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Abstract. We investigate strong inequalities for mixed 0-1 integer programs derived from flow cover inequal-
ities. Flow cover inequalities are usually not facet defining and need to be lifted to obtain stronger inequalities.
However, because of the sequential nature of the standard lifting techniques and the complexity of the op-
timization problems that have to be solved to obtain lifting coefficients, lifting of flow cover inequalities is
computationally very demanding. We present a computationally efficient way to lift flow cover inequalities
based on sequence independent lifting techniques and give computational results that show the effectiveness
of our lifting procedures.

1. Introduction

A mixed integer program (MIP) with binary integer variables (BMIP) is the appropriate
mathematical model for many practical optimization problems. This model is used, for
example, for facility location problems, distribution problems, network design problems
and more generally when fixed or concave costs are required in the objective function
of an otherwise linear system.

Traditionally, BMIPs are solved by linear programming based branch-and-bound
algorithms. The more modern technology of branch-and-cut, which is widely used for
binary pure integer programs (BIP), has seen only limited use in solving BMIPs. Most
commercial code use branch-and-cut with lifted cover inequalities for solving BIPs
but only branch-and-bound for solving BMIPs. This successful commercialization of
branch-and-cut for BIPs has occurred because there are efficient algorithms for finding
strong inequalities (lifted cover inequalities) that cut off fractional solutions to LP
relaxations.

The purpose of this paper is to present strong inequalities for BMIPs that can be
used successfully in branch-and-cut. Our inequalities are derived from the flow cover
inequalities that were introduced by Padberg, Van Roy, and Wolsey [12] and Van Roy
and Wolsey [13] and implemented by Van Roy and Wolsey [14]. Balas et al. [2] use
disjunctive cuts and Balas et al. [3] use Gomory cuts to solve BMIPs by a branch-and-cut
algorithm.

Usually, flow cover inequalities are not facet-defining and need to be lifted to obtain
stronger inequalities. However, because of the sequential nature of the standard lifting
techniques and the complexity of the optimization problems that have to be solved
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to obtain lifting coefficients, lifting of flow cover inequalities is computationally very
demanding. Our main contribution is a computationally efficient way to lift flow cover
inequalities. This is accomplished by a technique called sequence independent lifting,
which we described in detail in Gu, Nemhauser and Savelsbergh [9].

To demonstrate the effectiveness of these inequalities, we have incorporated them
into the MINTO branch-and-cut system, see Nemhauser, Savelsbergh and Sigis-
mondi[10], and have tested the system on numerous benchmark problems from MIPLIB
and other sources. The results are striking, especially on difficult fixed-charge problems.
We are able to solve fast, without producing large search trees, some problems that can-
not be solved within reasonable time limits by commercial codes. The reason is simply
that the LP relaxations without the lifted flow cover inequalities are just too weak to
prune the nodes. The time spent on finding the lifted cover inequalities pays off hand-
somely by tightening the LP relaxations to the point where the size of the search tree is
kept within reasonable limits.

The paper is organized as follows. In Section 2, we review some results on flow
cover inequalities. In Section 3, we briefly review sequential and sequence independent
lifting. In Section 4, we derive characteristics of the lifting problems associated with
single-node flow models that are independent of the inequality under consideration. In
Sections 5 and 6, we study lifted flow cover inequalities and lifted simple generalized
flow cover inequalities. In Section 7, we present computational experiments.

2. Flow cover inequalities
Flow cover inequalities are valid inequalities for the system

X={xy)eRLxB": > xj— Y xj<d xj=mjyj, jeN}, (1)
jeNTt jeN—

whereN = N* U N~ andn = |N|. The system (1) can be viewed as a single node
capacitated network design model, see Figure 1.

Fig. 1. Single node flow model

The x variables are arc flows that are constrained by the conservation inequality with
external demand af and the variable upper bound constraints wimeyés the capacity
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of arcj andyj is a 0-1 variable that indicates whether s open. The usefulness of
this system for general BMIPs arises from the fact that a general inequality in a BMIP
that contains both real and binary variables can be relaxed to (1).

Families of valid inequalities for (1) have been derived by Padberg, Van Roy and
Wolsey [12] and Van Roy and Wolsey [13]. See Section 11.2.4 of Nemhauser and
Wolsey [11] and Wolsey [15] for an exposition and survey of these results.

First, we consider a single-node flow model with only inflow arcs, Ne., = @.
AsetC*™ c N* is called aflow coverif }°; c+ m;j > d. The inequality

0<d— ) xj— > (mj—na-y), (2)

jeCt jeCt+

wherei = 37 c+ mj —d > 0andC** = {j € C* : mj > A}, is called alow cover
inequalityand is valid for (1) wheN™ = ¢.

Next, we consider a general single-node flow model. Aet C* U C™ is called
aflow coverif C* € N*,C~ € N~ and)_; c+ Mj — Y j.c- Mj = d+2awithix > 0.
The inequality

O<d+ Y m—> x— > m-na-yp+ > ay+ Y x. (3

jeC— jeCt jeCt+ jeL— jeL—

whereL™ ={j e N"\C™ :mj > A}andL™™ = N~ \ (L~ UC™), is called asimple
generalized flow cover inequali@GFCI) and is valid for (1). The inequality

0§d+2mj— Z XJ—Z(mj—X)(l—YJ)

jeC— jeCtuL+t jeCtt
+ ) (max{m,mj} — Ay — Y min{i, [mj — M-} L -y)) (4)
jeLt jeC—
+ ) max(a, mp — M-}y + Y X,
jeL— jeL—
whereL™ € N*\C*, L~ € N"\C~,L~~ = N7 \(C"UL™),andm = maxjcc+ mj,

is called arextended generalized flow cover inequalisFCI) and is also valid for (1).

Both the simple and the extended generalized flow cover inequalities have been
incorporated in the mixed integer optimizers MPSARX [14] and MINTO [10].

After reviewing some results on sequence independent lifting, we will present two
new families of flow cover inequalities, one of which dominates EGFCIs and the other
dominates SGFCls.

3. Sequential and sequence independent lifting
In this section, we summarize some of the results of Gu, Nemhauser, and Savelsbergh[9]

on lifting without proof. The interested reader is also referred to this paper for references
to earlier work on lifting.
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Although the model considered here is slightly more general than that of Gu,
Nemhauser, and Savelsbergh [9], the proofs are essentially the same.

Consider the set of feasible points for a BMIP given by

X = {xe RM: > ajx; <d,
jeN
ijXj <rk, k=0,...,t
jeCk
xj €{0.1).jel CN,

xjguj,jeN\I}.

HereCy, k=0, ..., tis a partition ofN; aj, j € N, andd’ arem x 1; andwj, j € N,
andri aremg x 1.

Initially, we consider the subset of with x; = bj, i.e., xj is fixed at one of its
bounds, forj € N\ Cg given by

X0 = {XE Rf0| : Z ajxj <d,
jeCo
> wjxj <ro,
jeCo
Xj € {0,1}, j € I NCy,

Xj < uj.] € (N\ )N Col,

whered =d" — ;.\, @i bj-
Let

Ofao—Zothj (5)

i€Co

be an arbitrary valid inequality fox°. We want to construct a valid inequality fr of
the form

Ofao—ZOthj— Z Zotj(Xj—bj). (6)

jeCo 1<k<t jeCyk

To construct such an inequality, we start with (5) and lift the variabl®s\iCy. Without

loss of generality, we assume that the variables with indicé&in. . , C; are lifted
sequentially in that order and that in a givenGgthey are lifted simultaneously. Note

that this contains as special cases simultaneous lifting of all variables and sequential
lifting of all variables.
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The intermediate sets of feasible poim%for i =1, .., tare defined by

X = {x € R§°5k5i Il Z ajXxj + Z Z aj(xj —bj) <d,

j€eCo 1<k=<i jeCyk
ZwJXj <rgk, k=0,...,1,
jeCxk

Xj €{0,1}, j € 1 N (UjoCh),
Xj < uj. j & (N\ DN UeoCol-

Note that if we extenc' to X by settingx; = bj for j € U}_;,Cx, thenX'~1 c X!
fori =1, ..., tandX! = X.
Fori =1, ..., t, thelifting problemassociated witl€;, given a valid inequality

Ofoto—Zanj—Z Zotj(Xj—bj) (7)

j€Co 1<k<i jeCk

for XI=1, is to finde;j for j € Cj such that

Y ajxj—bp) <ao— Y ajxj— Y > ajxj—bj 8)

j€Ci j€Co 1<k<i jeCk

is a valid inequality forX.
Fori =1, ...t, let

Z‘:{ze R™:3xe X': ) aj(xj —bj) = zand

j€Ci
daxi+ Y Y ajxj—by < d—z},
jeCo 1<k<i jeCk

and forz € Z' let

hi(z) = maxz aj(Xj —bj)

j€Ci
s.t. Zaj(xj —-bj)=z
j€Ci
ZwJXj <Tj
j€Ci

xj €{0,1}, j € I NC;
O<xj=uj, je (N\DHNG,
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and

fi(2) = minag— Zothj - Z ZO(j(Xj —bj)

jeCo 1<k<i jeCyk
st Y ajxj+ Y. Y ajxj—b)<d-z
jeCo 1<k<i jeCyk
ijXj <rk, k=0,...,i—1
jeCx

xj €{0,1}, j e I N(UECh)
O<x,<u,,je(N\I)r\(Uk_0 i)-

Proposition 1. Fori = 1, ..., t, inequality (8) is valid forX! for any choice oty for
j € Cj such thatj(z) < f (z) forze Z'.

Whenj for j € Cj are such thati () = fi(2) has|Ci| solutionsx!, x?, ... , x/Cil
such that the components@ of x! —b, x2—b, ... , x/Sl —bare linearly independent,
we say that the lifting isnaximal

Theorem 1. Fori = 1,...t, if comv(XI—1) and conv(X') are full dimensional, (7)
defines a facet aforw(X'~1) andag # 0, then (8) defines a facet obrw(X') if and
only if the lifting is maximal.

Corollary 1. Given an arbitrary valid inequality (5) foX®, we can construct a valid
inequality (6) for X by sequentially lifting set€; fori = 1, ..., t. At each step, the
lifting coefficients have to be such thatz) < fj(z) forz ZIf (5) defines a facet
of conv(X%), conv(X') is full dimensional foi = 0, ...,t — 1, and at each stepthe
lifting is maximal, then (6) defines a facetaaim(X).

It should be clear that lifting coefficients are, in general, dependent on the lifting
sequenc€,, Co, ..., C.

To avoid having to work with individual domaing&', we choose to work with
abounded convex s@tsuchthaZ' C Zfori =1,...,t.LetLy = 2 je(NAI\Cosa <0 3]
+ 2N\ H\Corar; <0 BjUj @NdUk = 3 i Ny ak,>oak1 + 2 e(N\I\Corar; >0 3j U] for
k=12, ... m Thenwe definy ={ze R:z=ALxk+ (1 — 21Uk, 0< A1 <1}
andZ:le Zo X ...xX Zn.

Definition 1. The lifting functionf with respect to valid inequality (5) fox? is defined
tobef(z) = fi(z)forallze Z.

Note that if f(z) = fij(z) for z € Z andi = 2, ..., t, then the lifting coefficients in
a sequential lifting of the elements 64, Co, ... , C; are independent of the ordering
of the set{Cq, Co, ..., Ct}.

Definition 2. If f(z) = fj(z)forze Zandi = 2, ..., t, the lifting is said to be sequence
independent.

Definition 3. A function f is superadditive ot if f is bounded for alu € U and
f(u1) + f(uz) < f(uy + up) for all ug, uz andu; + uz in U. Now we give a sufficient
condition for sequence independent lifting.
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Theorem 2. If f is superadditive oz, then lifting is sequence independent.

Obviously, a superadditive lifting function greatly reduces the computational burden
of the lifting process. Instead of having to compute lifting functiénfor all i, we only
have to computé . Unfortunatelyf is often not superadditive. To be able to profit from
the computational advantages of sequence independent lifting, we consider the class of
superadditive valid lifting functions.

Definition 4. A superadditive functiogis called a superadditive valid lifting function
for f,ifg(z) < f(z)forall ze Z.

Theorem 3. If g is a superadditive valid lifting function anddfj for j € Cj are such
thathij(z) < g(z) forze Zandfori = 1,...,t, then the lifted inequality (6) is valid
for X.

Next, we address the problem of choosing a ‘good’ superadditive valid lifting func-
tion. A desirable property is that should not bedominatedby another superadditive
valid lifting functiongd/, i.e., there is no superadditigewith g(z) < g'(z) forallze Z
andg(z) < ¢'(Z) for somez € Z.

Another interesting property is maximality. L& = {z € Z : fj(z2) = f(2) for
i = 1,...,t}. We say thatg is a maximal superadditive valid lifting function if
0(2) = f(2) for all z € E. Note that if f is superadditive, thelt = Z, and that if
y(2) = f(2), thenz € E.

4. Lifting for single-node flow models

Again, consider the seX given by (1). In this section, we analyze the simultaneous
lifting of a single variable paitxp, yp). Let

X={(x,y) € X: (Xp, yp) = (bx, by)},

where(by, by) is equal to(0, 0) or (mp, 1), i.e., X is the subset of feasible solutions in
which xp andyp are fixed to either their lower or upper bounds.

Suppose that botX andX are full dimensional, irR} x B" and 7! x B"1
respectively, and that

O<ao— Y (X +Bjyj) 9)

JENTUN~\{p}

defines a facet of conX).
Lifting the variable pai(x,, yp) means finding coefficientgp, Sp) such that

ap(Xp — bx) + Bp(Yp — by) < ag — Z (@jXj + BjYj) (10)
JeNTUN~\{p}

is a valid inequality forX.
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Let

h(Z) = ma.XOlp(Xp - bx) + .BD(YD - by)
S.t. (Sp(Xp — bX) =z
0< Xp = MpYp
Yp € (0. 1),

wheres, =1if pe N* andsp = —1if pe N~, and let

f@=minao— Y (@xj+ B}y

JENTUN~\{p}
st. Y xj— > xj<d-z
jeNt jeN—

0<x;<mjyj, yj€{0,1}, je NFUN~

To ensure that (10) is a valid inequality f&; we require thah(z) < f(z) for all z.
Furthermore, (10) will be facet inducing if and onlyhtz) = f(z) has two solutions
(<!, yb and(x?, y?) such that(xj — by, y§ — by) and(x3 — by, y3 — by) are linearly
independent. Note thdt is independent of the specific facet inducing inequality (9)
we are trying to lift. We will use the above observations to analyze the forinfof
the lifted inequality (10) to be facet inducing. We distinguish four cases depending on
whetherp € N* or p e N~ and on whethetby, by) = (0, 0) or (by, by) = (mp, 1).

Theorem 4. 1. If pe N7, (by, by) = (0, 0) and (10) defines a facet of coix); then

0 z=0

h(z):{apz+/3p0<25mp

withap > 0andg, < 0.
2. If pe NT, (by, by) = (mp, 1) and (10) defines a facet of coix); then

—apMp — fp z=—Mp

h(z) = {

withap > 0andpp < 0.
3. If pe N7, (bx, by) = (0, 0) and (10) defines a facet of cobX) then

0 z=0

h(z) = {

withap < 0andpp < 0.
4. If pe N7, (by, by) = (mp, 1) and (10) defines a facet of cond), then

—apZ 0<z<mp
—apMp — fpz=mp

h(z) = {

withap < 0andgp < 0.
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Proof. Case 1.Sinces, = 1, by = 0 andx, > 0, we havez > 0. We provesp < 0.
Suppose not. Since (9) defines a faded) = 0 < B = h(0), which is a contradiction.
Next we showxp > 0. If op < O, thenh(z) < 0 forz > 0. Sincef(z) > 0 forz > 0,
h(z) < f(z) for z > 0, andh(z) = f(z) cannot have two solutions. Heneg > 0.

Case 2.Sincedp = 1, by = mp andxp < mp, we havez < 0. If Bp > 0, then
any optimal solutionxp, yp) must havey, = 1. Thenf(z) = h(z) cannot have two
solutions with linearly independerty, — mp, y5 — 1) and (x5 — mp, y3 — 1). Hence
Bp < 0.Ifap < 0, thenh(z) = apz > 0 for —mp < z < 0. Obviously f(z) < 0 for

z<0.Soh(z2) > f(z) for —mp < z < 0, which gives a contradiction.

Case 3.Similar to the proof of Case 1.

Case 4.Similar to the proof of Case 2.

O

In Figures 2 and 3, we illustrate the first two cases discussed in Theorem 4. Observe
that f is a monotone nondecreasing function wittd) = O (since we have assumed
that (9) is facet inducing). Furthermore, observe ti{@ = 0 in all four cases and that
h is continuous at 0 in Cases 2 and 4, but not continuous at 0 in Cases 1 and 3.

First, we consider Case 1. Figure 2 shows a typical realization of the funicthon
the interval0, mp]. In this situation, there are five possible functibns = 1, ..., S that
satisfy the conditions of Case 1 and give rise to facets. To be facet indt@ng: h; (2)
needs to have two solutiorig®, y') and (x2, y?) such that(x},, y5) and (x3, y3) are
linearly independent. Note that eabh defines a different pair of lifting coefficients
(o ps ,Bp)-

Fig. 2. f(z) andh(z) for Case 1
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Fig. 3. f(z) andh(z) for Case 2

Next, we consider Case 2. Figure 3 shows a typical realization of the funttion
on the interva[—myp, 0]. In this situation, there is only one functitrthat satisfies the
conditions of Case 2 and gives rise to a facet. This is caused by the fabt{®at 0
andh has to be continuous at 0. Sinteés unique, the pair of lifting coefficientsp, Bp)
is unique as well.

Observe that if we know, then we can obtain all facets. Unfortunateiys usually
very hard to compute. However, the LP relaxatifprp of the lifting function f is easy
to compute and can be used to do approximate lifting. Let

fLp(@ =ao—max > (X +Bjy))

JENTUN™\{p}
st Y xj— Y xj<d-z
jeNt jeN—

0<x;<mjyj, 0<y;j <1 jeNTUN~

If h < fLp,thenh < f, sincef_p < f. Therefore, by Proposition 1, the inequality
(10) is valid but may no longer define a facet of caxy(However, in some situations,
we may still get facets by usin§ p. In Figure 4, we showf_p for Case 1. If we use
fLp, we still get facets witthz andhs. Note that the use of| p has the possibility of
yielding facets only for Cases 1 and 3. We have to krfowm)) for Case 2 and(mp)
for Case 4 to get a facet.

In the next two sections, we show how sequence independent lifting can be used to
derive classes of lifted flow cover inequalities.
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Fig. 4. f(2), h(2) and f|_p(z) for Case 1

5. Lifted flow cover inequalities

Consider the seX of feasible solutions of the single-node flow model defined by (1).
Given a flow coveC, if we fix variable pairgxj, yj) to (0, 0) for j e (NF UN7)\ C

and to(mj, 1) for j € C™, then we get a single-node flow model with only inflow arcs
and an associated sub$€t of feasible solutions

XO={(x.y): Y xj<d+ > m
jeCt jeC—
0 < Xj = mjyj
yj €{0.1}, j e Ct}.

In this case, the flow cover inequality (2) defines a facet of céfy(see Section 11.2.4
of Nemhauser and Wolsey [11].
Letd =d + ) jcc- mj. The lifting function associated with (2) is

f@=mind — > xj— > (mj—nA-y))

jeCt jeCt+t
st. Y xj=d -z (11)
jeCt
Xj <mjyj, forjecC*t

(x.y) € R x BIC™I,

LetCtt = {ja,..., jr} withmj; > mj_, fori =1,...,r —1. LetMp = 0 and
Mi =Y _ymj fori=1...r.
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Theorem 5. The lifting functionf is given by

—A z< -2
z -1<z<0
f(z) = {ixr Mi<z<Mijy1—2i=0,...,r—1

Zz—Mj+ix Mj—r<z<WM i=1l.,r-1
Z— M +1r2 My —A<z<d.

Proof. Observe thatin any optimal solution eithgr> m; —i andy; = 1 orx; = Oand
yj =0for j € C*t*, eitherxj > Oandy; = 1 orx; = 0andy; = Oforj € CT\C*+,
and that if we cannot set af| s to their upper bounds, we should decrease the variables
in C** in the orderjy, jo, ..., jr sincem;; > m;j,,, fori =1, ...,r — 1. This gives the
function f.

O

Theorem 6. The functionf is superadditive ofi0, d'], but not on(—oo, d'].

Proof. To show thatf is superadditive of0, d’], we use the superadditive functigp
defined in the Appendix. Lét= X, v; = A for all i, andu; = m; — A for alli. Then

@ = ha Mh <Z<Mpy1—2
92(2) = Z—Mh+hh Myp—A<Z< My,

andf(z) = go(z)for0<z<d.
To show thatf is not superadditive of+-oo, d'], observe that(—M1—21)+ f(My) =
—A4+r=0> f(=1).
]

To lift (2), we define the following superadditive valid lifting functign

@) = ix im<z<@(+21lm—Ar, i=0+1+2 ...
9(2) = Z—imp+idim—A<z<img, i =0,+1,+2, ...

Figure 5 shows function§ andg.

Fig. 5. Functionsf andg.
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Theorem 7. The function g is a maximal and nondominated superadditive valid lifting
function for f.

Proof. First, we show thafi(z) < f(z). Comparingg(z) and f(z), we see that)(z) <
f(z) forz < 0andforz > d'. Sinceimy > M;, if M; < z < Mj;1 —A,thenz < imj — A
andthug(z) <ir = f(2).If Mj =1 < z < M, thenifim; —A > z,9(2) <ir < 1(2),
and ifim; — X < z,z—im; < z— M; and thusg(z) < f(z). Similarly we can show
g2 < f@forMy —r <z<d.

Second, we show thaf(z) is superadditive. If we let = v1 = A, andwi = my,
theng(z) is the functiongi (z) defined in the Appendix. Henagz) is superadditive.

Third, we show thag(z) is nondominated. Suppose not. Then there is another
superadditive lifting functio'(z) such thaty'(z) > g(2) for all z and there exists
with g'(Z) > g(Z).
CaseZ < 0: Let z* be the largest < 0 such thaty'(z*) > g(z*). If z* € [i*mg —
A, 1*my], theni* < —1, sinceg(z) = f(z) for —-mp <z < my, andi*m; — z* < 1. So
gMmy—A+(@i*my—2z9)] = glmi—A+({*m1—2z")] = i*mp—z* andg[(i(*+1)m1—A] =
ol(* + L)ymg — A] = i*A. Thus, by superadditivity af'(z), we have

9'(z") = g (M — A +i"my) — g'[my — A+ (i"my — 2]

=i*A—=({"my — 7%

=9(2",
which is a contradiction. Sincg'(z) must be nondecreasing i) z* cannot be in
[imy, (i +1)m1—A].CaseZ > 0: If ¥ € [im1, (i +1)my — A], then(—i +1)m1— A <
—Z 4+ my — A < (—i + 1)my. Thus, by superadditivity of' (z), we have
=g(m—2x) —g(=Z+m -2
< fm—1) —g(=Z +mg—21)
=0—[-z4+my— 21— (=i +Dmy+ (=i + DA]
=zZ—imi+iX
=0(2),

q(@)

which is a contradiction. Sincg’(z) must be nondecreasing ip Z cannot be in
[im1, (i + 1)mg — A]. Hence there does not exist’asuch thag(z) > g(z) andg(z) is
nondominated.

Finally, we show thag(z) is maximal. For any > m;, if we first lift a variable pair
j € N7\ C~ withmj = —z—mq, we get lifting functionf,(z), see Section 2. Itis easy
to see thatf2(z) = 0 < f(2). Soz ¢ E(Z). Similarly we can prove that if < —m;,
thenz ¢ E(Z). ThusE(Z) C [—my, my]. Sinceg(z) = f(z) forz € [-m1, m1], 9(2) is
maximal.

O

We can use(z) to do sequence independent lifting for variabledNih \ C*, C~ and

N~ \ C~. Lifting of variable pairs inN* \ C* is covered by Theorem 4, Case 1, lifting
of variable pairs irC™ is covered by Theorem 4, Case 4, and lifting of variable pairs in
N~ \ C~ is covered by Theorem 4, Case 3.
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Theorem 8. The lifted flow cover inequality (LFCI)

Do X+ Yo mMi—HA-y) - Y By

jeCtuL+t jeCtt jeLt
<d' - > gmpa-yp+ (12)
jeC—
Y —g-mpyi+ Y ;.
jeL— jeL——

wheregj = mj —irifimy <mj < (i +Dmy —2randgj =i(my — 1) ifimg — A <
Z < imy, is valid for X.

Proof. To prove validity, based on Proposition 1, we have to show that for each of the
lifted variable pairs we havie(z) < g(z) for all z. Below we list the lifting coefficients

(«j, Bj) that have been used to obtain (12). Note that they satisfy the conditions of
Theorem 4 and that for these choit€g) < g(2).

- Forj e L, (@j, Bj) = (L, —mj +ir)if imy <z < (i + Dmy — 2 and(«j, Bj) =
1, —i(my—A)ifim—A<z<ims.

Forj e N*\ (CT UL"), («j, Bj) = (0, 0).

Forj € C7, (aj, Bj) = (0, —g(m))).

Forj e L™, (@, Bj) = (0, g(—mj)).

Forje L™, (aj, Bj) = (=1,0).

O

An LFCl is a strengthening of an EGFCI as shown in the following theorem.

Theorem 9. The inequality (12) is at least as strong as (4).

Proof. Itiseasy to check theitj < max{my, mj}—xfor j € L*, g(m;j) > min{x, [m;—
(my — A)]1T} and—g(—mj) < maxi, m; — (my — 1)}. Hence (12) is at least as strong
as (4).

]

6. Lifted simple generalized flow cover inequalities

Again, consider the seX of feasible solutions of a single-node flow model defined by
(1). Given a flow cove€, if we fix variable pairgx;, yj) to (0, 0) for j € N*\ C* and

to (mj, 1) for j € C™, then we get a reduced single-node flow model and an associated
subsetX? of feasible solutions

on{(x,y): ij— Z xj <d+ ij
jeCt jeN—\C— jeC—
0<x; <mjyj, forje CtU(N"\C")
yj €{0,1}, for j e C+U(N—\c—)].
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In this case, the simple generalized flow cover inequality (3) defines a facet of
conv(X?%), see Section 11.6.4 of Nemhauser and Wolsey [11].
Letd =d + ) jcc- mj. The lifting function f(2) associated with (3) is

f(z) = mind — ZXJ— Z (mj—?»)(l—)’j)-l-z?»)’j‘i‘ Z X]

jeCt jeCt+t jeL— jeL——
st. Y xj— Y x=d-z
jeCt jeN—\C—
Xj <mjyj, forj e CFU(N™\C")
(X, y) € R‘fm(Ni\Cw x BICTUNT\COI,

Letr = |[CTT UL™|,CT" UL = {j1, j2.... jr} with mj, > mj, fori =
1,...r — 1, Mg = 0, andM; = Zlk:lmjk fori = 1,...,r. Furthermore, lemp =
MiNjec++ Mj, M = 3 jccrct+ M) + 2 je - Mj, ml = min(m, 1), t be the largest
index in C*™ U L~ such thatmj, = mp Without loss of generality, we assume
t e Ctt. Letpp = ma{0,miy1 — (mp—A) —ml]fori =t,...,r — 1 and let
d"=d + 3 jcn-\c- M

Theorem 10. The lifting functionf is given by

ix Mi<z<Mjy1—21=0,...,t—-1

z— M +iA Mi—ir<z<M,i=1...,t—1

z— M +ir Mi— A <z<M—A+ml,
i=t...,r—-1

fO)=1z—M+@{(+Dr—ml—p; Mij—A+ml<z< M —x+ml+ p,

i=t...,r—1

i Mi —A4+ml+pj <z2< M1 —A,
i=t...,r—-1

Z— M +r1) M —A<z<d

Proof. First, we rewritef as

f@=mind+ > mj— Y x— > m-nNA-y) -

jeN—\C— jeCt jeCtt
domp—ayp— Y (mj—x))
jeL- jel—
st. Y x4+ Y, m-xp=d+ Y mj-z
jeCt jeN—\C— jeN—\C—

Xj <mjyj, forj e CFU(N™\C")
(X, y) € R‘fm(N_\c_)‘ x BICTUNT\CTI,

Next, we observe that the flowg, j € C* \ C** andm; — xj, j € L™~ behave
similarly in the optimization. Note that we can assume, without loss of generality, that
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all these arcs are open, i.gj, = 1. For convenience, we aggregate these variables into
asingle variableX = 3 ;.o\ g+ Xj + 2 e (M) — Xj). We get

f(z) = mind” — x — Z Xj — Z (mj — )L —yj) — Z(mj )

jeCHt jeCt+ jeL—

X+ Z Xj + Z(mj —-xp)<d' -z
jeCt+ jeL—

X<m

Xj <m;jyj, forjeCttuL™

(X, y) € RLSW(N_\C_)' x BICTUNT\CTI,

Now observe that in any optimal solution eithgr> mj — A andy; = 1 orx; =0
andyj = Oforj € C**,xj = 0andy; = 0orx; = mjandy; = 1forj e L=,x > 0.

If we cannot sek; = m; for j € C** andxj = 0 for j € L~, we should decrease
the variables irC™* and increase the variables T in the orderjq, jo, ..., jr Since
mj, > mj,,, fori =1, ...,r — 1. Also observe that & x < m.

We proceed by giving a feasible solution for each of the six cases distinguished in
the definition off. From the above discussion on optimality conditions, it is easy to see
that each of the given solutions is also optimal.

Sincer = 3 jcct Mj — X jecc- Mj —d,

d'=d+ > m

jeN—
=ij—/\—2mj+2mj
jeCt jeC— jeN—
= Y m+ > mi—i+ > mi+ Y m
jeCt+ jeCt\C++ jeL— jeL—
=m+ Y mj+ > mj-1

jeCtt jeL—
=m+ M, — A.

Since showing feasibility proceeds along the same lines in all cases, we only show
it explicitly for Case 1.

Casel.Mj <z< Mjy1 —2,i=0,...,t—1.
If jx € CtT,x;, =0, fork <i+1,xj, =mj fork>i+1.If jye L™, xj =mj,

fork<i+1,xj,=0fork>i+1.x=m.
Then it is easy to see

X + Z Xj + Z(mj —Xj) =M+ My — Miy1.

jeCt+ jeL—
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Sinced” —z> m+ My — A — (Miz1 — 1) = m+ M, — Mj1, the solution is feasible.
The objective value is

d"—x— Y7 X+ My —HA=ypl— Y (M) =iy

jeCt+ jeL—
=m+M —A-m— Y mj— Y mj+(i+Dr
jeCt+t jeL—
=i\
Case2.Mj —Ar<z<M,i=1...,t—-1.

If jk e CTT\ {ji}, Xj, = 0, fork < i, xj, = mj fork > i. Xj, = mp—z— M; — A.
If jk e L7, Xjo=mjfork <i,xj,=0fork>i.x=m.

Case3. M —A<z<M—Arx+mli=t, ..., r—1

If j e CTT, x; =0.1If jk € L7, xj = mj fork < i, xj, = 0fork > i.
X=m+M; —A—1z

Case4.Mi—r+ml<z<M —A+ml+p,i=t ..., r—1.

If j EC'H'\{jt},Xj =0.Xj, =Miz1—2—zIf jye L7, xj, =mjfork <i+1,
Xj=0fork>i+4+1.x=m.
Case5.Mi —A+ml+p <z<Mjg—x,i=t...,r—1

If j e CtTt,x; =0.1f jxe L7, Xj, =mj fork <i+1,x; =0fork>i+1.
X =m.

Case6.M; —x <z<d".

If jeCtt,xj=0.1fjeL™,xj=mj.x=m+M —1—z

|
Let
ix Mi<z<Mjjt1—A, 1=0,...,t—-1
z—Mj+ir Mj—A<z<M,i=1...,t-1
z—Mi+ixr Mj—r<z<M —x1+ml+pj,
92 = i=t...,r—1
ix Mi — 1 +ml+p <2< Mjy1 — A,
i=t...,r—1
Z—M +1r2x M —Aa<z<d.

Theorem 11. The functiorg is a superadditive valid lifting function fof.



18 Z.Gu, G.L. Nemhauser, M.W.P. Savelsbergh

Proof. If pj = 0, thenkx —ml—p; =1 —ml > 0. If pj > O, thenr, —ml — pj =
A—ml—[mi11 — (Mp—2A) —mll=mp—mij;1 > 0. Thusg(z) < f(2).
The functiong is superadditive because we can choose the paramgtenslv; of
the functiongs defined in the Appendix in such a way tllt=gon 0< z < d”. To
see this, observe that the form of both functions is identical, that the break pomts of
are QMg — A, M1, M2 — A, ..., M — A, M{ — A +ml+ pt, Miy1 — A, ..., d", that
the break points ofjz are Q uy, Wi, Wi + up, Wo, ..., and that\f = Wi_1 + uj + vj.
Now, it is a simple calculation to find values for andv; such thagz = g.
O

Corollary 2. The lifting function f(z) is superadditive if any one of the following
conditions is satisfied.

(Dt =r,i.e.minjcc++ Mj < Minjc - mj.

2)m=> 2, i-e'ZjeC+\C++ mj — ZjeL“ mj > A.

@B)miy1 — (Mp—2)—m=>0ift AZr andm < A.

Proof. It is easy to check that if any one of the above conditions is satisfied, then

f(2) = 9(2).
O

We can use to perform sequence independent lifting on variablesdn\ C* andC~.
Lifting of variable pairs inN™ \ C* is covered by Proposition 4, Case 1 and lifting of
variable pairs irC~ is covered by Proposition 4, Case 4.

Theorem 12. The lifted simple generalized flow cover inequality (LSGFCI)

Yoxi+ Y m=nA-yp+ > axi— Y. By

jeCt jeCt+t jeNT\C+t jeNT\Ct
<d =) gmpA-yp+ Y Ayi+ Y X
jeC— jeL— jeL—

where («j, j) = (0,0) if Mi < mj < Mit1 — A and («j, Bj) = (L Mj —ix) if
Mi — 1 < mj < M;, is valid for X.

Proof. The proof is similar to that of Theorem 8.
O

Note thatf has a very good chance of being superadditive, since it is very likely that one
of the conditions of Corollary 2 is satisfied. Recall that evef i§ not superadditive,
the use of the superadditive valid lifting functignmay still give a facet.

Example 1.Consider the single-node flow model given below
X = {(X,Y)E Ri xB*: X1+ X2—X3— X4 <8,
X1 < 14y1, X2 < 10y1, X3 < 12y3, X4 < 2y4].

For the flow cover given b+ = {1} andC~ = ¢, we get the following parameters:
A=6 C ={1), L™ ={3), L" =4, r =2, Mo =0 M =14
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M2 =26 m=2 mp=14 t=1, ml =2, p; = 2. Figure 6 givesf(z) andg(2).
The resulting LSGFCl is

X1 —8(1—y1) + X2 — 8y2 < 8+ 8y3 + Xa.

f(z) =g(z)
— f(2)
..... a(z
B i ,
o E— /
N — —_—
P 7 i i i

8 10 12 20 22
Fig. 6. f(2) andg(2)

7. A computational study

In this section, we will compare the performance of the different variants of lifted flow
cover inequalities discussed above, i.e., SGFCI, EGFCI, LFCI, and LSGFCI. However,
before doing so, we address some important implementation issues. First, we discuss
how the initial cover inequalities are derived. Second, we indicate how we select the
lifting coefficients for a pair of variables if there are many choices, as is the case when
we apply Case 1 and Case 3 of Theorem 4.

7.1. Initial flow cover

The initial flow coverC = C* U C~ is obtained by solving the problem

max{ Z(y]-k—l)otj + Z )ffﬁj}

jeNt jeN—
s.t. Z mjoj — Z m;jBj > d
jeNt jeN—

aeBNT ge BN,
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where(x*, y*) is the current LP solution and whereandg represent incidence vectors
of C~ andC™ respectively.
This problem is a relaxation of the separation problem for simple generalized flow
cover inequalities (3), in which it is assumed that = N~ \ C~ andC** = C™*, and
in which x* is replaced bym;y?. For a more elaborate treatment we refer the reader
to Section 11.6.4 of Nemhauser and Wolsey [11]. Since the separation problem is a 0-1
knapsack problem, which is NP-Hard, we use its LP relaxation to solve it approximately.
A flow coverC is all that is required to define a flow cover inequality and a simple
generalized flow cover inequality. However, for an extended generalized flow cover, we
also need to determine sdt$ andL ™. We use

L+={j eN+\c+:xT>ﬁjyﬂ
and
L*:{j c N*\C*:—g(—mj)yf<x}‘},

where(x*, y*) is the current LP solution.

Whenever, there are many choices for the lifting coefficients of a variable pair,
we pick those lifting coefficients that result in the largest violation for the current LP
solution.

7.2. MINTO

We have used MINTO, a Mixed INTeger Optimizer [10], to implement the different
variants of lifted flow cover inequalities. MINTO is a software package for the solution

of mixed integer programming problems. It has many built-in features, such as prepro-
cessing and probing, branching, and cut generation. In addition, MINTO allows the user
to customize the code to take advantage of problem specific characteristics. Among the
classes of cuts generated by MINTO are lifted cover inequalities and lifted GUB cover
inequalities. MINTO was used for all our computational experiments and was invoked
with run time options—pl — cikg — e, i.e., simple preprocessing, cut generation for
cover inequalities only, best-bound search of the tree, branching on a fractional variable
closestto 0.5, and calling a primal heuristic based on recursive rounding every 25 nodes.
All computational experiments were performed on an IBM RS/6000 model 550 using
MINTO 2.0 on top of CPLEX 3.0.

7.3. Test set

Our test set consists of 26 mixed 0-1 integer programs, 11 are taken from MIPIAB [4,
5 are real-world problems that we obtained from different sources, and 10 are randomly
generated capacitated facility location problems according to the scheme proposed by
Cornuejols, Sridharen and Thizy [6].

MIPLIB has 28 mixed integer programming problems. Of the 28 problems, 9 are
very easy, i.e., a plain LP based branch-and-bound algorithm solves them very fast, so
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we don’t use them. Of the remaining 19 problems, 8 are very difficult. Although MINTO
can solve most of them, some take quite a bit of time and some require other types of cuts
aswell, such as 0-1 knapsack cover inequalities. Furthermore, some have general integer
variables and flow cover inequalities are most useful for mixed 0-1 integer programs.
Therefore, we have decided not to use these either. That leaves us with 11 problems
from MIPLIB.

Cornuejols et al. [6] developed a set of instances of capacitated facility location prob-
lems to be used to compare the performance of heuristics and relaxations for the capac-
itated facility location problem. Each instance is represented by a stringxefip/z’,
wherev is the capacity levelx the number of clientsyy the number of depots, and
z the number of the instance in the series of test problems having the same values of
v, XX, andyy. The computational results of Cornuejols et al. [6] and Aardal [1] show
that instances with 50 clients, 33 depots, and small capacity levels are the most difficult
ones. Therefore, we included 10 such instances with capacity levels 1 and 2.

Table 1 gives a summary of the test problems. Note that several of these instances
are well-known to be hard.

7.4. Computational results for LFCI, SGFCI, LSGFCI, EGFCI

There are many alternative ways of using the flow cover inequalities developed in the
previous sections. We may choose to generate only one specific type or we may choose
to generate several types and select the most violated one among them. Since the goal
of our experiments is to study the effectiveness of each type of flow cover inequality, we
apply them separately with one exception. We also include the combination of SGFCI
and EGFCI which is incorporated in MINTO 2.0. We did experiment with using other
combinations, but combining different types of flow cover inequalities does not yield
better results.

Table 2 shows the computational results for LSGFCI. This choice yields the best
performance. For all other choices, we present only the differences in the performance
with respect to the best choice.

Table 3 shows the computational results for SGFCI, Table 4 for EGFCI, Table
5 for LFCI, Table 6 for combined SGFCI and EGFCI. We see that with EGFCI we
cannot solve the problems “khb05250", “modglob” and “fiber” within 10000 nodes.
The performance of SGFCI is much better than that of EGFCI. The reason, we believe,
is that the chance that SGFCI defines a facet is high, while the chance that EGFCI
defines a facet is small. Combined SGFCI and EGFCI does not produce better results
than SGFCI.

Using a superadditive valid lifting function to lift SGFCI to LSGFCI reduces total
CPU-time by about 40% and always reduces the number of evaluated nodes of the
branching tree. Therefore, we conclude that there is a clear computational advantage
in applying the sequence independent lifting functions developed here to improve the
performance of flow cover inequalities in a branch-and-cut system for 0-1 mixed integer
programs.
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Table 1. Test problem summary

Name VARS 0-1VARS ROWS Zip Zip
egout 141 55 98 149.589 568.101
fixnet3 878 378 478 40717.018 51973
fixnet4 878 378 478 4257.97 8936
fixnet6 878 378 478 1200.88 3983
khb05250 1350 24 101 95919464.0 106940226
mod013 96 48 62 256.02 280.95
modglob 422 98 291 20430947.0 20740508
rentacar 9557 55 6803 28806137.644 30356761
rgn 180 100 24 48.7999 82.1999
setlal 712 240 492 11145.63 15869.75
setlcl 712 240 492 1671.96 6484.25
sodal 675 75 1182 13818.58 22606.82
soda2 675 75 1182 13818.54 22603.16
fiber 1298 44 363 156082.52 405935.18
utrans.2 240 120 150 169.786 239.217
utrans.3 284 142 182 313.798 432.285
cflp15033.1 1716 33 1767 26786.65 27189
cflp15033.2 1716 33 1767 27564.55 27891
cflp15033.3 1716 33 1767 28142.19 28194
cflp15033.4 1716 33 1767 28777.61 29080
cflp15033.5 1716 33 1767 28494.22 28963
cflp25033.1 1716 33 1767 22230.69 22570
cflp25033.2 1716 33 1767 24079.72 24362
cflp25033.3 1716 33 1767 23230.48 23591
cflp25033.4 1716 33 1767 24551.45 24718
cflp25033.5 1716 33 1767 23640.82 23962

Table 2. Computational results for LSGFCI

Problem Time Nodes Zroot LPs Cuts
egout 0.82 25 556.4 27 14
fixnet3 3.36 5 51880.8 18 83
fixnet4 34.64 111 8307.8 170 190
fixnet6 122.98 465 3507.4 545 169
khb05250 6.16 13 106608880.0 35 122
mod013 2.46 57 267.3 80 54
modglob 132.22 651 20662084.0 704 366
rentacar 253.57 35 29219168.0 57 60
rgn 91.66 2881 64.6 2922 74
setlal 5.55 21 15867.2 23 400
setlcl 3.57 1 6484.2 2 400
sodal 31.82 41 17644.7 57 147
soda2 41.99 83 176445 106 164
fiber 71.47 137 381837.8 310 360
utrans.2 5.66 53 233.6 83 88
utrans.3 36.97 449 416.4 506 144
cflp15033.1 55.92 39 26835.1 92 78
cflp15033.2 75.11 63 27786.5 116 78
cflp15033.3 7.87 1 28194.0 2 2
cflp15033.4 109.43 87 28784.3 175 130
cflp15033.5 30.85 29 28877.5 57 45
cflp25033.1 25.01 11 22245.2 26 23
cflp25033.2 93.12 47 24081.6 108 82
cflp25033.3 55.78 27 23438.7 62 48
cflp25033.4 27.37 21 24678.8 34 18
cflp25033.5 62.64 61 23656.5 109 69
total 1388.00 5414 157253423.0 6426 3408
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Table 3. Computational results for SGFCI

Problem ATime ANodes AZroot ALPs ACuts
egout -0.07 0 0.0 0 0
fixnet3 -0.14 0 0.0 0 0
fixnet4 42.99 208 15.0 228 14
fixnet6 89.88 338 0.0 378 46
khb05250 -0.16 0 0.0 0 -1
mod013 0.26 12 -0.1 13 6
modglob -29.39 0 15684.0 -5 -65
rentacar -1.73 0 0.0 0 0
rgn 77.64 328 0.0 517 140
setlal 0.89 0 0.0 0 0
setlcl -0.05 0 0.0 0 0
sodal 4.22 18 -68.7 20 -10
soda2 -4.62 8 -56.6 1 -18
fiber 10.07 24 -504.5 25 33
utrans.2 -0.48 0 -0.3 -1 -5
utrans.3 8.60 102 -0.4 115 5
cflp15033.1 146.04 184 -36.9 269 110
cflp15033.2 97.55 112 -189.2 197 119
cflp15033.3 0.00 0 0.0 0 0
cflp15033.4 149.53 208 0.0 317 133
cflp15033.5 142.11 198 -288.7 323 165
cflp25033.1 77.42 76 0.0 116 59
cflp25033.2 133.64 144 0.0 222 120
cflp25033.3 -18.29 6 -183.1 -10 -22
cflp25033.4 52.41 46 -107.6 77 40
cflp25033.5 83.50 88 -0.0 147 81
total 1061.82 2100 14262.9 2949 950
Table 4. Computational results for EGFCI
Problem ATime  ANodes AZroot ALPs ACuts
egout 0.08 6 -17.6 10 1
fixnet3 9.46 82 -1465.1 91 -60
fixnet4 38.85 326 -602.7 308 -149
fixnet6 195.84 1014 -314.2 993 -109
khb05250 1932.90 9987 -10269456.0 10668 258
mod013 2.75 50 -2.5 77 19
modglob 1443.24 9349 -230954.0 9538 -204
rentacar 54.36 12 -290788.0 -10 -60
rgn 68.31 1850 -15.8 1986 30
setlal -1.45 0 0.0 0 -200
setlcl -1.17 0 0.0 0 -200
sodal 7.91 22 0.9 26 5
soda2 -4.87 -12 0.9 -16 -12
fiber 3498.17 9863 -213965.7 11767 437
utrans.2 126.03 1116 -17.1 1234 105
utrans.3 157.91 1538 -14.5 1632 38
cflp15033.1 301.18 444 -47.7 686 218
cflp15033.2 70.26 156 -209.3 240 59
cflp15033.3 0.30 0 0.0 0 -1
cflp15033.4 165.67 250 0.0 382 90
cflp15033.5 275.34 512 -380.7 792 261
cflp25033.1 101.11 90 94.2 142 44
cflp25033.2 300.32 196 0.4 405 188
cflp25033.3 28.76 70 -186.8 86 3
cflp25033.4 53.06 46 -107.6 78 27
cflp25033.5 165.27 160 4.4 270 89
total 8989.59 37127 -11008444.4 41385 877
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Table 5. Computational results for LFCI

Problem ATime  ANodes AZroot ALPs ACuts
egout 1.80 106 -36.3 117 6
fixnet3 9.47 82 -1465.1 91 -60
fixnet4 38.42 326 -602.7 308 -149
fixnet6 195.35 1014 -314.2 993 -109
khb05250 1922.65 9987 -10269456.0 10668 258
mod013 2.17 74 -3.0 92 6
modglob 1436.00 9349 -230954.0 9538 -204
rentacar 53.41 12 -290788.0 -10 -60
rgn 66.73 1850 -15.8 1986 30
setlal -1.46 0 0.0 0 -200
setlcl -1.21 0 0.0 0 -200
sodal 4.43 18 -68.7 20 -10
soda2 -4.46 8 -56.6 1 -18
fiber 4272.93 9863 -193520.2 12992 1068
utrans.2 150.47 1484 -17.6 1624 92
utrans.3 234.81 2064 -15.9 2206 53
cflp15033.1 243.30 390 -47.7 569 154
cflp15033.2 69.22 156 -209.3 238 58
cflp15033.3 0.02 0 0.0 0 -1
cflp15033.4 161.59 250 0.0 381 89
cflp15033.5 271.87 512 -380.7 792 261
cflp25033.1 128.71 138 -7.3 203 57
cflp25033.2 232.51 188 0.0 387 178
cflp25033.3 23.60 66 -186.8 78 -1
cflp25033.4 46.81 44 -107.6 73 24
cflp25033.5 125.02 132 -0.0 218 65
total 9684.16 38113 -10988253.3 43565 1387

Table 6. Computational results for combining SGFCI and EGFCI

Problem ATime ANodes AZroot ALPs ACuts
egout -0.07 0 0.0 0 0
fixnet3 -0.14 0 0.0 0 3
fixnet4 61.44 282 13.2 302 21
fixnet6 87.23 362 -0.2 390 40
khb05250 -0.06 0 0.0 0 2
mod013 0.37 12 1.9 12 10
modglob -14.13 2 15684.0 0 -60
rentacar 2.13 0 0.0 0 0
rgn 79.91 328 0.0 517 140
setlal -0.11 0 0.0 0 0
setlcl 0.01 0 0.0 0 0
sodal 8.59 22 0.9 26 5
soda2 -4.65 -12 0.9 -16 -12
fiber 10.15 34 85.0 48 76
utrans.2 2.43 24 0.0 39 18
utrans.3 13.24 100 -0.4 120 27
cflp15033.1 187.43 192 -36.9 295 134
cflp15033.2 99.64 112 -189.2 198 120
cflp15033.3 0.22 0 0.0 0 0
cflp15033.4 149.43 208 0.0 317 133
cflp15033.5 141.78 198 -288.7 323 165
cflp25033.1 53.87 42 94.2 83 63
cflp25033.2 159.00 146 0.4 247 140
cflp25033.3 -18.80 6 -183.1 -10 -22
cflp25033.4 53.19 42 -107.6 73 42
cflp25033.5 127.47 136 4.4 215 104

total 1199.57 2236 15078.8 3179 1149
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Appendix
Given
| >0,
Ui >0,u; > Ujqq, fori =1,2,...,00,
vi > 0,v >vjy41, fori=21,2,...,00,
let
wj=Uj+vj, fori=12,...,00,
h
Wh =) wi, forh=12... occ.
i=1
We define

@ = hl hwi < z < hwjy 4+ u1, his aninteger
9u(2) = hl +1[{z — (hw1 +up)]/v1 hwi+u; <z < (h+ Dwsi, hisaninteger

0 z=0
g2(2) = { hi Wh <z2<W,+Upt1, h=0,1,...,00
I[[h4+1— Wht1—2)/vi] Wh+Unt1 <Z2<Wht1, h=0,1,...,00

0 z=0
g3(z2) = { hl Wh <z2<W,+Upnt1, h=0,1,... 00
IfTh+ (z = Wh — Unht1)/v1] Wh+Unpr <Z2<Why1, h=0,1,...,00

The functionsg;(2) fori = 1, 2,3 are shown in Figures 7 and 8. L&t be the

region whereg; (z) is defined, therZ; = (—o0, +00) andZ; = [0, +o0) fori = 2, 3.
Obviously, the functiongj(z),i = 1, 2, 3 are nondecreasing m Let

Di = max{gi(z1) + 9i(22) — Gi(z1 + 22) : 21, 22, 21 + 22 € Zj},
theng; (2) is superadditive if and only iD; < 0.
Theorem 13. The functiong); (z) fori = 1, 2, 3 are superadditive.
Proof forgi(z). First, we show that to compui®;, we only need to considef = hwj.
Supposéhw; < z1 < hwjy + ui. Then, sincegi(z) is hondecreasingyi(z1 + z2) >

g1(hws + z2). Consequently

01(z1) + 01(22) — 91(z1 + 22) = hl + 01(22) — 91(z1 + 22)
< g1(hwy) + 01(22) — gr(hw1 + 22).
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g1(2)

2l

-W1-U1 -wWq -U1 0 (75} w1 w1 +uy 2’[1)1

-2l

Fig. 7. Functiongy (2)

— 92(2)=gs(2)

— . g(z
3l — 93(2) ' :
2l —
s o
-
l
. : : 3 L .
Uy Wy Wituy Wy W3

Fig. 8. Functionsgy (z) andgz(2)

Supposédwi + Uy < 21 < (h+ Dws1. Thengi(z+ Az) < 91(2) + (I/v1)Az. Conse-
quently

01(z1) + 91(22) — g1(za + 22)
= hl +1(z1 — hw1 — u1)/v1 + 01(22) — G1(z1 + 22)
= (h+ DI +1(z2 — hwy —u1 — v1)/v1 + 91(22) — 01(21 + 22)
=M+l +01(z2) — 01z + 22) = I[(h+ Dw1 — z1]/11
< (h+ Dl +g1(z2) — g1l(h + Dwi + 2]
= g1l(h + Dwi] + 91(z2) — g1[(h + DHwy + 22].

Secondly, lez; = hjwy andzz = haws, then

01(z1) + 92(22) — 9(z1 + 22) = Ihy +1hy — gl(hy + h)ws]
=lh1 +1lh2 —I(h1 + ho)
=0.

HenceD; = 0 andg1(2) is superadditive.
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Proof for g2(z). SupposeéW, < z1 < Wh + Up4+1. Sincegz(z1) is nondecreasing,
92(21 + 22) > g2(Wh + 22). Consequently

02(z1) + 02(22) — G2(z1 + 22) = hl + 02(22) — 92(z1 + 22)
< 92(Wh) + 02(z2) — go(Wh + 22).

Therefore, to comput®,, we only need to consider the case wheiig + un,+1 <
71 < Why+1 andWh, + Un,+1 < Z2 < Wh,+1. Since

71+ 22 > Why + Uny+1 + Wh, + Uny4

hy h,

= Z wi + Z Wi + Uhy+1 + Uny4+1
i=1 i=1
hy hi+ho

> Z wi + Z Wi + Uhy+1 + Uny+1
i=1 i:h]_-‘rl

= Wh1+h2 + uh1+l + uh2+l
= Why+h, + Ung+hpt1,
we have the following cases.

Case 1.z1 + 22 > Wh,+hy+2-

Then
02(z1 + 22) = (h1 4+ ho + 21,
02(z1) < (h1 + D,
02(z2) < (h2 + D).
So

02(z1) + 92(22) — Q2(z1 + 22) < 0.
Case 2-Wh1+h2+l + Uh;+hy+2 = Z1 + 22 < Wh1+h2+2-
Then

02(z1) + 92(22) — 92(z1 + 22)
<I[h1 +1— (Why+1 — z2)/v1] +I[h1 + 1 — (Wh,+1 — 21)/v1]
—I[(h1 +h2+ 2) — (Wh,+hp+2 — 21 — 22) /v1]
= —(1/v)) (Wh;+1 + Why4+1 — Why+hy42)
<0.
Case 3.Wh;+hy+1 < 71 + Z2 < Why+hp+1 + Unythyt2.

Becausa,(2) is nondecreasing and the result for Case 2, we have

02(Z1) + 92(22) — 92(21 + 22)
= 02(Z1) + 92(22) — 92(Why+hp+1 + Uny+hy42)
< 02(Z1 + Why+hp+1 + Unt+hp2 — 20 — Z2) + 02(22) — 02(Wh;+hp+1 + Unhy+hy+2)
<0.
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Case 4.Wh;+h, +Unythpyt1 < 71 + 22 < Whythyt1.
Then
02(z1) + 92(22) — 92(z1 + 22)
<I[hy +1— Wh;+1—2z0)/v1] +I[h1 + 1 — (Wh,41 — 21)/v1]
—I[(h1 +h2 + 1) — (Wh,+hp+1 — 21 — Z2) /v1]
=1 —(/v1)(Wh 41 + Why11 — Why+hpt1)

hi+1 ho+1 hi+ho+1
=1—(/v)(u1+v1) — (|/v1)(Z wi + Z wi — Z wi)
=2 i=1 i=1
hy+1
< —(/v1) Y (wi — with,)

i=2
<0.
HenceD2 < 0 andgx(2) is superadditive.
Proof forgsz(z). Similar to the proof fogz(z), we find that to computB3, we only need
to consider the case whafé,, +un;+1 < z1 < Wh; 11 andWh, +Un,+1 < Z2 < Wh,41.
Case 1.z1 + 2o € [Wh, Wh + Uny1].
Thengs(zy + 22) = hl = g2(z1 + 22). Sincegs(2) < 92(2), Vz € [0, +00),

03(z1) + 03(22) — 93(21 + 22) < 02(21) + 92(22) — 93(Z1 + 22)
= 02(21) + 92(Z2) — Q2(z1 + 22)
=0.
Case 2.2 + 2 € (Wh + Un+1, Wht1) andzy — Why — Uny 1 + 22 — Wh, — Unp+1 >
21 + 22 — Wh — Un41.

Itis easy to see that if we fizo and slightly decreasa, thengs(z1) andgs(z1 + z2)
will decrease by the same amount. It is also easy to see that if we deceieard
Zo appropriately, we can decreage+ z» to Wy without changings(z1) + 93(z2) —
03(z1 + 22). By the result for Case 1, we have

03(z1) +03(22) — 93(z1 + 22) < 0.
Case 3.z1 + 2 € (Wh + Un+1, Whi1) andzy — Why — Uny+1 4+ 22 — Why, — Unp41 <
21 + 22 — Wh — Un41.

Using the same idea that was used in Case 2, we can dez{@asiz, to Wh, +Un,+1
andWh, + un,+1 respectively, without changings(z1) + 93(z2) — 93(z1 + z2). This
implies that we only need to consider the case= Wh, + Un,+1, Z2 = Wh, + Un,+1
andzy + zz € (Wh + Un+1, Wh+1). Sincegz(z1) + 92(22) — g2(z1 + 22) < 0,

0> [(92(22) + 92(22) — Ga(z1 + 22)) /1!
= Q2(21) + 92(22) — | G2(z1 + 22)/1 ]I
= 03(z1) + 93(22) — [93(z1 + 22)/1 ]I
> 03(z1) + 93(22) — 93(Z1 + 22).
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HenceD3 < 0 andgsz(z) is superadditive.
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