= Last class (February 18, 2003)
= Principal-agent problem
« General model
= Optimality conditions

» Two actions-two outcomes graphical solution

= Today (February 20, 2003)

= Optimality conditions for two actions and two

outcomes
= Sensitivity analysis

’ Principal’s problem: Step 1
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’ Two actions and two outcomes

= Suppose the agent has two possible actions, a and
b, and there are two possible outcomes, x; and x,.

= Suppose that action b is preferred by the principal

For action b :
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If the incentive constraint is not binding :

: likelihood ratio

A=0,U'(w;)=1/p andw, =w.

Substituting into the incentive constraint

(the agent prefers action b over action @) :

injU(w) —e(b) = iPajU(w) —e(a) > e(a) = e(b)

’ Two actions and two outcomes
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If the incentive constraint is binding :
A4>0, andU'(w,) depends on the likelihood ratio (LR).

The optimal incentive scheme is a linear function of LR.




Sensitivity analysis:
i Changes in the agent’s costs

= What is the impact of the agent’s costs on the
outcome?
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Sensitivity analysis:
& Changes in the agent’s costs

= What is the impact of the agent’s costs on the

outcome?
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= “Carrot”: Decrease the cost of the desired action, b
= “Stick”: Increase the cost of the undesired action, a
= Carrot vs. stick, which one is better?

= Last class (February 20, 2003)

= Optimality conditions for two actions and two
outcomes

= Sensitivity analysis
= Example

= Today (February 25, 2003)
= More examples

Low effort a=0 12 Low output $10,000
1/2
12 Medium output $20,000

High effort a=1 12
High output $40,000

= Cost of effort to the agent 10,000a

= Agent’s reservation utility U=0

= Agent’s expected payoff: E[wage — cost of effort]
= Principal’s expected payoff: E[output — wage]

= Under low effort
= Agent’s cost=0 -> Offer w=U=0 to the agent
= Principal’s expected payoff =
0.5(10,000)+0.5(20,000)-0=15,000
= Under high effort
= Principal’s expected revenue =
0.5(20,000)+0.5(40,000)=30,000
= Principal’s expected payoff = E[revenue — wage]
= For participation: E[wage] > U+cost of effort=10,000
= For the principal to prefer high effort over low
E[wage]<=15,000

’ Example: Bonus payment

= Principal’s proposed contract

= If the output is low or medium, w=0

= If the output is high, w=24,000
= Participation constraint for high effort
0.5(0)+0.5(24,000)-10,000=2,000>0
= Incentive constraint
0.5(0)+0.5(24,000)-10,000=2,000>0.5(0)+0.5(0)=0
= Principal’s payoff: 18,000 Agent’s payoff: 2,000

= What is the best w that maximizes the principal’s payoff?
0.5(0)+0.5w-10,000=0 > w=20,000
Principal’s payoff: 20,000 Agent’s payoff: 0




‘ Example: Revenue sharing

= Principal’s proposed contract
= If the output is less than x=18,000, w=0
= If the output R > x, w=R-x
= Participation constraint
0.5(20,000-18,000)+0.5(40,000-18,000)-
10,000=2,000>0
= Incentive constraint
0.5(20,000-18,000)+0.5(40,000-18,000)-
10,000=2,000> 0.5(0)+0.5(20,000-18,000)=1,000
= Principal’s payoff: 18,000 Agent’s payoff: 2,000
= What is the best x that maximizes the principal’s
payoff?

’ Example: Revenue sharing (cont.)

= X>20,000: Participation constraint is not satisfied
= 0.5(0)+0.5(40,000-x)-10,000= 10,000-0.5x<0 if x>20,000
= 10,000<x<20,000
« Participation: 0.5(20,000-x)+0.5(40,000-x)-10,000= 20,000-x > 0
= Incentive: 0.5(20,000-x)+0.5(40,000-x)-10,000 >
0.5(0)+0.5(20,000-x)
= x<20,000 -> To maximize principal’s payoff x=20,000
= Principal’s payoff: 20,000 Agent’s payoff: 0
= X <10,000:
« Participation: 0.5(20,000-x)+0.5(40,000-x)-10,000= 20,000-x > 0
= Incentive: 0.5(20,000-x)+0.5(40,000-x)-10,000 >
0.5(10,000-x)+0.5(20,000-x)
= To maximize principal’s payoff x=10,000
= Principal’s payoff: 10,000 Agent’s payoff: 10,000
= Optimal x=20,000

‘ Piece-rate system

= Principal’s proposed contract: w=oR if the output is R

= Participation constraint for high effort

0.5(¢20,000)+0.5(40,000)-10,000=30,0000.-10,000 > 0 >
o>1/3

= Incentive constraint

0.5(¢20,000)+0.5(40,000)-10,000=30,0000.-10,000 >
0.5(10,000)+0.5(:20,000) > >2/3

= To maximize the principal’s payoff: a=2/3

= Principal’s payoff: 10,000 Agent’s payoff: 10,000

= Is it optimal for the principal to induce high effort under this
contract?

’ Example

= gis the effort of the agent with cost c(a)

= x=a+e is the output observed by the principal
where ¢ is Normally distributed with mean zero and
variance ¢2.

= Suppose the principal chooses a linear incentive
scheme m(x)=38+yx= d+ya+ye. d and y are
parameters to be determined.

= The agent’s expected utility is U(w)=E[ w]-r/2(yc)?.
Agent’s reservation utility is U.

= The principal’s expected utility (assuming she is
risk-neutral):

E[x-m)]= E[X]- E[lmX)]=a-(8+ya)=(1- y)a- &

‘ Example (cont.)

= The agent’s expected utility
E[U(W)]= E[W]-1/2(y0)* = 8+ya - 1/2(yo)?

Agent’s problem:
Maximize 8+vya - r/2(yo)?-c(a)

From F.O.C.:
y- c'(a)=0

’ Example (cont.)

= The principal’s problem

Maximize (1- y)a- &

Subject to
S+vya - r/2(yo)?-c(a)=U (participation constraint)
v- c'(@)=0 (incentive constraint)

8=U- ya +r/2(yo)*+c(a) y=c'(a)
(1- y)a- 6=a-ya - U +ya - r/2(yo)*- c(a) = a - U - r/2(c'(a)c)? (@)

Maximize a — r/2(c'(a)o)? c(a)




‘ Example (cont.)

= Maximize a — r/2(c'(a)o)?- c(a)

From F.O.C.:
1-rc@)c’(@oc?-c(@) =0
vy =c'@) = 1/(1+r c"(a) )

Recall: m(xX)=5+yx
02 =0 - y=1/(14rc"(@)) » vy = 1 and M x)=3+x.
o2 >0 — v <1 and the agent shares some of the risk.




