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F R U U H V S R Q G W R V H U YLF H F R P S OH W LR Q V D Q G p F W LW LR X V W U D Q V LW LR Q V LQ X Q LIR U P L] D W LR Q � )R U H D F K V W D W H

V � 6 W K H U H D U H D V V R F LD W H G D OOR ZD E OH D F W LR Q V � 7K X V � ZH G H p Q H $V W R E H W K H D OOR ZD E OH D F W LR Q V

LQ V W D W H V  � L� F� D Q G K D YH �

$�L�F�  

� ID F F H S W � U H MH F W J L x Pb � � F ! � �
IU H MH F W J L  P� F ! � �

1 R Z� G H p Q H '� W R E H W K H F OD V V R I 0D U NR YLD Q � V W D W LR Q D U \� G H W H U P LQ LV W LF S R OLF LH V D Q G OH W

G� G H Q R W H D Q D U E LW U D U \ H OH P H Q W LQ W K LV V H W � : H D S S O\ X Q LIR U P L] D W LR Q W H F K Q LTX H V R U LJ LQ D OO\

�



G H YH OR S H G E \ / LS S P D Q >� @ W R G LV F U H W L] H W K H P R G H O D Q G X V H G LV F U H W H �W LP H P H W K R G V � 7R W K LV

H Q G � OH W yL  ySL� L  � � � � � � C� D Q G OH W e  zP �
3O

L � yL E H W K H X Q LIR U P L] D W LR Q F R Q V W D Q W �

: LW K R X W OR V V R I J H Q H U D OLW \� D V V X P H W K D W e  � � 1 R W LF H � W K D W D W H D F K G H F LV LR Q H S R F K � ZH

K D YH D Q I� P� � � d CJ�G LP H Q V LR Q D O YH F W R U G� ZK R V H H OH P H Q W V G H V F U LE H � ZK H Q LQ V W D W H V� ZK D W

G H F LV LR Q U X OH � LQ $V � V K R X OG E H D S S OLH G � 7K D W LV W R V D \� G� V� � $V� : H R U G H U W K H V W D W H V

OH [LF R J U D S K LF D OO\� V R W K D W W K H p U V W C � � H OH P H Q W V D U H � � � � � � � � � � � � � C� � W K H V H F R Q G C � � D U H

� � � � � � � � � � � � � C� � D Q G V R R Q � / H W ' G H Q R W H W K H V H W R I G H W H U P LQ LV W LF G H F LV LR Q U X OH V D YD LOD E OH D W

H D F K G H F LV LR Q H S R F K � 7K X V � G � '� $ OW K R X J K W K H P R G H O W K D W ZH S U R S R V H LV D F R Q W LQ X R X V �W LP H

0D U NR Y ' H F LV LR Q 3 U R F H V V � ZH ZLOO G LV F U H W L] H W K H P R G H O� + H Q F H � ZH ZLOO G H p Q H W K H R S W LP D OLW \

F U LW H U LD LQ G LV F U H W H W LP H �

'HpQLWLRQ � 7KH ORQJ�UXQ DYHUDJH UHZDUG RU JDLQ RI D SROLF\ } JLYHQ WKDW WKH V\VWHP VWDUWHG

LQ VWDWH V� GHQRWHG J} � V� LV �SURYLGHG WKH OLPLW H[LVWV� JLYHQ E\

J} � V�  OLP
1��

(V

�

1

1;
Q �

U � ;Q� }Q � ;Q � � �

ZKHUH U LV WKH UHZDUG IXQFWLRQ� ) XUWKHU� D SROLF\� }e� LV FDOOHG JDLQ RSWLPDO LI

J}e � V� y J} � V� IRU DOO V � 6

IRU DOO }�

'HpQLWLRQ � 7KH ELDV RI D VWDWLRQDU\ SROLF\ G�� JLYHQ WKDW WKH V\VWHP VWDUWHG LQ VWDWH V�

GHQRWHG KG � V� � LV GHpQHG WR EH

KG � V�  
�;
Q �

(V>U � ;Q� G� ;Q � � b JG � ;Q � @

: H VD\ WKDW D SROLF\� � Ge � � LV ELDV RSWLPDO LI LW LV JDLQ RSWLPDO� DQG

KGe � V� y KG � V� IRU DOO V � 6

�



IRU DOO G�

,I W K H 0D U NR Y &K D LQ J H Q H U D W H G E \ G� LV D S H U LR G LF � W U X H IR U R X U P R G H O� W K LV OLP LW H [LV W V � 6 LQ F H

D Q \ J D LQ R S W LP D O S R OLF \ K D V W K H V D P H D YH U D J H U H ZD U G � ZH V H H W K D W W K H E LD V P D \ G LV W LQ J X LV K

W K H E H V W S R OLF \ E \ H [D P LQ LQ J W K H W U D Q V LH Q W U H ZD U G � + H Q F H � LW LV R IW H Q U H IH U U H G W R D V W K H

W U D Q V LH Q W U H ZD U G �

� 0 DU NRY 'HFLVLRQ 3 U RFHVV 7 KHRU \

: H Q R Z V W D W H D IH Z ID F W V IU R P 0D U NR Y G H F LV LR Q S U R F H V V W K H R U \ IR U W K H D YH U D J H U H ZD U G R E �

MH F W LYH IX Q F W LR Q � )R U H D F K R I W K H IR OOR ZLQ J U H V X OW V � ZH D V V X P H W K D W E R W K W K H V W D W H D Q G D F W LR Q

V S D F H D U H p Q LW H D Q G W K D W W K H U H ZD U G V D U H E R X Q G H G � % R W K D V V X P S W LR Q V K R OG IR U R X U P R G H O�

5 H F D OO W K D W W K H J D LQ R I D S R OLF \ LV G H p Q H G W R E H W K H OR Q J �U X Q D YH U D J H U H ZD U G R I W K D W S R OLF \�

,W LV ZH OO�NQ R ZQ W K D W D Q R S W LP D O J D LQ YH F W R U F D Q E H G H W H U P LQ H G E \ V R OYLQ J W K H IR OOR ZLQ J V H W

R I H TX D W LR Q V �

J  PD[G�' 3GJ � � �

D Q G

K  PD[G�*�J� IUG b J � 3G KJ � � �

IR U J D Q G K ZK H U H *� J � v ' LV W K H V H W R I G H F LV LR Q U X OH V W K D W D W W D LQ W K H P D [LP X P LQ � � � �

: H ZLOO U H IH U W R W K H V \V W H P R I H TX D W LR Q V � � � D Q G � � � D V WKH JDLQ RSWLPDOLW\ HTXDWLRQV� / H W

+ � J� K � v *� J � E H W K H V H W R I G H F LV LR Q U X OH V W K D W D W W D LQ W K H P D [LP X P LQ � � � � 7K H Q H [W U H V X OW

IU R P 3 X W H U P D Q >� @� 3 U R S R V LW LR Q � �� �� � E � � ZLOO E H X V H IX O OD W H U �

/ H W JG� D Q G KG� E H W K H J D LQ D Q G E LD V YH F W R U V � U H V S H F W LYH O\ R I S R OLF \ G� � '��

�



/HPPD � 6XSSRVH 3G�JG�  3GJG� IRU WZR GHFLVLRQ UXOHV G DQG G� DQG WKDW

UG� � V� � 3G�KG� � V� ! UG � V� � 3GKG� � V�

IRU D UHFXUUHQW VWDWH V LQ WKH 0 DUNRY FKDLQ JHQHUDWHG E\ G�� WKHQ JG�� y JG� ZLWK VWULFW

LQHTXDOLW\ LQ DW OHDVW RQH FRPSRQHQW�

: H Q R Z Q R W H W K D W X Q G H U W K H D V V X P S W LR Q W K D W D OO V W D W H V F R P P X Q LF D W H IR U H D F K S R OLF \� W K H U H

LV R Q O\ R Q H V H W + � J� K� � 7K D W LV � W K H G H F LV LR Q U X OH V W K D W D W W D LQ W K H P D [LP X P LQ � � � G R Q R W

F K D Q J H D V ZH F K D Q J H J D Q G K�

/HPPD � 6XSSRVH DOO VWDWHV LQ 6 FRPPXQLFDWH IRU HDFK VWDWLRQDU\� GHWHUPLQLVWLF SROLF\� DQG

D GHFLVLRQ UXOH G� � ' VDWLVpHV ��� DQG ��� �REWDLQV WKH DUJPD[� ZLWK DVVRFLDWHG YHFWRUV J�

DQG K�� ,I WKHUH H[LVWV G� � ' WKDW VDWLVpHV ��� DQG ���� WKHQ G� � + � J�� K� � �

3 U RRI� : H S U R YH W K LV E \ F R Q W U D G LF W LR Q X V LQ J / H P P D � � 6 X S S R V H W K H U H H [LV W V D G� � ' W K D W

V D W LV p H V W K H J D LQ R S W LP D OLW \ H TX D W LR Q V � E X W LV Q R W LQ + � J�� K� � � 7K X V � G
�
� LV J D LQ R S W LP D O D Q G �

V LQ F H W K H F K D LQ LV LU U H G X F LE OH � P X V W K D YH W K H V D P H J D LQ YH F W R U J�� ,Q ID F W � W K H J D LQ YH F W R U V

D U H F R Q V W D Q W YH F W R U V � + H Q F H � ZH NQ R Z W K D W 3G�J�  3G�J�� 6 LQ F H G�  � + � J�� K� � � D Q G � V LQ F H

G� D W W D LQ V W K H P D [LP X P LQ � � � � ZH K D YH IR U V R P H V W D W H V

UG� � V� b J� � V� � 3G� K� � V� ! UG� � V� b J� � V� � 3G� K� � V�

R U H TX LYD OH Q W O\�

UG� � V� � 3G� K� � V� ! UG� � V� � 3G� K� � V� �

+ H Q F H � E \ / H P P D � ZH K D YH W K D W J� ! J� ZK LF K F R Q W U D G LF W V W K H R S W LP D OLW \ R I G
�
� � 7K X V �

G� � + � J�� K� � � D V G H V LU H G � (

7K H IR OOR ZLQ J S U R S R V LW LR Q � W K D W D S S H D U V LQ + D YLY D Q G 3 X W H U P D Q >� @� ZLOO E H X V H G W R

F R P S X W H W K H J D LQ D Q G W K H E LD V R I D S R OLF \ G��

�



3 U RSRVLWLRQ � 7KH JDLQ DQG ELDV RI D SROLF\ PD\ EH FRPSXWHG E\ VROYLQJ WKH IROORZLQJ VHW

RI OLQHDU HTXDWLRQV

J  3G J�

K  UG b J � 3G K� � � �

Z  bK � 3GZ�

WKH JDLQ� JG� DQG ELDV� KG� VDWLVI\ WKH pUVW WZR RI WKH HTXDWLRQV DQG WKHUH H[LVWV VRPH Z ZKLFK

DORQJ ZLWK KG VDWLVpHV WKH WKLUG� ,Q IDFW� JG DQG KG DUH XQLTXH�

7K H Q H [W U H V X OW W K D W D S S H D U V LQ 3 X W H U P D Q >� @ � 7K H R U H P � � �� �� � � H V V H Q W LD OO\ J LYH V X V W K H

p U V W S D U W R I 7K H R U H P � �

3 U RSRVLWLRQ � �� 7KHUH H[LVWV D VWDWLRQDU\� GHWHUPLQLVWLF Q�GLVFRXQW RSWLPDO SROLF\ IRU

Q  b� � � � � � � � ��

�� 6XSSRVH � Ge � � LV D % ODFNZHOO RSWLPDO SROLF\� ,W LV Q�GLVFRXQW RSWLPDO IRU Q  b� � � � � � � � ��

1 R W H W K D W � b� � �R S W LP D OLW \ LV H TX LYD OH Q W W R J D LQ R S W LP D OLW \ D Q G � �R S W LP D OLW \ LV H TX LYD OH Q W W R

E LD V �R S W LP D OLW \� + H Q F H � W R J H W W K H p U V W D V V H U W LR Q LQ 7K H R U H P � ZH Q H H G R Q O\ V K R Z W K D W W K H V H

S R OLF LH V F D Q E H R I W U X Q N U H V H U YD W LR Q IR U P �

7K H p Q D O U H V X OW IU R P 0D U NR Y G H F LV LR Q S U R F H V V W K H R U \ W K D W ZH ZLOO G LV F X V V LV W K H G H p Q LW LR Q

R I W U X Q N U H V H U YD W LR Q D Q G K R Z LW S H U W D LQ V W R R X U S U R E OH P � : H E R U U R Z IU R P P D Q \ V R X U F H V W K H

IR OOR ZLQ J G H p Q LW LR Q R I W U X Q N U H V H U YD W LR Q S R OLF LH V � LQ S D U W LF X OD U � V H H >� @� �

'HpQLWLRQ � $ WUXQN UHVHUYDWLRQ GHFLVLRQ UXOH� ZLWK UHVHUYDWLRQ OHYHOV Pb NF� ZKHUH � x
NF x P� F  � � � � � � C� LV RQH WKDW�

� �



�� $OZD\V DFFHSWV &ODVV � FXVWRPHUV �LI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP LV OHVV

WKDQ P�

�� $FFHSWV &ODVV F FXVWRPHUV LI DQG RQO\ LI WKHUH DUH VWULFWO\ OHVV WKDQ NF FXVWRPHUV LQ WKH

V\VWHP�

: H ZLOO UHIHU WR WKH OHYHO� NF� DW ZKLFK ZH EHJLQ WR UHMHFW FXVWRPHUV RI FODVV F DV WKH FRQWURO

OHYHO IRU FODVV F FXVWRPHUV� $ SROLF\ PDGH XS RI WUXQN UHVHUYDWLRQ GHFLVLRQ UXOHV LV FDOOHG D

WUXQN UHVHUYDWLRQ SROLF\�

/ H W '7 E H W K H V X E V H W R I ' W K D W F R Q W D LQ V R Q O\ W K H W U X Q N U H V H U YD W LR Q G H F LV LR Q U X OH V � )H LQ �

E H U J D Q G 5 H LP D Q >� @ K D YH H [D P LQ H G W K H P R G H O W K D W ZH S U R S R V H ZLW K W K H D G G H G J H Q H U D OLW \ R I

D F R Q V W U D LQ W R Q W K H E OR F NLQ J S U R E D E LOLW \ R I F OD V V R Q H � ,Q W K H LU D Q D O\V LV � W K H \ U H IR U P X OD W H W K H

S U R E OH P R I P D [LP L] LQ J W K H J D LQ D V D Q R Q OLQ H D U S U R J U D P P LQ J S U R E OH P � % \ Q H J OH F W LQ J W K H

F R Q V W U D LQ W � W K H \ D U H D E OH W R D U U LYH D W W K H ID F W W K D W D P R Q J V W D W LR Q D U \� G H W H U P LQ LV W LF S R OLF LH V �

R Q O\ S R OLF LH V R I W U X Q N U H V H U YD W LR Q IR U P F D Q E H R S W LP D O� : H ZLOO S U R YH W K LV U H V X OW IR U R X U

P R G H O X V LQ J 0D U NR Y ' H F LV LR Q 3 U R F H V V H V P H W K R G V D Q G H [W H Q G W K H P W R E LD V D Q G % OD F NZH OO

R S W LP D OLW \� + H Q F H � ZH ZLOO E H D E OH W R U H V W U LF W R X U D W W H Q W LR Q W R S R OLF LH V LQ '7 �

� 3 U REOHP )RU PXODWLRQ

,Q R U G H U W R D S S O\ W K H D E R YH W K H R U \� ZH Q R W H W K D W V LQ F H ZH K D YH D p Q LW H V W D W H V S D F H D Q G D OO

V W D W H V LQ 6 F R P P X Q LF D W H IR U H D F K V W D W LR Q D U \� G H W H U P LQ LV W LF S R OLF \� W K H J D LQ YH F W R U R I D Q \

S R OLF \ LQ '� LV F R Q V W D Q W � + H Q F H � � � � LV V D W LV p H G E \ D OO 0D U NR YLD Q G H W H U P LQ LV W LF G H F LV LR Q

U X OH V � 7K D W LV � *� J �  '� : H ZLOO V R P H W LP H V H P S OR \ W K H V W D Q G D U G F R Q YH Q W LR Q R I X V LQ J J D V

E R W K W K H F R Q V W D Q W H OH P H Q W R I W K H J D LQ YH F W R U D V ZH OO D V W K H J D LQ YH F W R U LW V H OI� 0R U H R YH U � V LQ F H

/ H P P D � LP S OLH V W K D W + � J� K� G R H V Q R W G H S H Q G R Q J D Q G K IR U W K H S U R F H V V LQ TX H V W LR Q ZH

V X S S U H V V W K LV G H S H Q G H Q F H D Q G ZU LW H + LQ V W H D G R I + � J� K� � ,Q R U G H U W R V LP S OLI\ W K H Q R W D W LR Q �

� �



ZH Q R W H W K D W IR U G H F LV LR Q U X OH V G � '7 LW V X r F H V W R NQ R Z W K H F R Q W U R O OH YH OV IR U H D F K F X V W R P H U

F OD V V � 7K H U H IR U H � ZH ZLOO G H Q R W H W K H W U X Q N U H V H U YD W LR Q G H F LV LR Q U X OH � D Q CbG LP H Q V LR Q D O YH F W R U �

ZLW K F R Q W U R O OH YH OV /F IR U F OD V V F F X V W R P H U V E \ D Q /�

,I ZH ZU LW H � � � LQ F R P S R Q H Q W Q R W D W LR Q � ZH K D YH W K D W + LV W K H V H W R I U X OH V LQ ' W K D W

V D W LV p H V IR U D OO � x L � P � W K H U H LV E X W R Q H D F W LR Q LI L  P� �

K � L� F� � J  PD[IUF � 8 � L� � � � 8 � L � J� � � �

ZK H U H

8 � L �  
C;

M �

yM K� L� M � � zLK� Lb � � � � � >� b �
C;

M �

yM � zL � @K� L� � � � � � �

5HPDU N � 8 � L � FDQ EH LQWHUSUHWHG DV WKH ?UHPDLQLQJ� ELDV RI WKH LQpQLWH KRUL]RQ SUREOHP�

+HQFH� HTXDWLRQ ��� KDV WKH LQWHUSUHWDWLRQ WKDW ZH FDQ UHFHLYH WKH LPPHGLDWH UHZDUG WKDW WKH

FXVWRPHU RoHUV RU IRUHJR WKLV UHZDUG LQ KRSHV RI EHWWHU RoHUV SUHVHQWLQJ WKHPVHOYHV LQ WKH

IXWXUH� 8VLQJ WKLV LQWHUSUHWDWLRQ� LW LV HDV\ WR VHH WKDW K� L� � �  8 � L � b J�

� *DLQ 2SWLPDOLW\ 5HVXOWV

: H E H J LQ W K LV V H F W LR Q E \ V K R ZLQ J W K D W LQ W K H F OD V V R I V W D W LR Q D U \� G H W H U P LQ LV W LF S R OLF LH V R Q O\

W U X Q N U H V H U YD W LR Q S R OLF LH V F D Q E H J D LQ R S W LP D O� : H ZLOO Q H H G W K H IR OOR ZLQ J OH P P D V �

/HPPD � / HW c I � L� u I � L � � � b I � L� � 6XSSRVH G� � '� LV RSWLPDO� WKHQ ZH KDYH

c 8G � L� � � IRU L  � � � � � �Pb � �

3 U RRI� : H S U R YH W K H D V V H U W LR Q E \ LQ G X F W LR Q � / H W L  � � ,W LV F OH D U W K D W LI G� � � F�  IU H MH F W J�
IR U V R P H F ! � ZH J H W IU R P W K H R S W LP D OLW \ H TX D W LR Q V UF�c 8G � � � x � � IU R P ZK LF K c 8G � � � � �

IR OOR ZV LP P H G LD W H O\� + H Q F H � D V V X P H W K D W G� � � F�  ID F F H S W J IR U D OO F� 1 R W H W K D W

8G � � �  
C;

M �

yM KG � � � M � � >� b
C;

M �

yM@KG � � � � �

� �



 
C;

M �

yM KG � � � M � � >� b
C;

M �

yM@� 8G � � � b JG � �

$ S S O\LQ J W K H D V V X P S W LR Q W K D W ID F F H S W J LV R S W LP D O IR U D OO F OD V V H V ZH J H W �

8G � � �  
C;

M �

yM � UM � 8G � � � b JG � � >� b
O;

M �

yM@� 8G � � � b JG � �

+ H Q F H �

C;
M �

yM c 8G � � �  JG b
C;

M �

yM UM�

/ H W oG G H Q R W H W K H V W D W LR Q D U \ G LV W U LE X W LR Q R I W K H 0D U NR Y S U R F H V V J H Q H U D W H G E \ W K H G H F LV LR Q

U X OH G� )X U W K H U � OH W 5F E H W K H V H W R I V W D W H V LQ ZK LF K F OD V V F F X V W R P H U V D U H U H MH F W H G � 1 R W H W K D W

JG  
O;

M �

;
N�5�

M

oG � N � � yMUM � �

7K X V � JG �
3C

M � yM UM D Q G c 8G � � � � � D V G H V LU H G �

1 R Z ZH D V V X P H W K H D V V H U W LR Q K R OG V IR U Lb � D Q G V K R Z W K D W LW LV W U X H IR U L� 5 H F D OO W K D W

8G � L �  
C;

M �

yM KG � L� M � � zLKG � � Lb � � �� � � � >� b �
C;

M �

yM � zL � @KG � L� � � �

,W LV D J D LQ V X r F LH Q W W R F R Q V LG H U W K H F D V H ZK H Q G� V�  ID F F H S W J IR U D OO V � 6� + H Q F H �

C;
M �

yM c 8G � L �  JG b
C;

M �

yM UM � zL c 8G � Lb � �

� � � (

/HPPD � / HW c �I � L �  c � c I � � L�  I � L� � � b I � L� � � b � I � L� � � b I � L � � � ,I G� � '� LV

RSWLPDO� WKHQ c �8G � L� � � IRU L  � � � � � � Pb � �

� �



3 U RRI� : H ZLOO D OV R S U R YH W K LV E \ LQ G X F W LR Q � 1 R W H W K D W IR U N  � � � ZH K D YH �

JG  
C;

M �

yM KG � � � M � b
C;

M �

yM >8G � � � b JG@

JG  
C;

M �

yMK� � � M � � z�K� � � � � b �
C;

M �

yM � z� � >8G � � � b JG@�

ZK LF K OH D G V W R �

C;
M �

yM KG � � � M � b
C;

M �

yM >8G � � � b J@�  
C;

M �

yMK� � � M � � z�K� � � � � b �
C;

M �

yM � z� � >8G � � � b JG@�

R U

C;
M �

yM � c KG � � � M � b c 8G � � � �  z� c 8G � � � � � � �

5 H F D OO W K D W F OD V V � F X V W R P H U V D U H D OZD \V D F F H S W H G � V R W K D W c KG � � � � �  c 8G � � � � : H Q R Z�

P D NH V R P H G H p Q LW LR Q V � / H W

� � $$  W K H V H W R I F X V W R P H U F OD V V H V W K D W D U H D F F H S W H G ZK H Q W K H U H D U H � R U � F X V W R P H U V

LQ W K H V \V W H P �

� � 55  W K H V H W R I F X V W R P H U F OD V V H V W K D W D U H U H MH F W H G ZK H Q W K H U H D U H � R U � F X V W R P H U V LQ

W K H V \V W H P �

� � $5  7K H V H W R I F X V W R P H U F OD V V H V W K D W D U H D F F H S W H G ZK H Q W K H U H D U H � F X V W R P H U V D Q G

U H MH F W H G ZK H Q W K H U H LV � F X V W R P H U LQ W K H V \V W H P �

� � 5$  7K H V H W R I F X V W R P H U F OD V V H V W K D W D U H U H MH F W H G ZK H Q W K H U H LV R Q H F X V W R P H U D Q G

D F F H S W H G ZK H Q W K H U H D U H ] H U R F X V W R P H U V LQ W K H V \V W H P �

� �



: H Q R Z J H W IU R P ( TX D W LR Q � � � �

z� c 8G � � �  
;
M�$$

yM � c KG � � � M � b c 8G � � � � �
;
M�55

yM � c KG � � � M � b c 8G � � � �

�
;
M�$5

yM � c KG � � � M � b c 8G � � � � �
;
M�5$

yM � c KG � � � M � b c 8G � � � �

 
;
M�$$

yM � c
�8G � � � � � � �

;
M�$5

yM � bUM b c 8G � � � �

�
;
M�5$

yM � UM � c 8G � � � �

 
;
M�$$

yM � c
�8G � � � � �

;
M�$5

yM � bUM b c 8G � � � � c
�8G � � � �

�
;
M�5$

yM � UM � c 8G � � � � �

+ H Q F H �

;
M�$$>$5

yM � c
�8G � � � �  z� c 8G � � � �

;
M�$5

yM � UM � c 8G � � � �

b ;
M�5$

yM � UM � c 8G � � � � �

7K H V H F R Q G W H U P LV Q R Q S R V LW LYH V LQ F H LW LV R S W LP D O W R U H MH F W W K H V H F OD V V H V ZK H Q W K H U H LV �

F X V W R P H U LQ W K H V \V W H P � 6 LP LOD U O\ IR U W K H OD V W W H U P V LQ F H LW LV R S W LP D O W R D F F H S W W K H V H F OD V V H V

� UM � c 8G � � � y � � ZK H Q W K H U H LV � F X V W R P H U LQ W K H V \V W H P � + H Q F H � D S S O\LQ J / H P P D � ZH

J H W � c �8G � � � � � �

1 R Z D V V X P H W K H U H V X OW LV W U X H IR U N  L b � D Q G F R Q V LG H U W K H V W D W H N  L� )U R P W K H

G H p Q LW LR Q R I 8G � L � ZH J H W �

JG  
C;

M �

yMK� L� M � � zLK� Lb � � � � b �
O;

M �

yM � zL � >8G � L � b JG@�

� �



JG  
C;

M �

yMK� L � � � M � � zL��K� L� � � b �
C;

M �

yM � zL�� � >8G � L � � � b JG@�

+ H Q F H � ZH K D YH

C;
M �

yMK � L� � � M � � zL��K� L� � � b �
C;

M �

yM � zL�� � >8G � L � � � b JG@  

C;
M �

yMK � L� M � � zLK � Lb � � � � b �
C;

M �

yM � zL � >8G � L� b JG@�

R U H TX LYD OH Q W O\�

C;
M �

yM>c K� L� M � b c 8G � L� @  >zL�� b zL@c 8G � L� � zL c
�8G � Lb � � �

/ H W � $$� L� � 55� L� � $5� L� � 5$� L E H V H W V D Q D OR J R X V W R W K R V H LQ W K H F D V H ZK H Q N  � U H S OD F LQ J

� D Q G � ZLW K L D Q G L� � � U H V S H F W LYH O\� : H J H W �

>zL�� b zL@c 8G � L� � zL c
�8G � Lb � �  

;
M��$$�L

yM>c K� L� M � b c 8G � L� @ �
;

M��55�L

yM>c K� L� M � b c 8G � L� @

�
;

M��$5�L

yM>c K� L� M � b c 8G � L� @ �
;

M��5$�L

yM>c K� L� M � b c 8G � L � @

 
;

M��$$�L

yM>c
�8G � L� @ �

;
M��$5�L

yM>bUM b c 8G � L � � � � c
�8G � L� @

�
;

M��5$�L

yM>UM � c 8G � L � � � @�

+ H Q F H �

;
M��$$�L > �$5�L

yM>c
�8G � L� @  

;
M��$5�L

yM>UM � c 8G � L� � � @b
;

M��5$�L

yM>UM � c 8G � L � � � @

�>zL�� b zL@c 8G � L � � zL c
�8G � Lb � � �

� �



$ S S O\LQ J W K H V D P H U H D V R Q LQ J D V ZK H Q L  � D Q G X V LQ J W K H LQ G X F W LR Q K \S R W K H V LV � W K H U LJ K W

K D Q G V LG H LV V W U LF W O\ OH V V W K D Q ] H U R � 7K X V c �8G � V� � � � (

: H D V V H U W W K D W X Q G H U W K H D V V X P S W LR Q R I LU U H G X F LE LOLW \ W K H U H D U H Q R W D Q \ V W D W LR Q D U \� G H �

W H U P LQ LV W LF J D LQ R S W LP D O S R OLF LH V W K D W G R Q R W V D W LV I\ W K H J D LQ R S W LP D OLW \ H TX D W LR Q V �

3 U RSRVLWLRQ � 6XSSRVH DOO VWDWHV LQ 6 FRPPXQLFDWH IRU HDFK VWDWLRQDU\� GHWHUPLQLVWLF SRO�

LF\� ( YHU\ VWDWLRQDU\� GHWHUPLQLVWLF JDLQ RSWLPDO SROLF\ VDWLVpHV WKH JDLQ RSWLPDOLW\ HTXD�

WLRQV�

3 U RRI� : H ZLOO S U R YH W K H S U R S R V LW LR Q E \ F R Q W U D G LF W LR Q � 6 X S S R V H W K H U H H [LV W V D V W D W LR Q D U \�

G H W H U P LQ LV W LF J D LQ R S W LP D O S R OLF \ � G� � � W K D W G R H V Q R W V D W LV I\ W K H J D LQ R S W LP D OLW \ H TX D W LR Q V �

1 R W LF H W K D W 3 U R S R V LW LR Q � J X D U D Q W H H V W K D W LI D S R OLF \ V D W LV p H V W K H J D LQ R S W LP D OLW \ H TX D W LR Q V

ZLW K YH F W R U V V D \ J D Q G K� W K H Q W K H V D P H S R OLF \ D OV R V D W LV p H V W K H J D LQ R S W LP D OLW \ H TX D W LR Q V

ZLW K LW V F R U U H V S R Q G LQ J J D LQ D Q G E LD V YH F W R U V JG D Q G KG� + H Q F H � OH W G� E H D J D LQ R S W L�

P D O S R OLF \ W K D W V D W LV p H V W K H J D LQ R S W LP D OLW \ H TX D W LR Q V ZLW K J D LQ D Q G E LD V YH F W R U V JG D Q G

KG� U H V S H F W LYH O\� 6 LQ F H JG�  JG D Q G G� G R H V Q R W V D W LV I\ W K H R S W LP D OLW \ H TX D W LR Q V ZH K D YH

UG� � V� � 3G�KG � V� � UG � V� � 3GKG � V� IR U V R P H V ZK LF K E \ / H P P D � LP S OLH V JG� � JG� 7K LV

F R Q W U D G LF W V W K H R S W LP D OLW \ R I � G� � �� 7K H U H V X OW IR OOR ZV � (

,W LV Q R W K D U G W R V H H W K D W � J LYH Q W K H F R Q F D YLW \ R I 8 LQ L LP S OLH G E \ / H P P D � � ZH K D YH

W K H H [LV W H Q F H R I R S W LP D O W U X Q N U H V H U YD W LR Q S R OLF LH V IR U H D F K F R Q W U R O OH YH O� 0R U H R YH U � X V LQ J

3 U R S R V LW LR Q � � ZH D U H D E OH W R V W D W H D V W U R Q J H U U H V X OW �

3 U RSRVLWLRQ � ,Q WKH FODVV RI VWDWLRQDU\� GHWHUPLQLVWLF SROLFLHV� RQO\ WUXQN UHVHUYDWLRQ SROL�

FLHV DUH JDLQ RSWLPDO�

� �



3 U RRI� 6 X S S R V H G LV D Q R S W LP D O G H F LV LR Q U X OH D Q G F R Q V LG H U D Q D U E LW U D U \ F X V W R P H U F OD V V M � � �
/ H W L  Le E H W K H V P D OOH V W V X F K L V X F K W K D W G� L� M �  IU H MH F W J� 7K H J D LQ R S W LP D OLW \ H TX D W LR Q V

\LH OG UM � c 8G � L
e � x � � % \ W K H F R Q F D YLW \ R I 8G LP S OLH G LQ / H P P D � ZH D OV R K D YH W K D W

UM � c 8G � L
� � � � IR U D OO L� ! Le� + H Q F H � G� L�� M �  IU H MH F W J D V ZH OO� 6 LQ F H M ZD V D U E LW U D U \ W K LV

LV W U X H IR U H D F K F OD V V � 7K X V � G LV R I W U X Q N U H V H U YD W LR Q IR U P � (

: H D U H Q R Z D E OH W R U H ZU LW H W K H R S W LP D OLW \ F U LW H U LR Q �

3 U RSRVLWLRQ � 6XSSRVH WKDW /� LV JDLQ RSWLPDO� WKHQ IRU HDFK F

UF � 8/ � L � � � b 8/ � L�

� y � � x L � /F

x � /F x L x Pb �

3 U RRI� 6 LQ F H / LV J D LQ R S W LP D O ZH NQ R Z W K D W LW P X V W V D W LV I\ W K H J D LQ R S W LP D OLW \ H TX D W LR Q V �

7K H U H V X OW IR OOR ZV � (

5HPDU N � ,QWXLWLYHO\� ZH FDQ WKLQN RI c 8 � L� DV WKH DPRXQW LW ?FRVWV� WR DGG DQRWKHU

FXVWRPHU WR WKH V\VWHP� 7KXV� LI WKH RoHUHG UHZDUG� UF VD\� LV JUHDWHU WKDQ WKLV ZH VKRXOG

DFFHSW WKH FXVWRPHU� 2WKHUZLVH ZH ZRXOG UHMHFW WKH FXVWRPHU� +HQFH� ZH KDYH WKDW WKH

FULWHULRQ IRU DFFHSWDQFH LV UF � c 8 � L� y � �

5 H W X U Q LQ J W R ( [D P S OH � U H F D OO W K D W ZK H Q U�  � �� � � � � ZH K D G W ZR J D LQ R S W LP D O S R OLF LH V �

W ZR D Q G W K U H H � ,Q ID F W � W K H J D LQ IR U E R W K S R OLF LH V LV � �� � � � � � � + R ZH YH U � Q R W LF H W K D W V LQ F H

K�  I� �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � �b� �� � � � � � J7

K�  I� �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � �b� �� � � � � J7

K� y K� F R P S R Q H Q W ZLV H � + H Q F H � W K H U H LV R Q O\ R Q H E LD V R S W LP D O W U X Q N U H V H U YD W LR Q S R OLF \� ,Q

R U G H U W R X Q G H U V W D Q G W K LV E H W W H U � ZH Q R W H W K D W V LQ F H W K H U H D U H R Q O\ W ZR F X V W R P H U F OD V V H V � W K H U H

F D Q Q R W E H P R U H W K D Q W ZR J D LQ R S W LP D O W U X Q N U H V H U YD W LR Q S R OLF LH V � )X U W K H U � LI W K H U H D U H W ZR

� �



V X F K S R OLF LH V W K H \ P X V W R F F X U F R Q V H F X W LYH O\� )R U Q R W D W LR Q D O F R Q YH Q LH Q F H � OH W � /e � F D Q G � /
e � F

E H W K H V P D OOH V W D Q G OD U J H V W J D LQ R S W LP D O W U X Q N U H V H U YD W LR Q F R Q W U R O OH YH OV IR U F X V W R P H U F OD V V

F� &OH D U O\� � /e � F x � /e � F�

3 U RSRVLWLRQ � 6XSSRVH � /e � F LV WKH VPDOOHVW JDLQ RSWLPDO FRQWURO OHYHO IRU FXVWRPHU FODVV

F� 7KHQ WKH RQO\ RWKHU FRQWURO OHYHO IRU FXVWRPHU FODVV F WKDW FDQ EH RSWLPDO LV � /e � F � � �

3 U RRI� 7K H D V V H U W LR Q LV W U LYLD OO\ W U X H LI � /e � F  P R U Pb � � 7K X V � D V V X P H � /e � F x Pb � � : H
ZLOO F R Q V LG H U W K H F D V H ZK H Q � /e � F  � V H S D U D W H O\� V R IR U Q R Z D V V X P H � /e � F ! � � : H NQ R Z IU R P

3 U R S R V LW LR Q � W K D W /e � +� 1 R W H W K D W V LQ F H 8/e
LV V W U LF W O\ F R Q F D YH � D Q \ V W D W H � L� F� V X F K W K D W

� /e � F � L � P� UF�8/e
� L�� � b8/e

� L� � � � V W U LF W O\� � ZK LF K \LH OG V + � L� F�  IU H MH F W J� )LQ D OO\�

ZH F OD LP W K D W UF�8/e
� � /e � F � b8/e

� � /e � Fb � � ! � � 7R V K R Z W K LV V X S S R V H LW ZH U H H TX D O W R ] H U R �

7K LV ZR X OG LP S O\ W K D W + � � /e � Fb � � F�  IU H MH F W � D F F H S W J� 7K X V � � /e � Fb � � + � � /e � Fb � � M � �
7K LV LP S OLH V W K D W � /e � Fb � LV J D LQ R S W LP D O IR U F X V W R P H U F OD V V F� 7K LV F R Q W U D G LF W V W K H D V V X P S �

W LR Q W K D W � /e � F LV W K H V P D OOH V W J D LQ R S W LP D O F R Q W U R O OH YH O IR U F X V W R P H U F OD V V F� )R U � /e � F  �

Q R W LF H W K D W E \ W K H V D P H U H D V R Q LQ J D V D E R YH � IU H MH F W J P X V W E H R S W LP D O IR U F X V W R P H U F OD V V F

IR U D OO K LJ K H U V \V W H P F D S D F LW LH V � 7K H U H V X OW IR OOR ZV � (

,Q W K H S U H YLR X V S U R R I� ZH K D YH D F K D U D F W H U L] D W LR Q R I+ � L� F� IR U L ! � /e � F� ZK H U H � /e � F LV W K H

V P D OOH V W R S W LP D O W U X Q N U H V H U YD W LR Q G H F LV LR Q U X OH IR U F X V W R P H U F OD V V F� 7K H V D P H OR J LF F D Q E H

D S S OLH G W R G H W H U P LQ H + � L� F� IR U L x � /e � F� 6 X S S R V H W K D W E R W K � /e � F D Q G � /e � F�� D U H R S W LP D O�
7K X V � ZH K D YH � 8/e

� � /e � F � � � b8/e
� � /e � F �  bUF� 1 R Z V X S S R V H W K H U H H [LV W V L � � /e � F V X F K

W K D W IU H MH F W J � + � L� F� � 6 LQ F H + LV LQ G H S H Q G H Q W R I J D Q G K ZH K D YH 8/e
� L�� � b8/e

� L �  bUF�

7K LV F R Q W U D G LF W V / H P P D � � + H Q F H � + � L� F�  ID F F H S W J ZK H Q L � /e� ,I E R W K � /e � F D Q G

� /e � F� � D U H R S W LP D O ZH NQ R Z W K D W R S W LP D O S R OLF LH V ZK LF K X V H H LW K H U F R Q W U R O OH YH O IR U F OD V V F

F X V W R P H U V D U H LQ + D Q G � W K X V � ZH F D Q D G P LW R U Q R W D G P LW F OD V V F F X V W R P H U V LQ V W D W H /e� 6 R

ZH K D YH S U R YH Q W K H IR OOR ZLQ J S U R S R V LW LR Q W K D W F R P S OH W H O\ F K D U D F W H U L] H V +�

� �



3 U RSRVLWLRQ � ,I � /e � F DQG � /
e � F b � DUH JDLQ RSWLPDO WUXQN UHVHUYDWLRQ GHFLVLRQ UXOHV IRU

FXVWRPHU FODVV F�

+ � L� F�  

�!�
!�

ID F F H S W J � x L � � /e � F b � �
ID F F H S W � U H MH F W J L  � /e � F b � �
IU H MH F W J � /e � F b � � L x P�

DQG LI � /e � F LV WKH RQO\ JDLQ RSWLPDO WUXQN UHVHUYDWLRQ UXOH IRU FXVWRPHU FODVV F�

+ � L� F�  

� ID F F H S W J � x L � � /e � F�
IU H MH F W J � /e � F x L x P�

� % LDV 2SWLPDOLW\ 5HVXOWV

7K H S U H YLR X V U H V X OW V K D YH U H G X F H G R X U V H D U F K IR U V W D W LR Q D U \� G H W H U P LQ LV W LF E LD V R S W LP D O S R OL�

F LH V W R D P X F K V P D OOH U V H W � 6 LQ F H LW LV ZH OO�NQ R ZQ W K D W V X F K S R OLF LH V H [LV W � V H H 3 U R S R V LW LR Q � �

ZH Q R Z F R Q F H U Q R X U V H OYH V ZLW K ZK LF K S R OLF \� LI W ZR J D LQ R S W LP D O S R OLF LH V H [LV W � LV E LD V R S W LP D O�

+ H U H D J D LQ � ZH U H V W D W H D X V H IX O U H V X OW IU R P + D YLY D Q G 3 X W H U P D Q >� @�

3 U RSRVLWLRQ � 6XSSRVH J DQG K VDWLVI\ WKH JDLQ RSWLPDOLW\ HTXDWLRQV DQG WKDW WKHUH H[LVWV

D YHFWRU Z IRU ZKLFK

Z  PD[G�+IbK� 3GZJ � � �

WKHQ� LI Ge � + DWWDLQV WKH PD[LPXP LQ ���� WKHQ � Ge � � LV ELDV RSWLPDO� 0 RUHRYHU� VXSSRVH

WKDW IRU VRPH G � +� ZKHUH J DQG K VDWLVI\ WKH JDLQ RSWLPDOLW\ HTXDWLRQV DQG WKHUH H[LVWV D

YHFWRU Z ZLWK

Z  bK� 3GZ � � �

WKHQ LI

3G�Z y 3GZ � � �

� �



IRU VRPH G� � + ZLWK VWULFW LQHTXDOLW\ LQ DW OHDVW RQH FRPSRQHQW� WKHQ K�G
��� y K�G�

�

ZLWK

VWULFW LQHTXDOLW\ LQ DW OHDVW RQH FRPSRQHQW�

1 H [W � ZH ZLOO V K R Z W K D W LI ZH K D YH W ZR J D LQ R S W LP D O � W U X Q N U H V H U YD W LR Q � F R Q W U R O OH YH OV IR U D

S D U W LF X OD U F X V W R P H U F OD V V F� R Q O\ W K H OD U J H U R Q H LV E LD V R S W LP D O� 7K D W LV � E LD V R S W LP D OLW \ LV

V H Q V LW LYH H Q R X J K W R G LV W LQ J X LV K E H W ZH H Q W K H P �

3 U RSRVLWLRQ � ,I JDLQ RSWLPDO WUXQN UHVHUYDWLRQ SROLFLHV G� DQG � G� � � DUH LGHQWLFDO H[FHSW

IRU FXVWRPHU FODVV M� ZKHUH G� XVHV FRQWURO OHYHO /M DQG � G
� � � XVHV FRQWURO OHYHO /M� � � WKHQ

KG� y KG ZLWK VWULFW LQHTXDOLW\ LQ DW OHDVW RQH HOHPHQW�

3 U RRI� / H W JG D Q G KG V D W LV I\ W K H J D LQ R S W LP D OLW \ H TX D W LR Q V � $ V V X P H IR U Q R Z W K D W /M ! � �

6 X S S R V H ZG LV D YH F W R U W K D W V D W LV p H V Z  bKG � 3GZ� : H ZLOO V K R Z W K D W 3G�ZG y 3GZG

ZLW K V W U LF W LQ H TX D OLW \ LQ D W OH D V W R Q H F R P S R Q H Q W D Q G D S S O\ W K H V H F R Q G S D U W R I 3 U R S R V LW LR Q � �

5 H F D OO� W K D W ZH K D YH R U G H U H G W K H V W D W H V OH [LF R J U D S K LF D OO\� ,W LV F OH D U W K D W V LQ F H 3G� D Q G 3G

R Q O\ G LoH U LQ W K H � /M� M �
WK U R Z� ZH Q H H G R Q O\ F R Q V LG H U W K D W F R P S R Q H Q W � + H Q F H � ZH Q H H G W R

V K R Z W K D W

� 3G�ZG � � /M� M � ! � 3GZG � � /M� M � �

R U H TX LYD OH Q W O\�

C;
N �

yNZG � /M � � � N � � z/M�� ZG � /M� � � � >� b �
C;

N �

yN � z/M�� � @ZG � /M � � � � � !

C;
N �

yNZG � /M� N � � z/M
ZG � /M b � � � � � >� b �

C;
N �

yN � z/M
� @ZG � /M� � � �

� �



7R W K LV H Q G � ZH G H U LYH W K H IR OOR ZLQ J V H W R I H TX D W LR Q V IR U D Q D U E LW U D U \ F OD V V F y � ZLW K F R Q W U R O
OH YH O /F X Q G H U G

��

bcKG�L� F� 

�!!!!!�
!!!!!�

cZG�L� F�b zL� �cZG�L� ��b
3C

N  �
yNcZG�L� �� N�

b>�b �3C

N  �
yN � zL� ��@cZG�L� �� �� L � /F b �

cZG�L� F� L  /F b �
cZG�L� F�b zLcZG�Lb �� ��b

3
C

N  �
yNcZG�L� N�

b>�b �3C

N  �
yN � zL� ��@cZG�L� �� /F x L x Pb �

����

8 V LQ J � � � ZH NQ R Z IR U L � /F b � �

ZG�L� F�  bKG�L� F� �
C;

N �

yNZG�L� �� N� � zL��ZG�L� ��

�>�b �
C;

N �

yN � zL���@ZG�L� �� ���

ZG�L� �� F�  bKG�L� �� F� �
C;

N �

yNZG�L� �� N� � zL��ZG�L� �� ��

�>�b �
C;

N �

yN � zL���@ZG�L� �� ���

+ H Q F H �

c ZG � L� F�  bc KG � L� F� �
C;

N �

yN c ZG � L� � � N � b zL�� c ZG � L� � � � � � zL�� c ZG � L� � �

�>� b
C;

N �

yN@c ZG � L � � � � � �

ZK LF K \LH OG V � IR U L � /F b �

bc KG � L� F�  c ZG � L� F � b zL�� c ZG � L� � � b
C;

N �

yN c ZG � L � � � N �

b>� b �
C;

N �

yN � zL�� � @c ZG � L� � � � � �

� �



1 R Z F R Q V LG H U ZK H Q L  /F b �

ZG � /F b � � F �  bKG � /F b � � F� �
C;

N �

yNZG � /F� N � � z/F
ZG � /F b � � � �

�>� b �
C;

N �

yN � z/F
� @ZG � /F� � � �

ZG � /F� F �  bKG � /F� F� �
C;

N �

yNZG � /F� N � � z/F
ZG � /F b � � � �

�>� b �
C;

N �

yN � z/F
� @ZG � /F� � � �

6 R � ZH K D YH

c ZG � /F b � � F�  bc KG � /F b � � F� �

1 R Z F R Q V LG H U /F x L x Pb � �

ZG � L� F�  bKG � L� F� �
C;

N �

yNZG � L� N � � zLZG � Lb � � � �

�>� b �
C;

N �

yN � zL � @ZG � L� � � �

ZG � L � � � F �  bKG � L� � � F� �
C;

N �

yNZG � L� � � N � � zL��ZG � L� � �

�>� b �
C;

N �

yN � zL�� � @ZG � L� � � � � �

7K X V �

bc KG � L� F�  c ZG � L� F� b zL c ZG � Lb � � � � b
C;

N �

yN c ZG � L� N �

b>� b �
C;

N �

yN � zL�� � @c ZG � L� � � �

� �



1 R Z� IR U F OD V V � ZH K D YH �

ZG � L� � �  bKG � L� � � �
C;

N �

yNZG � L� N � � zLZG � Lb � � � �

�>� b �
C;

N �

yN � zL � @ZG � L� � � �

ZG � L � � � � �  bKG � L� � � � � �
C;

N �

yNZG � L� � � N � � zL��ZG � L� � �

�>� b �
C;

N �

yN � zL�� � @ZG � L� � � � � �

+ H Q F H �

bc KG � L� � �  c ZG � L� � � b zL c ZG � Lb � � � � b
C;

N �

yN c ZG � L� N �

b>� b �
C;

N �

yN � zL�� � @c ZG � L� � � �

6 LQ F H
3C

N � yN � zP  � � � � � � F D Q E H U H ZU LW W H Q LQ P D W U L[ Q R W D W LR Q D V

� , b4� c ZG  bc KG � � � �

ZK H U H 4 LV G H p Q H G E \

4� � L�� F � � � L�� F
� � �  

�!!!!!!!!!!!!!!!!!!�
!!!!!!!!!!!!!!!!!!�

zL� F  � � L�  L� b � � F�  � �
yF� F  � � L�  L�� F

� � � �
zP b zL��� F  � � L�  L�� F

�  � �
zL��� L� � /F� F � � � L�  L�� F

�  � �
yF� L� � /F� F � � � L�  L� � � � F

� � � �
zP b zL��� L� � /F� F � � � L�  L� � � � F

�  � �
zL� /F x L� x Pb � � F � � � L�  L� b � � F�  � �
yF� /F x L� x Pb � � F � � � L�  L�� F

� � � �
zP b zL��� /F x L� x Pb � � F � � � L�  L�� F

�  � �
� RWKHUZLVH�

� � � �

� �



&R Q V LG H U V W D W H � � � � � � 6 LQ F H ZH K D YH D V V X P H G W K D W z�  � D Q G z� ! � W K LV U R Z R I 4 F D Q Q R W

V X P W R � � 4 F D Q E H W K R X J K W R I D V W K H W U D Q V LW LR Q P D W U L[ IR U W K H W U D Q V LH Q W V W D W H V R I D p Q LW H �

V W D W H � 0D U NR Y F K D LQ � + H Q F H � ZH J H W IU R P 3 X W H U P D Q >� @ � $ S S H Q G L[ $ � 3 U R S R V LW LR Q $ �� � W K D W

, b4 LV LQ YH U W LE OH � ZLW K

� , b4� b�  
�;
Q �

4Q�

6 LQ F H 4 K D V D OO Q R Q �Q H J D W LYH H OH P H Q W V � � , b4� b� P X V W D OV R E H Q R Q �Q H J D W LYH � )X U W K H U P R U H �

IU R P � � � � �

c ZG  b� , b4� b� c KG

 b
�;
Q �

4Q c KG� � � � �

1 R Z� IU R P / H P P D � ZH NQ R Z W K D W bc KG ! � � )X U W K H U � Q R W H W K D W W K H p U V W W ZR W H U P V

R I W K H V X P LQ � � � � D U H bc KG b4 c KG� D Q G W K D W 4 LV Q R Q Q H J D W LYH ZLW K D W OH D V W R Q H V W U LF W O\

Q R Q Q H J D W LYH H OH P H Q W LQ H D F K U R Z� + H Q F H �

c ZG  b
�;
Q �

4Q c KG

! bc KG�

7R F R P S OH W H W K H S U R R I� U H F D OO

c ZG � /e� M � � c KG � /e� M �  � 3G�ZG � � /e� M � b � 3GZG � � /e� M � ! � �

$ S S O\LQ J W K H V H F R Q G S D U W R I 3 U R S R V LW LR Q � � ZH R E W D LQ W K H U H V X OW � ,I /e  � W K H D Q D O\V LV

LV V LP LOD U � (

7K H S U H YLR X V S U R S R V LW LR Q OH D G V W R W K H IR OOR ZLQ J F R U R OOD U \�

� �



&RU ROODU \ � 7KHUH FDQ RQO\ EH RQH VWDWLRQDU\� GHWHUPLQLVWLF ELDV RSWLPDO SROLF\ DQG WKDW

SROLF\ XVHV WKH KLJKHVW JDLQ RSWLPDO FRQWURO OLPLW IRU HDFK FXVWRPHU FODVV�

2I F R X U V H W K H U H D U H R W K H U P R U H V H Q V LW LYH R S W LP D OLW \ F U LW H U LR Q LQ F OX G LQ J �b RSWLPDOLW\

R U % ODFNZHOO RSWLPDOLW\�

'HpQLWLRQ � $ SROLF\ }e LV FDOOHG % ODFNZHOO RSWLPDO LI WKHUH H[LVWV ye VXFK WKDW � x ye � � �

Y}
e

y y Y}y� IRU DOO } DQG ye x y � � � ZKHUH Y}y LV WKH WRWDO GLVFRXQWHG UHZDUG RI WKH 0 DUNRY

GHFLVLRQ SURFHVV ZKHQ XVLQJ SROLF\ } ZLWK GLVFRXQW UDWH y�

3 U RRI� � 2I 7K H R U H P � � 7K H H [LV W H Q F H R I J D LQ � E LD V � D Q G % OD F NZH OO R S W LP D O S R OLF LH V LV D

G LU H F W F R Q V H TX H Q F H R I 3 U R S R V LW LR Q � D Q G W K H ID F W W K D W % OD F NZH OO >� @ V K R ZH G W K H H [LV W H Q F H

R I D V W D W LR Q D U \ S R OLF \ � LQ W K H p Q LW H V W D W H F D V H � � $ S S O\LQ J 3 U R S R V LW LR Q � � \LH OG V W K D W W K H U H

F D Q E H D W P R V W W ZR J D LQ R S W LP D O F R Q W U R O OH YH OV IR U H D F K F X V W R P H U F OD V V � D Q G W K D W W K H \ P X V W

R F F X U F R Q V H F X W LYH O\� )X U W K H U � 3 U R S R V LW LR Q � G LV W LQ J X LV K H V E H W ZH H Q W ZR J D LQ R S W LP D O F R Q W U R O

OH YH OV X V LQ J E LD V R S W LP D OLW \� )LQ D OO\� LW LV ZH OO�NQ R ZQ W K D W % OD F NZH OO R S W LP D OLW \ LP S OLH V E LD V

R S W LP D OLW \� + H Q F H � ZH K D YH V K R ZQ W K D W LI W K H U H LV R Q O\ R Q H J D LQ R S W LP D O F R Q W U R O OH YH O IR U

H D F K F OD V V � W K D W S R OLF \ LV D OV R % OD F NZH OO R S W LP D O� D Q G LI W K H U H D U H F OD V V H V LQ ZK LF K W K H U H D U H

W ZR J D LQ R S W LP D O F R Q W U R O OH YH OV � W K H K LJ K H U LV % OD F NZH OO R S W LP D O� (

$FNQRZOHGJPHQWV

: H ZR X OG OLNH W R W K D Q N ' U � 0D U W LQ ,� 5 H LP D Q R I % HOO / DERUDWRULHV� IR U V X J J H V W LQ J W K H
P R G H O W R X V D Q G IR U D OO R I K LV K H OS D Q G V X S S R U W � : H ZR X OG D OV R OLNH W R W K D Q N 3 U R I� 0D U W LQ
/ � 3 X W H U P D Q IR U K LV H G LW R U LD O F R P P H Q W V �

5HIHU HQFHV

>� @ ' D YLG % OD F NZH OO� ' LV F U H W H G \Q D P LF S U R J U D P P LQ J � $QQDOV RI 0 DWKHPDWLFDO 6WDWLVWLFV�
� � �� � � ^ � � � � � � � � �

>� @ ( X J X H Q H )H LQ E H U J D Q G 0D U W LQ 5 H LP D Q � 2S W LP D OLW \ R I U D Q G R P L] H G W U X Q N U H V H U YD W LR Q �
3 UREDELOLW\ LQ WKH ( QJLQHHULQJ DQG ,QIRUPDWLRQDO 6FLHQFHV� � �� � � ^ � � � � � � � � �

� �



>� @ 0R V K H + D YLY D Q G 0D U W LQ / � 3 X W H U P D Q � % LD V R S W LP D OLW \ LQ F R Q W U R OOH G TX H X H LQ J V \V W H P V �
- RXUQDO RI $SSOLHG 3 UREDELOLW\� � � � � � W R D S S H D U �

>� @ 6 W H YH Q $ � / LS S P D Q � $ S S O\LQ J D Q H Z G H YLF H LQ W K H R S W LP L] D W LR Q R I H [S R Q H Q W LD O TX H X H LQ J
V \V W H P V � 2SHUDWLRQV 5 HVHDUFK� � � � � � �� � � ^ � � � � � � � � �

>� @ 6 W H YH Q $ � / LS S P D Q D Q G 6 K H OG R Q 0� 5 R V V � 7K H V W U H H W ZD ONH U 
V G LOH P P D � $ MR E V K R S P R G H O�
6,$0 - RXUQDO RI $SSOLHG 0 DWKHPDWLFV� � � � � � �� � � ^ � � � � � � � � �

>� @ % U X F H / � 0LOOH U � $ TX H X H LQ J U H ZD U G V \V W H P ZLW K V H YH U D O F X V W R P H U F OD V V H V � 0 DQDJHPHQW
6FLHQFH� � � � � � �� � � ^ � � � � � � � � �

>� @ 0D U W LQ / � 3 X W H U P D Q � 0 DUNRY ' HFLVLRQ 3 URFHVVHV� ' LVFUHWH 6WRFKDVWLF ' \QDPLF 3 URJUDP�
PLQJ� -R K Q : LOH \ D Q G 6 R Q V � ,Q F �� 1 H Z < R U N� � � � � �

>� @ 0D U W LQ ,� 5 H LP D Q � $ V \P S W R W LF D OO\ R S W LP D O W U X Q N U H V H U YD W LR Q IR U OD U J H W U X Q N J U R X S V � ,Q
3 URFHHGLQJV RI WKH ��WK &RQIHUHQFH RQ ' HFLVLRQ DQG &RQWURO� S D J H V � � � � ^ � � � � � � � � � �

>� @ 6 K D OH U 6 W LG K D P � -U � 2S W LP D O F R Q W U R O R I D G P LV V LR Q W R D TX H X H LQ J V \V W H P � ,( ( ( 7UDQVDF�
WLRQV RQ $XWRPDWLF &RQWURO� $ &�� � � � � �� � � ^ � � � � � � � � �

� �


