally, let the service rate of each server be .0625, so
that p; = .06254. Suppose we are only concerned with policies that accept both customer
classes until the state reaches a level k£ and then only accepts class one (since it has the
higher reward). Such a policy is called a trunk reservation policy with control level k and
will be defined precisely later. For this model the gain optimal control level is £ = 3. That
is, we accept both classes as long as the number of customers in the system is two or fewer,
and accept only class one if there are three or more busy servers. It is also the case that
three is both bias and Blackwell optimal.

Now suppose we keep the same model except let ro = 0.74439. In this case, we have
two gain optimal trunk reservation policies, with control levels two and three. However,

it remains that the control level three is both bias and Blackwell optimal, but level two is



neither.

One should notice that there were either one or two gain optimal policies and if there
were two, the larger was bias and Blackwell optimal. It is no coincidence that the number
of gain optimal policies is less than or equal to min{2!=!,2™~'} while the number of bias
optimal policies is one. In fact, this turns out to be true in general for our problem. Hence,

this paper is devoted to the proof of the following theorem:

Theorem 1 There exists a trunk reservation policy that is gain, bias, and Blackwell optimal.
Furthermore, suppose (d*)* is the gain optimal trunk reservation policy with the largest
control level for each class. If (L*); is the control level of class j under d*, j =1,...,¢, then

among the class of Markovian, stationary, deterministic policies,

1. The only other possible gain optimal control level for each class j is (L*); — 1, j =

1.0

2. (d*)* is the only bias optimal policy.

3. (d*)* is the only Blackwell optimal policy.

Remark 1 In proving Theorem 1 we arrive at some secondary results which are significant
as well. Lemma 1 shows that under the assumption of irreducibility, the set of policies which
satisfy a set of equations we call the gain optimality equations s independent of the vectors
which satisfy the equations. Hence, any policy which satisfies these equations with one set of
parameters will satisfy the equations when the parameters of another solution are substituted.

Proposition 3 asserts that there are not any gain optimal Markovian, stationary, de-

terministic policies outside the set of policies which satisfies the gain optimality equations.



Hence, we are assured that finding the structure of policies which satisfy these equations
characterizes optimal policies.
Also, notice that Theorem 1 implies that while there are at most min{2!=1, 2™~} Marko-

vian, stationary, deterministic gain optimal policies, only one of these is bias optimal.

The remainder of the paper is organized as follows: Section 2 is a review of related
research. In Section 3 we define the action space, and the related transition matrix and
reward vector. Section 4 is devoted to reviewing Markov Decision Process theory that will
be used throughout the paper. We formulate the problem in terms of a Markov Decision
Process in Section 5. Results pertaining to the gain optimality criterion can be found in
Section 6. We conclude in Section 7 with the bias optimality results, which are immediately

extended to Blackwell optimality.

2 Literature Survey

We rely heavily on the paper of Haviv and Puterman [3]. In addition, we will follow closely the
notation used in Puterman [7]. Previously, Blackwell [1] has shown that for the discounted
case with a finite state and action space, there exists an optimal stationary policy. Upon
applying the standard result from Markov decision processes (see Puterman|7|, Corollary

8.2.5)

g = 101[%1(1—04)%

where ¢ is the gain and v, is the total discounted reward with discount factor «; Blackwell’s
result extends to the gain optimality case. In the same paper, Blackwell introduced what
is now known as Blackwell optimality and showed the existence of a stationary Blackwell

optimal policy.



In a classic paper, Miller [6] showed the existence of an optimal trunk reservation policy
for a finite customer class system with multiple servers and no buffer. This was extended to
an uncountable number of customer classes but with one server by Lippman and Ross [5].
Although, the model that we propose does not have an uncountable number of customer
classes, we add the generality of a finite buffer and variable, state-dependent service rates.
Recently, Feinberg and Reiman[2] added the generality of a constraint on the blocking prob-
ability of the highest-paying customers. We also find useful the method of uniformization
discussed in Lippman [4]. These problems and others like them were solved using many of
the methods of Semi-Markov decision processes. A good source for a discussion of problems

similar to these is Stidham [9].

3 Setup

In order to clarify the model, we make the following assumptions. There are no holding costs
associated with customers. Since, both interarrival times and service times are exponential
and, thus, memoryless, the state of the system can be described by the number of customers
in the system and the class of the arriving customer. Since m is the system capacity, the state
space S = {0,1,...,m} x {0,1,...,¢}, where class zero customers offer zero reward and will
correspond to service completions and fictitious transitions in uniformization. For each state
s € S there are associated allowable actions. Thus, we define A, to be the allowable actions

in state s = (i, ¢) and have,

- {accept, reject} i <m—1, ¢>0,
@)™ 1 {reject} i=m,c>0.

Now, define D*° to be the class of Markovian, stationary, deterministic policies and let

d* denote an arbitrary element in this set. We apply uniformization techniques originally

6



developed by Lippman [4] to discretize the model and use discrete-time methods. To this
end, let \; = Ap;, i = 1,...,¢, and let A = p,, + Z§:1 A; be the uniformization constant.
Without loss of generality, assume that A = 1. Notice, that at each decision epoch, we
have an {(m + 1) x £}-dimensional vector d, whose elements describe, when in state s, what
decision rule (in A,) should be applied. That is to say, d(s) € As,. We order the states
lexicographically, so that the first £ + 1 elements are (0,0),...,(0,£), the second ¢ 4 1 are
(1,0),...,(1,¢), and so on. Let D denote the set of deterministic decision rules available at
each decision epoch. Thus, d € D. Although the model that we propose is a continuous-time
Markov Decision Process, we will discretize the model. Hence, we will define the optimality

criteria in discrete time.

Definition 1 The long-run average reward or gain of a policy ™ given that the system started

in state s, denoted g,(s) is (provided the limit exists) given by
1 N
gﬂ”(s) = J\;gnoo EanZ::OT(X”,ﬂ-n(X")),

*

where r is the reward function. Further, a policy, *, is called gain optimal if

Gr(8) > gx(s) for all s€ S
for all .

Definition 2 The bias of a stationary policy d*°, given that the system started in state s,

denoted hqy(s), is defined to be

o0

ha(s) = D Es[r(Xp, d(Xs)) — 9a(X0)]

n=0
We say that a policy, (d*)*° is bias optimal if it is gain optimal, and

hg«(8) > hy(s) for all s € S
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for all d.

If the Markov Chain generated by d* is aperiodic (true for our model) this limit exists. Since
any gain optimal policy has the same average reward, we see that the bias may distinguish
the best policy by examining the transient reward. Hence, it is often referred to as the

transient reward.

4 Markov Decision Process Theory

We now state a few facts from Markov decision process theory for the average reward ob-
jective function. For each of the following results, we assume that both the state and action
space are finite and that the rewards are bounded. Both assumptions hold for our model.
Recall that the gain of a policy is defined to be the long-run average reward of that policy.
It is well-known that an optimal gain vector can be determined by solving the following set

of equations:

g = mazgep Pag (1)
and
h = mataeea) {ra — 9+ FPah} (2)

for g and h where G(g) C D is the set of decision rules that attain the maximum in (1).
We will refer to the system of equations (1) and (2) as the gain optimality equations. Let
H(g,h) € G(g) be the set of decision rules that attain the maximum in (2). The next result
from Puterman [7](Proposition 8.6.1 (b)) will be useful later.

Let g4~ and hge be the gain and bias vectors, respectively of policy d*° € D™,



Lemma 1 Suppose Pyggeo = Pygq~ for two decision rules d and d' and that
Td/(8> + Pyhge (S) > Td(8> + Pjhgeo (S)

for a recurrent state s in the Markov chain generated by d', then gpeo > ggeo with strict

wequality in at least one component.

We now note that under the assumption that all states communicate for each policy, there
is only one set H(g,h). That is, the decision rules that attain the maximum in (2) do not

change as we change ¢g and h.

Lemma 2 Suppose all states in S communicate for each stationary, deterministic policy, and
a decision rule dy € D satisfies (1) and (2) (obtains the argmazx) with associated vectors gy

and hy. If there exists do € D that satisfies (1) and (2), then dy € H(g1, hy).

Proof: We prove this by contradiction using Lemma 1. Suppose there exists a dy € D that
satisfies the gain optimality equations, but is not in H(gy, hy). Thus, d3° is gain optimal and,
since the chain is irreducible, must have the same gain vector ¢g;. In fact, the gain vectors
are constant vectors. Hence, we know that Py,g1 = Py, g1. Since do ¢ H (g1, h1), and, since

d; attains the maximum in (2), we have for some state s
ray(s) = g1(s) + Pay ha(s) > ray(s) — g1(s) + P, I (s)
or equivalently,
ra, (8) + Py hi(s) > 14,(s) + Py, hi(s).

Hence, by Lemma 1 we have that g; > go which contradicts the optimality of d5°. Thus,

dy € H(g1,h1), as desired. O

The following proposition, that appears in Haviv and Puterman [3], will be used to

compute the gain and the bias of a policy d*.
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Proposition 1 The gain and bias of a policy may be computed by solving the following set

of linear equations

g = Pdga
h = Td—g+Pdh7 (3>
w = —h+ Pjw,

the gain, g4, and bias, hy, satisfy the first two of the equations and there exists some w which

along with hy satisfies the third. In fact, g4 and hyg are unique.

The next result that appears in Puterman [7] (Theorem 10.1.5), essentially gives us the

first part of Theorem 1.

Proposition 2 1. There exists a stationary, deterministic n-discount optimal policy for

n=-1,01,...

2. Suppose (d*)* is a Blackwell optimal policy. It is n-discount optimal forn = —1,0,1,....

Note that (—1)-optimality is equivalent to gain optimality and 0-optimality is equivalent to
bias-optimality. Hence, to get the first assertion in Theorem 1 we need only show that these

policies can be of trunk reservation form.

The final result from Markov decision process theory that we will discuss is the definition
of trunk reservation and how it pertains to our problem. We borrow from many sources the

following definition of trunk reservation policies (in particular, see [8]).

Definition 3 A trunk reservation decision rule, with reservation levels m — k., where 0 <

k.<m,c=1,...,4, is one that:

10



1. Always accepts Class 1 customers (if the number of customers in the system is less

than m)

2. Accepts Class ¢ customers if and only if there are strictly less than k. customers in the

system.

We will refer to the level, k., at which we begin to reject customers of class ¢ as the control
level for class ¢ customers. A policy made up of trunk reservation decision rules is called a

trunk reservation policy.

Let D7 be the subset of D that contains only the trunk reservation decision rules. Fein-
berg and Reiman[2] have examined the model that we propose with the added generality of
a constraint on the blocking probability of class one. In their analysis, they reformulate the
problem of maximizing the gain as a nonlinear programming problem. By neglecting the
constraint, they are able to arrive at the fact that among stationary, deterministic policies,
only policies of trunk reservation form can be optimal. We will prove this result for our
model using Markov Decision Processes methods and extend them to bias and Blackwell

optimality. Hence, we will be able to restrict our attention to policies in D.

5 Problem Formulation

In order to apply the above theory, we note that since we have a finite state space and all
states in S communicate for each stationary, deterministic policy, the gain vector of any
policy in D™ is constant. Hence, (1) is satisfied by all Markovian deterministic decision
rules. That is, G(g) = D. We will sometimes employ the standard convention of using g as
both the constant element of the gain vector as well as the gain vector itself. Moreover, since
Lemma 2 implies that H(g, h) does not depend on g and A for the process in question we

suppress this dependence and write H instead of H(g, k). In order to simplify the notation,

11



we note that for decision rules d € D7 it suffices to know the control levels for each customer
class. Therefore, we will denote the trunk reservation decision rule (an /—dimensional vector)
with control levels L. for class ¢ customers by an L.

If we write (2) in component notation, we have that H is the set of rules in D that

satisfies for all 0 < i < m (there is but one action if i = m),

h(i,e)+g = max{r.+U(i+1),U(7)}, (4)
where
U@) = Z Aj (i, j) + pih(i—1,0) + [1 — (2 Aj + wi)lh(i, 0). (5)

Remark 2 U(i) can be interpreted as the “remaining” bias of the infinite horizon problem.
Hence, equation (4) has the interpretation that we can receive the immediate reward that the
customer offers or forego this reward in hopes of better offers presenting themselves in the

future. Using this interpretation, it is easy to see that h(i,0) = U(i) — g.

6 (Gain Optimality Results

We begin this section by showing that in the class of stationary, deterministic policies only

trunk reservation policies can be gain optimal. We will need the following lemmas.

Lemma 3 Let Af(i) = f(i + 1) — f(i). Suppose d*° € D> is optimal, then we have

AUy(i) <0 fori=0,...,m— 1.

Proof: We prove the assertion by induction. Let i = 0. It is clear that if d(0, c) = {reject},
for some ¢ > 0 we get from the optimality equations r.+AUy(0) < 0, from which AU,(0) < 0

follows immediately. Hence, assume that d(0, c) = {accept} for all ¢. Note that

Ua(0) = f:Ajhd(O,j)+[1—§:Aa‘]hd(0,0)

j=1 j=1
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P ¢
= > Ajha(0,7) +[1 =D A|(Ua(0) — ga).

j=1 j=1

Applying the assumption that {accept} is optimal for all classes we get,

Ug(0) = DA (rj+ Ua(1) = ga) +[1 =D A\1(Ua(0) — ga).

j=1 J=1

Hence,

y4 I4
Z/\jAUd(O) = g4 — Z/\‘7 Tj.
7j=1

J=l

Let ay4 denote the stationary distribution of the Markov process generated by the decision

rule d. Further, let R. be the set of states in which class ¢ customers are rejected. Note that
ga = > 2 aalk) (Ajry).
j

Thus, gq < S5y Aj7; and AU4(0) < 0 as desired.

Now we assume the assertion holds for 2 — 1 and show that it is true for 7. Recall that

4 ¢
Ua(i) = Y Ajha(i,j) + piha((i — 1T, ZA + wi)]ha(i, 0).

=1

It is again sufficient to consider the case when d(s) = {accept} for all s € S. Hence,
¢ ¢
Z )\j AUd(Z) = 04— Z )\j T + ,LLZ'AUd(i — 1)
j=1 Jj=1
< 0.0
Lemma 4 Let A2f(i) = AAS) (i) = f(i +2) — fli+1) — (f(i + 1) — f(i). Ifd® € D® is
optimal, then A%Uy(i) <0 fori=0,...,m — 2.

13



Proof: We will also prove this by induction. Note that for £ = 0,1 we have,

gi = ZA ha(0,7) = > X [Ual0) — ga]

Jj=1 Jj=1

¢
ga = Z/\ h(1, ) + p1h(0,0) ZA + 1) [Ua(1) — gal,

7j=1

which leads to,

ZA ha(0,7) — > A [Ua(0)

Jj=1 Jj=1

h(1,j) + wh(0,0) ZA + p)[Ua(1) = gal,

7=1

HMN

> (Ah(0,) ~ AUD) = AUL(0). Q

Recall that class 1 customers are always accepted, so that Ahy(0,1) = AUy(1). We now,

make some definitions. Let

1. AA = the set of customer classes that are accepted when there are 0 or 1 customers

in the system.

2. RR = the set of customer classes that are rejected when there are 0 or 1 customers in

the system.

3. AR = The set of customer classes that are accepted when there are 0 customers and

rejected when there is 1 customer in the system.

4. RA = The set of customer classes that are rejected when there is one customer and

accepted when there are zero customers in the system.

14



We now get from Equation (6),

mAUL0) = > A (ARg(0,5) — AU(0)) + D Aj (Ahg(0, §) — AU(0))
jeAn jERR

+ >0 A (Ahg(0,5) — AUL0)) + > Xj (Ahg(0,5) — AU40))

JjEAR JERA

= 3 N (AMUH0) +0+ Y Ay (=1 — AU(0))
JEAA JEAR

+ ) A (4 AU(1))

JERA

= >N (A%UL0) + Y- A (—rj — AUL(L) + A*U,(0))

JjeAA JEAR

+ Z Aj (r; + AUg(1)).
JERA

Hence,

Yo N (A%UH0) = mAUL0)+ D Aj(rj + AUy(L))
JEAAUAR JEAR

— D> N (1 + AUg(1)).

JERA

The second term is nonpositive since it is optimal to reject these classes when there is 1
customer in the system. Similarly for the last term since it is optimal to accept these classes
(rj + AUy(1) > 0) when there is 1 customer in the system. Hence, applying Lemma 3 we
get, A2U4(0) < 0.

Now assume the result is true for £ = ¢ — 1 and consider the state & = 7. From the

definition of Uy(i) we get,

9a = D Ah(i,g) 4 pah(i = 1,0) = (O Aj 4 pa)[Ua(i) — gal,

j=1 =1

15



Z/\ ih(i+ 1, J) + s h(2,0) ZA + pris)[Ua(i 4 1) — gal.

J=1 J=1

Hence, we have

£ 4
Z: Aih(i+1,5) 4 paah(3,0) = Q0 Ay + para)[Ua(i + 1) — ga] =

J=1

> Ah(i, §) + mih(i = 1,0) = O A + i) [Uald) — gal,

j=1 j=1
or equivalently,
¢
Y N[AR(G, 5) = AUE)] = [mir — i AUa(i) + A Ua(i — 1).
j=1

Let (AA);, (RR);, (AR);, (RA); be sets analogous to those in the case when k = 0 replacing

0 and 1 with 7 and 7 4 1, respectively. We get,

i1 — ] AU (1) + i DNUg(i = 1) = Y N[AR(L §) = AUL(0)] + Y N[Ah(i, j) — AU ()]
JE(AA); jE(RR);
+ D NIAR(GLG) = AU+ Y A[AR(E, 5) — AUq(4)]
JE(AR); Jem»
= Y NPT+ YD N[y — AUG(i + 1) + A%Uy(i))]
je(AA); JE(AR);

+ Z /\j[?“j + AUd(l + 1)]
JE(RA);

Hence,

Yo NRALG] = DD Nl AU+ )] = Do Nyl + AU(i+ 1))

i — i AU4(7) + N1A2Ud(l —1).

16



Applying the same reasoning as when ¢ = 0 and using the induction hypothesis, the right

hand side is strictly less than zero. Thus A%2Uy(s) < 0. O

We assert that under the assumption of irreducibility there are not any stationary, de-

terministic gain optimal policies that do not satisfy the gain optimality equations.

Proposition 3 Suppose all states in S communicate for each stationary, deterministic pol-
icy. Every stationary, deterministic gain optimal policy satisfies the gain optimality equa-

tions.

Proof: We will prove the proposition by contradiction. Suppose there exists a stationary,
deterministic gain optimal policy (d')* that does not satisfy the gain optimality equations.
Notice that Proposition 1 guarantees that if a policy satisfies the gain optimality equations
with vectors say g and h, then the same policy also satisfies the gain optimality equations
with its corresponding gain and bias vectors g4 and hy. Hence, let d* be a gain opti-
mal policy that satisfies the gain optimality equations with gain and bias vectors g; and
ha, respectively. Since gy = g4 and d’ does not satisfy the optimality equations we have
ra(8) + Pyhg(s) < rq(s) + Pihg(s) for some s which by Lemma 1 implies gy < gq. This

contradicts the optimality of (d')*°. The result follows. O

It is not hard to see that, given the concavity of U in ¢ implied by Lemma 4, we have
the existence of optimal trunk reservation policies for each control level. Moreover, using

Proposition 3, we are able to state a stronger result.

Proposition 4 In the class of stationary, deterministic policies, only trunk reservation poli-

cies are gain optimal.

17



Proof: Suppose d is an optimal decision rule and consider an arbitrary customer class j # 1.
Let i = i* be the smallest such i such that d(i, j) = {reject}. The gain optimality equations
yield r; + AUy(¢*) < 0. By the concavity of Uy implied in Lemma 4 we also have that
r; + AUy(i") < 0 for all @' > i*. Hence, d(¥', j) = {reject} as well. Since j was arbitrary this

is true for each class. Thus, d is of trunk reservation form. O

We are now able to rewrite the optimality criterion.

Proposition 5 Suppose that L™ is gain optimal, then for each c

>0 0<i< L,

Tc‘l—UL(Z‘l—l)—UL(Z) {<0 Lc<i<m—1

Proof: Since L is gain optimal we know that it must satisfy the gain optimality equations.

The result follows. O

Remark 3 Intuitively, we can think of AU(i) as the amount it “costs” to add another
customer to the system. Thus, if the offered reward, r. say, is greater than this we should
accept the customer. Otherwise we would reject the customer. Hence, we have that the

criterion for acceptance is r. + AU(i) > 0.

Returning to Example 1 recall that when ro = 0.74439 we had two gain optimal policies,

two and three. In fact, the gain for both policies is 0.213191. However, notice that since
hy = {2.44331,1.81277,1.12968,0.385291, —0.467473}"
hy = {2.49891,1.86837,1.18528,0.440894, —0.41187}"
hs > hs componentwise. Hence, there is only one bias optimal trunk reservation policy. In

order to understand this better, we note that since there are only two customer classes, there

cannot be more than two gain optimal trunk reservation policies. Further, if there are two
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such policies they must occur consecutively. For notational convenience, let (L, ). and (L*),.
be the smallest and largest gain optimal trunk reservation control levels for customer class

c. Clearly, (L), < (L*)..

Proposition 6 Suppose (L.). is the smallest gain optimal control level for customer class

c. Then the only other control level for customer class ¢ that can be optimal is (L), + 1.

Proof: The assertion is trivially true if (L.). = m or m—1. Thus, assume (L), < m—2. We
will consider the case when (L,). = 0 separately, so for now assume (L.). > 0. We know from
Proposition 3 that L, € H. Note that since Uy, is strictly concave, any state (i, ¢) such that
(Ly)e <i<m,r.+Up (i+1)=Up, (i) <0 (strictly), which yields H (7, ¢) = {reject}. Finally,
we claim that r.+ Uy, ((Lx).) —Ur, ((Ls)c—1) > 0. To show this suppose it were equal to zero.
This would imply that H((L.). — 1,¢) = {reject, accept}. Thus, (L.).—1€ H((L«)e—1,7).
This implies that (L,).—1 is gain optimal for customer class ¢. This contradicts the assump-
tion that (L.). is the smallest gain optimal control level for customer class ¢. For (Ly). =0
notice that by the same reasoning as above, {reject} must be optimal for customer class ¢

for all higher system capacities. The result follows. O

In the previous proof, we have a characterization of H (i, c¢) for i > (L,)., where (L,). is the
smallest optimal trunk reservation decision rule for customer class c¢. The same logic can be
applied to determine H (i, ¢) for i < (L.).. Suppose that both (L,). and (L,).+1 are optimal.
Thus, we have, Up, ((Li).+ 1) — Uy, ((Ls).) = —r.. Now suppose there exists i < (L), such
that {reject} € H(i,c). Since H is independent of g and h we have Uy, (i+1) —Ug, (i) = —r.
This contradicts Lemma 4. Hence, H(i,c¢) = {accept} when ¢ < L.. If both (L.). and
(L.).+ 1 are optimal we know that optimal policies which use either control level for class ¢
customers are in A and, thus, we can admit or not admit class ¢ customers in state L,. So

we have proven the following proposition that completely characterizes H.
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Proposition 7 If (L*). and (L*). — 1 are gain optimal trunk reservation decision rules for

customer class c,

{accept} 0<i<(L*).—1,
H(i,e) = {accept, reject} i = (L*).—1,
{reject} (L*)e—1<i<m,

and if (L*), is the only gain optimal trunk reservation rule for customer class c,

: B {accept} 0<i< (L),
H(ie) = { {reject} (L*). <i<m,

7 Bias Optimality Results

The previous results have reduced our search for stationary, deterministic bias optimal poli-
cies to a much smaller set. Since it is well-known that such policies exist (see Proposition 2)
we now concern ourselves with which policy, if two gain optimal policies exist, is bias optimal.

Here again, we restate a useful result from Haviv and Puterman [3].

Proposition 8 Suppose g and h satisfy the gain optimality equations and that there exists

a vector w for which
w = mazgeg{—h+ Pyw} (7)

then, if d* € H attains the mazimum in (7), then (d*)*° is bias optimal. Moreover, suppose
that for some d € H, where g and h satisfy the gain optimality equations and there exists a

vector w with
w = —h+ P (8)
then if

Pd/w 2 Pdw <9>
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for some d' € H with strict inequality in at least one component, then h(@)” > D™ with

strict inequality in at least one component.

Next, we will show that if we have two gain optimal (trunk reservation) control levels for a
particular customer class ¢, only the larger one is bias optimal. That is, bias optimality is

sensitive enough to distinguish between them.

Proposition 9 If gain optimal trunk reservation policies d*® and (d')* are identical except
for customer class j, where d> uses control level L; and (d')* uses control level L;+ 1, then

hg > hq with strict inequality in at least one element.

Proof: Let g; and hy satisfy the gain optimality equations. Assume for now that L; > 0.
Suppose wy is a vector that satisfies w = —hy + Pyw. We will show that Pywy > Pywy
with strict inequality in at least one component and apply the second part of Proposition 8.
Recall, that we have ordered the states lexicographically. It is clear that since Py and Py
only differ in the (L;, 7)™ row, we need only consider that component. Hence, we need to

show that
(Pywa)(Lj,3) > (Pawq)(Ly, 7),

or equivalently,

£ 14
Z )\kwd(Lj + 1, k) + Hrj+1 ’LUd(Lj, 0) + [1 — (Z /\k: + MLj+1)]wd(Lj + 1, 0) >
k=1 k=1

¢ ¢
> Newa(Ly, k) + pur; wa(Ly = 1,0) + [1—= (3 X + par,)Jwa(Ly, 0).
k=1 k=1
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To this end, we derive the following set of equations for an arbitrary class ¢ > 1 with control

level L. under d*°,

Awqaliy ) — pip1 Awg(i, 0) — 2o ApAwga(i + 1, k)

—[1 = (6 Ak + o) Awa(i + 1,0) i<L,—1
—Ahg(i,c) =< Awq(i,c) i=L.—1 (10)
Awqg(i,c) —ZMAwd(i —1,0) = 28, AeAwg(i, k)
—[1 = (k=1 Ak + pis1)]Awa(i, 0) Le<i<m—1

Using (8) we know for i < L. — 1,

¢
wy(i,c) = —ha(i,c) + Y Mewal(i + 1, k) + priy1wa(3,0)
k=1
‘
+[1 = (O] Ak + pis ) wa(i +1,0),
k=1
¢
wa(i+1,¢) = —ha(i+1,¢)+ > Aewa(i+2,k) + pizowa(i+1,0)
k=1
‘
+[1 - (Z A+ tiv2)|wg(i+ 2,0).
k=1
Hence,
¢
Awg(i,e) = —Ahq(iyc) + Y MeAwg(i + 1, k) — priy2Awa(i + 1,0) + 1341 Awq(i, 0)

k=1

4
1= 3 M Awg(i + 1,0,
k=1

which yields, for i < L. — 1

¢
—Ahg(iye) = Awg(i,c) — pip1Awg(i,0) — > MAwg(i + 1, k)
k=1

(1= (L M+ pis2)|Awa(i +1,0).
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Now consider when ¢ =L, — 1

4
wd(Lc - 1, C) == —]’Ld(Lc - 1, C) + Z )\kwd(Lc, ]{2) + ,LLLde(LC - 1, 0)
k=1

+[1 - (z Ak + pr.)Jwa(Le, 0),

YA
Wa(Leye) = —ha(Le,¢) + Y Nwa(Le, k) + pr,wa(Le — 1,0)
k=1

4
+[1 — (Z e + pp, ) Jwa(Le, 0).
k=1

So, we have
Awg(L.—1,¢) = —Ahyg(L.—1,¢).

Now consider L. <i<m —1,

¢
wy(i,¢) = —ha(i,c) + > Nwa(i, k) + piwq(i — 1,0)
k=1

¢
F1 = (D M+ ) wad, 0),
k=1

4
wa(i+1,¢) = —ha(i+1,¢)+ Y Newa(i + 1, k) + pip1wa(i, 0)
k=1

¢
+[1 = (O Ak + pig1)|wa(i + 1,0).
k=1

Thus,

¢
—Ahg(iye) = Awg(i,c) — pAwg(t — 1,0) = Y NAwy(i, k)
k=1

—[1- (;_: Mk + phi1)]Awa(i, 0).
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Now, for class 0 we have,

£
U)d<i, O) = —hd<i, O) + Z )\kwd(i, ]{2) + ,ulwd(z - 1, O)
k=1

+[1 - (]; Ak + i) Jwa (i, 0),

¢
wa(i+1,0) = —hg(i+1,0) + > Mwa(i + 1, k) + prip1wa(i, 0)
k=1

+[1 - (E_j A + i) Jwa(i +1,0).

Hence,

4
—Ahd(i, O) = Awd(i, 0) — ,uz-Awd(z' — 1, 0) — Z /\kAwd(i, k)
k=1

¥
—[1 = (> Ak + piz1)|Awg(i, 0).
k=1

Since 34, A\p + ftm = 1, (10) can be rewritten in matrix notation as

(I—Q)Awd == —Ahd (11)
where @) is defined by
iy c=0,io=19,—1, =0,
Ao c=0, 13 =1, 0/7&07
Hm — Hiq 41 C:Oa i2:ilacl:oa
Mg 11 1 < L, 07&0, 19 = 11, CI:O7
. .y . Aot i]<LC,C7éO, 7;2:7;]+1,Cl7é0,

Q((lla C)v (lQaC )) - o — iy 12 il < Lca c 7& O, 7;2 _ 7;1 + 1, J = O, (12>
iy L.<i;<m-—1,c#0,ia=10—1, ¢ =0,
/\c’ chi]gm—l,C?éO, igii],cl#o,
Hm — Hiq+1 chi]gm—l,C?éO, i2:i1a6/:07
0 otherwise,
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Consider state (0,0). Since we have assumed that g = 0 and g; > 0 this row of @) cannot
sum to 1. () can be thought of as the transition matrix for the transient states of a finite-
state, Markov chain. Hence, we get from Puterman[7] (Appendix A, Proposition A.3) that

I — @ is invertible, with
I-Q™ = > Q"
n=0

Since @ has all non-negative elements, (I — Q) ! must also be non-negative. Furthermore,

from (11),
Awd = —([—Q>_1Ahd

= - i Q"Ahy. (13)
n=0

Now, from Lemma 3 we know that —Ah,; > 0. Further, note that the first two terms
of the sum in (13) are —Ahy — @ Ahg, and that @ is nonnegative with at least one strictly

nonnegative element in each row. Hence,

Awg = — i Q"Ahg
n=0
> —Ahy.
To complete the proof, recall
Awy(Ly, j) + Aha(Ly, j) = (Powa)(Ls, §) — (Pawa) (L, §) > 0.

Applying the second part of Proposition 8, we obtain the result. If L, = 0 the analysis

is similar. O
The previous proposition leads to the following corollary.
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Corollary 1 There can only be one stationary, deterministic bias optimal policy and that

policy uses the highest gain optimal control limit for each customer class.

Of course there are other more sensitive optimality criterion including oo — optimality

or Blackwell optimality.

Definition 4 A policy 7* is called Blackwell optimal if there exists \* such that 0 < \* < 1,
vf > f, for all m and N* < X\ < 1, where v¥ is the total discounted reward of the Markov

decision process when using policy m with discount rate \.

Proof: (Of Theorem 1) The existence of gain, bias, and Blackwell optimal policies is a
direct consequence of Proposition 2 and the fact that Blackwell [1] showed the existence
of a stationary policy (in the finite state case). Applying Proposition 6, yields that there
can be at most two gain optimal control levels for each customer class, and that they must
occur consecutively. Further, Proposition 9 distinguishes between two gain optimal control
levels using bias optimality. Finally, it is well-known that Blackwell optimality implies bias
optimality. Hence, we have shown that if there is only one gain optimal control level for
each class, that policy is also Blackwell optimal, and if there are classes in which there are

two gain optimal control levels, the higher is Blackwell optimal. O
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