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Abstract

We report on the use of conflict graphs in solving integer programs. A conflict graph
represents logical relations between binary variables. We develop algorithms and data
structures that allow the effective and efficient construction, management, and use of
dynamically changing conflict graphs. Our computational experiments show that the
techniques presented work very well.
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1 Introduction

We report on our investigation of the use of conflict graphs in solving integer programs.
A conflict graph represents logical relations between binary variables. More precisely, a
conflict graph has a vertex for each binary variable and its complement, and an edge
between two vertices when at most one of the variables represented by the vertices can
equal one in a solution.

Conflict graphs are typically constructed using probing techniques based on feasibility
considerations. By tentatively setting a binary variable to one of its bounds and examining
whether this causes other binary variables to be fixed, we derive logical relations of the form
‘if #; = 1, then 2; = 0’. Such a logical relation can be represented in the conflict graph by
an edge between the vertex associated with z; and the vertex associated with z;.

We construct an extended conflict graph by also using probing techniques based on
optimality considerations. By computing an upper bound on the optimal solution when
two variables are tentatively set to one of their bounds and examining whether this upper
bound is smaller than a known lower bound on the optimal solution to the original integer
program, we derive logical relations of the form ‘no optimal solution can have both z; = 1
and z; = 1’. Such a logical relation can again be represented in the conflict graph by an
edge between the vertex associated with z; and the vertex associated with z;.
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The primary use of conflict graphs is in the generation of clique inequalities. Any feasible
solution to the integer program defines a vertex packing in the conflict graph, i.e., a subset
of vertices no two of which are adjacent. As a consequence, the vertex packing polytope
associated with a conflict graph forms a relaxation of the convex hull of feasible solutions
to the original integer program. Hence, valid inequalities for the vertex packing polytope,
such as clique inequalities, are also valid inequalities for the integer program. A clique
inequality ensures that at most one vertex in a clique of the conflict graph, i.e., a subgraph
in which every pair of vertices is adjacent, is selected in any vertex packing. Conflict graphs
may also be used to enhance preprocessing, cover inequality generation, primal heuristics,
and branching schemes.

A major computational obstacle to the use of conflict graphs is their size, i.e., the number
of vertices and edges. Conflict graphs can be huge. Consider, for example, an instance of a
set partitioning problem. Each row of the constraint matrix defines a clique in the conflict
graph, which results in a very dense conflict graph. Consequently, it is often impractical (or
even impossible) to store the conflict graph explicitly, even for moderately sized instances.
As a result, most existing solvers cannot generate clique inequalities for problems with a
fair number of generalized upper bound (GUB) constraints, i.e., constraints of the form
> x; <1, or with a set partitioning substructure. Ironically, clique inequalities are most
useful for such problems! We show that with appropriate data structures, it is possible to
maintain and manipulate dense conflict graphs efficiently.

Storage is not the only computational issue. If one is not careful, the construction of the
conflict graph may also be computationally prohibitive. We discuss various implementation
techniques to construct the conflict graph efficiently.

Since each node in the search tree of an LP based branch-and-bound algorithm has its
own associated conflict graph, we develop algorithms and data structures that allow the
effective and efficient construction, management, and use of dynamically changing conflict
graphs throughout the search tree.

Although we introduce several new ideas related to the construction and use of conflict
graphs, the emphasis of this paper is on computation. We show that, when carefully imple-
mented, conflict graphs can provide a powerful tool in the solution of a variety of integer
programs. Our computational experiments show that the ideas presented in this paper can
be incorporated successfully in a general purpose optimizer and that our implementation is
robust and effective for a wide range of instances.

Hoffman and Padberg [6] used conflict graphs to generate valid inequalities for set par-
titioning problems arising in airline crew-scheduling. Johnson and Padberg [9] investigated
bidirected, transitively closed graphs derived from inequality systems with only two binary
variables per inequality and defined valid inequalities that are generalizations of clique in-
equalities. They studied the polytope described by using the original variables directly,
rather than complementing them and working on the corresponding vertex packing relax-
ation. Recently, Borndérfer and Weismantel [3] investigated set packing relaxations of some
specific 0-1 integer problems and studied relationships between valid inequalities for the set
packing polytope and the valid inequalities for these problems.



Figure 1: Conflict graph

In the remainder, for ease of presentation, we only consider pure 0-1 integer programs.
However, all the techniques described can be applied to any integer program containing 0-1
variables.

In Section 2, we formally introduce conflict graphs and show how to construct them
using probing based on feasibility and optimality considerations. In Section 3, we discuss
the storage and management of dynamically changing conflict graphs. In Sections 4 and 5,
we discuss the use of conflict graphs in preprocessing and cut generation. In Section 6, we
present the results of our computational experiments. Finally, in Section 7, we conclude
with some generalizations currently under investigation.

2 Conflict graphs

A conflict graph represents logical relations between binary variables. It has a vertex for
each binary variable and its complement, and an edge between two vertices when at most
one of the variables represented by the vertices can equal one in an optimal solution. The
four possible logical relations between two binary variables are

v=1=2;,=0 & T taz; <1,
$i20:>$]‘20<:> (1_$i) +z; <1,
$i21:>$]‘21<:> T; —|—(1—xj) <1,

$i20:>$]‘21<:> (1_$i) —|—(1—xj) < 1.

The inequalities represented by the edges of the conflict graph are called the edge inequali-
ties. Figure 1 shows the conflict graph representing the three edge inequalities

€T —I—(l — xj) < 1,
(1-w;) 4ap <L

In this figure, vertex i represents variable z; and vertex i represents (1 —x;), the complement
of z;. Obviously, there is an edge between a variable and its complement, since at most one
of them can equal one in any feasible solution. However, the relation between a variable
and its complement is stronger: exactly one of them must be one in any feasible solution.
This type of relation is shown in the conflict graph by a double line.



Given a 0-1 integer program (IP), we construct a conflict graph G' = (V, £) with ver-
tex set V and edge set F, using probing techniques based on feasibility and optimality
considerations. In the next two subsections, we explain these techniques in more detail.

2.1 Implications from feasibility conditions

Probing refers to setting a binary variable to one of its bounds tentatively and examining
the consequences [4, 13]. When we tentatively set a binary variable to one of its bounds
and a subsequent analysis shows that the problem has become infeasible, then we can fix
that variable to its opposite bound. Formally, let

S={ze{0,1}": Az <b} and Sy=, ={2€S5: z,=v}

for v € {0,1}, where Az < b represents the linear constraints of the problem to be solved,
with matrix A and column vector b of appropriate dimensions. If S, —; = 0, then 2; < 0 is
valid for S; similarly if 5,.—¢ = 0, then 2; > 1 is valid for 5. In either case, we have fixed
x5.

Determining whether 5,,—, = () may be as hard as solving the original integer program.

Therefore, we resort to easily computable relaxations 5!, _, O S;,=, and try to show that
St—y = 0. Let
L., =min{a,z : €85, _,}

where a, is the rth row of A, i.e., L} _, is the minimum value of the left-hand side of the

rth row over all solutions x € S _,. If L] _, > b, then z; < 0 is valid for S when v = 1,
and z; > 1 1is valid for § when v = 0. For an equality constraint the same arguments hold
also when U _, < b,, where U] _, = max{a,z : 2 €5, _,}.

Probing can be used to derive edges of the conflict graph by setting each of two variables
to one of their bounds. Let 53—y, »,=0, = {2 € §:2; = v;,2; = v;}. Then

o if Spi=10;=1 = 0 then, z; + 2; < 1is valid for 9,
o if Sp=10;=0 = 0 then, z; 4+ (1 — ;) < 1 is valid for S,
o if Sp—0.0;=1 = 0 then, (1 —2;) +2; < 1is valid for ,

o if Sp—0.0;=0 = 0 then, (1 —2;) + (1 —z;) < 1is valid for 5.

Similar to Lj _,, we define
T _ : . !
Lwi:vi,x]:vj - mln{aTx PrE Sx,‘:vi,acjzv]}
; / ; 7 Ly
for a relaxation 53 _, . —, Of 5z;=v; o,=v,. If, forinstance, L7 _y . _y > by, then 2;42; <1
is valid for §. The choice of 5! is critical since a stronger relaxation is likely to

Ty = ,T 5=y
yield more edges, but it may also be harder to compute. Thus, we face a tradeoff between
the size of the conflict graph and the computational effort required to construct it.



One possible relaxation is to use just the bounds on the variables. For constraint r,
define B}t (B;) to be the index set of variables with positive (negative) coefficients. Then
we have

L=, = > Ark + Q0 + arj0;.
KEBT ki ki

A stronger relaxation is obtained by using the bounds of variables as well as the cur-
rent conflict graph. Consider the set of vertices U' C V representing variables in B and
complements of variables in B;. Let wy = |a,| for all k € U. Now, a lower bound L", for
the minimum value of the left-hand side of the rth row is obtained by solving the weighted
vertex packing problem

(wvpe)y (= Z rfp — max{z wgzy © z vertex packing of G(U)},
keBF ket

where G/(U) denotes the subgraph of GG induced by U, and z € {0, 1}|U| the characteristic
vector of a vertex packing of G(U). The summation term -, _p+ a4 is added to the bound
since we use the complements for B .

The weighted vertex packing problem is N P-hard [10]. Therefore, in order to get a lower
bound L" on (", we solve a relaxation of the vertex packing problem. The relaxation is
based on the observation that if a graph consists of a set of disjoint complete subgraphs, the
optimal vertex packing is obtained by picking a largest weight vertex from each complete
subgraph. Therefore, we partition the vertices of G(U) into a set of cliques and pick a largest
weight vertex from each clique. Algorithm 1 gives a greedy algorithm that implements this
idea.

Algorithm 1 Greedy Clique Partitioning
Index vertices in U so that wy > wy, > ... > Wiy
LT — EkeB;" arx. Mark vertices in V '\ U.
for j = 1to |U| do
if vertex j is not marked then
LY «— LF — Wj.
Mark all vertices of a maximal clique containing vertex j.
end if

end for

Example: Let
4$1 — 3$2 —|—5$3 — 3$4 — 3$5 —|—2$6 S 1

be the rth row of an IP. Then B} = {1,3,6}, BZ = {2,4,5}, and U = {1,2,3,4,5,6}.
Furthermore, suppose the current conflict graph has the solid edges of the graph in Figure 2.
Since the optimal packing is {2,3,6}, (" = 1, which is the smallest value the left hand side



of row r can take on (by setting (z1,...,26) = (1,1,0,0,0,0)). Using the greedy clique
partitioning algorithm, we obtain the clique partitioning {{1,2},{3,4,5},{6}}, and pick
vertices 1, 3,6, which gives the lower bound L” = 0 on (”. Note that the lower bound
corresponds to setting (z1,...,26) = (0,0,0,0,0,0) after relaxing the edge (1,3) in the
conflict graph.

Once we have a clique partitioning, it is easy to find a lower bound L7 _,. . .. All we
have to do is to pick the largest weight vertex in each clique subject to z; = v;,z; = v;. For
example L _1 =4 > 1 given by packing {1,4}. Similarly, L, _; ;. -y = L. 4 z=1 =
4> 1. Thus Sp,=1,56=1 = Sps=1,06=1 = Sp.=10s=1 = 0. Hence, we can augment the conflict

graph edges (3,6), (4,6), and (5,6) (dashed edges in Figure 2).

r
733:17736

Figure 2: Clique partitioning for L”

2.2 Implications from optimality conditions

The edge inequalities obtained in the previous section are derived from feasibility conditions
and hence are valid for 5. Using the objective function, it is possible to derive stronger
inequalities that are not necessarily valid for 5 but are valid for optimal points in 9, i.e.,
Sort ={z €5 : cx = z*}, where z* = max{cz : x € 5}. Let zj, be the value of any feasible
solution. For instance, if Za*cizl,szo = max{cr : ¥ € Sp=1,4,=0} < 7, then z;+(1—-2;) <1
is valid for 5°P¢,

Since it is nontrivial to compute =7 _; . _¢, we consider approximating it. Let 2, —1 0 =0
denote the optimal value of the linear programming (LP) relaxation of max{cz : 2 €
Sei=1,0,=0f- I Zz;=12,=0 < 2x, then z; + (1 — z;) < 1 is valid for 5Pt Note that if
Zpi=1,0,=0 = —00, then z; + (1 — 2;) < 1 is valid even for 5. We refer to solving the LP
relaxation of the problem subject to a pair of variables fixed at one of their bounds and
examining the consequences as LP probing. However, finding edge inequalities using LP
probing requires the solution of many linear programs. In order to reduce the computational
effort, we consider approximations that provide upper bounds on zu;=y, =0, -



Let  be an optimal solution to the LP relaxation of the original problem with objective
value z. If Z; = v;, &; = v; for v;,v; € {0,1}, then Zpi=va,;=, = 2. Hence, we do not need
to consider probing pairs that are at one of their bounds at these values. One approximation
can be obtained by fixing only one variable at a bound and using the reduced cost of the
second one. Let z,,—1 (23,=0) be the value of an optimal solution Z to LP subject to z; = 1
(z; = 0) and ¢é; be the reduced cost of z; for this solution. Then,

o if #; =0 and z,,=1 — ¢; < 2, then z; + x; < 1 is valid for Sopt

if #; =1 and zp,=1 + ¢; < zp, then z; + (1 — x;) < 1 is valid for 59,

if &, =0 and z;;=¢0 — ¢; < zp, then (1 —2;) + 2; < 1is valid for S,
o if i; =1 and z;,—0 + ¢ < 2 then (1 —2;) + (1 —2;) < 1is valid for S°P%.

Note that in this method each LP instance differs by two bounds and solving these
problems with the dual simplex is much easier than solving the initial LP. Nevertheless,
one needs to solve n plus the number of fractional variables LPs, which may be prohibitive
if many dual pivots are needed to solve each problem. Therefore we suggest yet another
approximation which does not require solving any linear programs but makes use of the
optimal basis of the initial LP. These approximations are equivalent to performing a single
dual simplex pivot; however no time consuming basis change is performed. Let B the
index set of an optimal basis for LP, V be the index set of nonbasic variables. Also
let ¢, en, 2B, 2N, A, AN be the corresponding partitioning of ¢,z and A into basic and
nonbasic variables. We are interested in the change of the optimal value when nonbasic
variables z; and z; are set to v; and v;, respectively. Letting ¢; = v; — Z;,¢; = v; — Z;, we
consider

Az = cgAxp + eyAxy = ¢t; + ¢ty

where ¢; and ¢; are the reduced costs of z; and z;, respectively. Since dual feasibility
is maintained in the presence of the additional equalities z; = v;, #; = v;, but primal
feasibility may be lost, Az gives a lower bound on the change. Hence we have

in:vi,szvj S z+ Eiti + E]t] S z.

It is possible to obtain a stronger upper bound on zy,=y, =, by performing a ratio
test to calculate the change in one dual simplex pivot. Let a; be the ith column of A;AN,
ip = ap — ait; —ajtj, and Q = {¢ € B : &, < 0or &, > 1}. If Q = ), we have
Zpi=vga,=v; = 7+ Citi + €515, Otherwise, let N = N\ {i,j} and define

Ggp < 0,7, =001 ag >0,7, =1, if £, <0,
dgp > 0,2, =00r a4 <0,2,=1,if 2, > 1.

Pq:{pEN:



If P, = () for some ¢ € @, then the LP subject to ; = v;, 2; = v; is infeasible and we have
an edge inequality valid for S. Otherwise, let

P if &, <0
1T &, -1, i, > 1

A" = max min |fi6p|. (1)
q€Q PEPy Ggp

Then we obtain a stronger upper bound
Zri=vi m=v; <zt + ¢t — A*,
So, if z 4 ¢;t; + ¢;1; — A* < z;,, we have an edge inequality valid for 59"
For further improvement, we exploit the fact that our variables are binary. Since f,/d,,

is the change in the value of nonbasic variable z,, if it enters the basis, if f,/a,, >0, 2, = 1,
and if f,/a,, < 0, 2, = 0. So we obtain,

A" = ma min(Je | max{ L | 4}), (2)
Hence, if z 4 ¢;t; + ¢jt; — A* < z, we have an edge inequality valid for S°P!. Tomlin [14]
used this line of argument in calculating penalties for choosing a branching variable. Since
both z; and z; are nonbasic, an edge inequality found in this way is not violated by the
LP solution. However, such edges may help preprocessing or may be violated later in the
search tree. Similar bounds can be obtained when one of z; and z; is basic.

One interesting option is probing a fractional variable at one of its bounds and a nonbasic
variable at its current LP value. In order to do so, we either set the lower bound of the
fractional variable to 1, or set the upper bound to 0. Calculating single dual pivot bounds
for this case is quite simple since the current LP solution violates the bound of a single
basic variable. Furthermore, edge inequalities found in this manner are necessarily violated
by the current LP solution. Suppose we probe z, such that 0 < #, < 1. Then, using the
terminology developed above, & = Z and @ = {¢q}. As we probe z, = 0 (2, = 1), we update
u, = 0 (I, = 1). Let p* € P, be an index giving A* in (2). If 2+ A* < z;,, then we have
x, > 1is valid for S*if I, = u, = 0, and @, < 0is valid for S°P* if [, = u, = 1. Otherwise,
let A’ be the second smallest value of (2). Note that A’ is a lower bound in the change of
the objective value when z, is set to one of its bounds and z,« is fixed at its current LP
value. If z + A’ < 2, then the following edge inequalities are valid for S°P!:

o ifl,=u,=1and 7,» =1 then 2, + x,« <1,

o if [, =u;=1and Z,» =0 then 2, + (1 —z,+) <1,

o if [, =u;,=0and Z,» =1 then (1 —z,)+ z,» <1,

o if [, =u;,=0and Z,» =0 then (1 —z,)+ (1 —a,+) < 1.

We remark again that even if there is no feasible solution at hand, it is possible to find
such edge inequalities if P, = (). In that case, the edge inequalities are valid for 5.



2.3 Edge equalities

So far, we have concentrated on edges in the conflict graph that represent inequalities of
the form z; + z; < 1. However, allowing equality edges to represent equalities of the form
;4 x; = 1 can lead to quick detection of further edge inequalities and equalities and fixing
more variables. Let G = (V, F) be a conflict graph, and £~ C E be the set of edges of G
that represent equalities, then we have the following trivial propositions:

Proposition 2.1 If (i,j) € E=, (j,k),(i,1) € E, then (k,l) € E.

x; +ry =1
T +x; <1l p=ar+a <1,
T +rp <1

Proposition 2.2 If (i,7),(l,k) € E=, (i,k),(j,1) € F, then (¢,k),(j,1) € E~.

x; +ry =1
x; Hap =1 N rtap=1
€T 4z, <1 i+ a;= 1.
r; +ay <1

Proposition 2.3 If (i,j) € E=, (i,k),(j,k) € E\ E=, then z; < 0.

x; +ry =1
x; 4z, <1 =2 <0.
r; +xp <1

These propositions can be used to obtain stronger packing relaxations of an integer
programming problem. For each edge in £=, we examine the edges incident to its endpoints
to see if any of the above propositions apply. We iterate until no more variables can be
fixed and no new edges can be found.

Example: Here we give some examples to illustrate the use of edge equalities. In Figure 3,
equality edges are represented by double lines, and edges found by applying the above
propositions are represented by dashed lines. Observe that in Figure 3 (b) an inserted edge
triggers the third insertion. In Figures 3 (¢) and (d) one of the variables can be fixed to its
bound and eliminated from the problem.

3 Data structures and implementation

A careful implementation is required to use a conflict graph in a general purpose integer
optimizer. A general purpose integer optimizer has to be able to handle a variety of problems
ranging from set partitioning problems, which have very dense conflict graphs, to arbitrary
mixed integer problems, which typically have much sparser conflict graphs.
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Figure 3: Edge equalities

When a conflict graph is very dense, keeping the conflict graph in memory becomes
practically impossible. Therefore, we do not explicitly keep conflict graph edges that are
derived from a GUB constraint, since the existence of such an edge can be inferred by
checking whether two variables appear together in a GUB constraint. Instead, we maintain
all the GUB constraints in a separate data structure that supports fast checking of whether
two variables appear together in one of the GUB constraints. Our experience that pre-
processing and reduced cost fixing are usually very effective on instances with many GUB
constraints and can reduce the size of the instances significantly also affected the choice of
an appropriate data structure for the storage of GUB constraints. The data structure for
the storage of GUB constraints should also support fast deletion of constraints and vari-
ables. To accommodate fast deletion of constraints and variables as well as fast checking of
whether two variables appear together in one of the GUB constraints, we use a two dimen-
sional linked list structure to store GUB constraints. Fach element in the two-dimensional
linked list structure contains the row and column indices of a nonzero entry in a GUB
constraint, and pointers to elements to its right, left, up and down. Figure 4 shows the
general structure of an element of the data structure. It represents the information that
variable z; appears in GUB constraint ¢, that the largest indexed variable z; appearing in
GUB 7 with ¢t < [is a2, that the smallest indexed variable z; appearing in GUB ¢ with ¢ > [
is @, that the largest indexed GUB g, in which z; appears and with ¢ < 7 is GUB h, and
that the smallest indexed GUB g, in which z; appears and with g > ¢ is GUB j.

Note that we do not need to use the greedy clique partitioning algorithm and that we
do not need to perform double arithmetic operations to find L", L7 _, or L} _,. . —,. for
GUB constraints, because all the variables appearing in a GUB constraint have coefficient 1.
Therefore storing the indices of the variables appearing in a GUB constraint is sufficient to
be able to determine whether two variables appear in the same GUB constraint, which is all
that is needed to process a GUB constraint in conflict graph generation and preprocessing.

10
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Figure 4: Data structure to store GUB constraints

Edges derived by probing are stored in a separate data structure. The data structure
we have chosen allows for easy addition of new edges and easy access to the edges incident
to a given vertex. For each vertex » the array entry last[v] contains the index, say k, of
the last edge having v as one of its end-vertices, or 0 if there are no edges incident to v. The
other end-vertex of this edge can be found in adj[k]. The index of another edge incident
to v can be found in next[k]. If there are no other edges incident to v, then next[k] is 0.
In Algorithm 2 we show how traversing adjacent vertices of vertex ¢ is implemented and in
Algorithm 3 we show how edge (¢,7) is added to the conflict graph.

Algorithm 2 Adjacent(i)
k — last[i].
while k # 0 do
/* adj[k] is adjacent to vertex i */
k < next[k].
end while

Algorithm 3 AddEdge(i,j)

/* cntr is the number of elements in adj array */

cntr < cntr + 1.
adjlentr] < j; nextlentr] < last[il; last[i] < cntr.
cntr < cntr + 1.
adjlentr] « i; nextlentr] < last[jl; last[i] < cntr.

We illustrate the data structure by means of an example in Figure 5. In this example,
edges have been added in the order (1,3),(1,4),(3,2),(1,2).

When one or more variables are fixed, new logical relations between pairs of variables
may be derived. In particular, new logical implications may be derived at each node of the
search tree since branching is typically done by fixing variables. Such logical implications
are only locally valid, since they depend on the branching decision. Locally valid conflict

11



vertex ]agt POSIion adj next

1 7 1 3 0

2 8 2 1 0

3 5 3 4 1

4 4 4 1 0

5 2 2

6 3 0

7 2 3

3 8 1 6
Conflict Graph Graph Data Structure

Figure 5: Conflict graph data structure

graphs do not pose any theoretical difficulties. However, it is more complicated to manage
dynamically changing conflict graphs. We need a data structure that allows inheriting of
edges by child nodes from their parent node and that supports addition of new edges at
an arbitrary node of the search tree. Furthermore, when a vertex of the conflict graph is
scanned, only incident edges that are valid for the current node and its ancestors should be
visited.

The data structure for the storage of edges found by probing can be extended to accom-
modate these requirements as follows. We store conflict graph edges in blocks, with one
block for each node in the search tree. The list of edges incident to a vertex for a particular
node of the search tree is linked to the list of edges incident to that same vertex in the
parent node. In Figure 6 we give an illustration. The conflict graph has four vertices. The
solid edge is valid at node a, dotted edges are found to be valid at node b and dashed edges
are found at node c. At node c, vertex 3 is adjacent to vertices 2 and 4. These edges are
stored at position indices 12 and 2. The next index pointer at 12 skips edges valid at node
b.

Note that the chosen data structure does not support fast deletion of edges. Therefore,
edge deletion is only carried out when absolutely necessary.

4 Preprocessing

Preprocessing refers to a set of simple reformulations performed on a problem instance
to enhance the solution process. These reformulations try to identify infeasibilities and
redundancies, to tighten bounds on variables, and to improve coefficients of constraints.
Preprocessing may reduce the size of an instance as well as the integrality gap. Several
papers have appeared on this subject; see e.g. [5, 13] for the specifics of these reformulation
techniques.

At the heart of these techniques is the computation of lower and upper bounds on the
value of the left-hand side of constraints. For “less than or equal to” constraints, the lower
bounds are used to improve variable bounds and derive conflict graph edges, and the upper
bounds are used to improve constraint coefficients.

12



last adj next

0 1 3 0
node a 1 212 O
b c . 312 0
4 1 1
6 504 3
Search Tree node b 4 613 5
8 711 0
7 8l 1 2
node ¢ 0 914 1
2 9 102 0
N 12 11 3 10
L 11 1204 2
O \Q other
4 nodes pther edges
3 0O
Dynamic Conflict Graph Graph Data Structure

Figure 6: Dynamic conflict graph structure

The conflict graph can be used to strengthen these techniques, because it can be used
to enhance the bound computations. In Section 2, we discussed how to use a conflict graph
in the computation of lower bounds. It is easy to see that upper bounds can be computed
similarly.

Example: Consider the inequality

—90z, — 75z — 12023 4 3024 < —=79.

By using standard reduction techniques (Euclidean reduction and coefficient improvement
[5, 13]), it can be strengthened to

—6$1 - 5$2 - 8$3 + 2$4 S —6.

Note that L, =0z=0 = —5 > —6; thus the conflict edge (1,3) is valid. Using (1,3),
we obtain an improved upper bound U,,—y = —9, which can be shown to lead to the
strengthening of the inequality to

—3$1 — T2 — 4$3 + T4 S -3.

We now briefly discuss an efficient implementation of probing. In probing, we tentatively
set variables to one of their bounds and try to identify infeasibilities and fixed variables in
the resulting reduced problem. When probing a specific variable, say z; = v;, it is clearly
enough to process only the set of constraints in the reduced problem that are affected by
tentatively setting x; = wv;. Initially, this set consists of only the constraints in which z;
appears. However, if there already exist logical implications of the form z; = v; = z; = v;,
then all the constraints in which z; occurs have to be added to the set of constraints affected

13



by tentatively setting x; = w»; as well. Furthermore, each time a variable, say zj, in the
reduced problem can be fixed, i.e., a new implication of the form z; = v; = zp = vg
is detected, all the constraints in which z; occurs also have to be added to the set of
constraints affected by tentatively setting z; = v;. Consequently, we need a data structure
that maintains a set of constraint indices and supports insertion and (random) deletion
operations. We have implemented this data structure using a stack and a bit vector. When
an element is inserted in the set it is pushed onto the stack and its associated bit is set to
1. The bit vector is used for membership testing. Deletion is implemented by popping an
element off the stack and setting its associated bit to 0. We process constraints until either
an infeasibility is detected or the set of affected constraints becomes empty.

We use an implication stack to store all the implications used in a single probing iteration
(probing a specific variable). At the beginning of a probing iteration, all known implications,
i.e., all edges in the conflict graph incident to the vertex representing the variable being
probed, and all implications that can be inferred from the GUB constraints, are pushed
onto the implication stack and the size of the stack is stored. All new implications found
during the probing iteration are also pushed onto the stack. At the end of the probing
iteration, if no infeasibility is detected, the new implications become edges of the conflict
graph. Keeping the initial implications in the stack, allows us to restore the variable bounds
at the end of the probing iteration quickly.

Next, we observe that when we probe a specific variable, say z; = »;, and find a new
implication of the form z; = v; = x; = v;, then we have also found a new implication for
each variable z; for which we already have an implication of the form x; = v = z; = v,
namely z; = v, = x; = v;. Consequently, it may be beneficial to probe variable z
again. We use a data structure identical to the one introduced above to maintain the set of
variables that still need to be probed. Initially, this set consists of all the variables in the
problem. We probe variables until the set becomes empty.

Finally, it should also be observed that many of the preprocessing and probing tech-
niques can be implemented to run much faster for constraints with 0-1 coefficients only.
Furthermore, pure 0-1 rows allow additional preprocessing techniques, such as row domi-
nation, see e.g. [1, 6, 8].

5 Cut generation

Any feasible solution to S defines a vertex packing in the conflict graph. Therefore, the
vertex packing polytope associated with the conflict graph contains the convex hull of
feasible solutions to 5. Hence, valid inequalities for the vertex packing polytope, such
as clique and odd-hole inequalities, define valid inequalities for the convex hull of feasible
solutions to 5.

Therefore, we may use the conflict graph to try to find valid inequalities that cut off
the current LP solution . Here we limit ourselves to clique inequalities, which are known
to be facet-defining for the vertex packing polytope [12]. Formally, we look for P C V such
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that
Ejepijj > 1,
where

w — T;, j original
771 1-&;, jcomplement

is the weight of vertex j, z; € {0,1}. The separation problem for the class of clique
inequalities is a maximum weighted clique problem on the conflict graph.

There are at least three ways to implement cut generation based on clique inequalities
derived from the conflict graph:

1. (a
(b

) Construct the conflict graph.
)

(¢) During the solution process, check the clique table for violated clique inequalities.
)

Generate a set of maximal cliques and store them in a clique table.

2. (a) Construct the relevant part of the conflict graph on-the-fly, i.e., the subgraph

associated with the vertices with positive weight.

(b) Generate maximal cliques on-the-fly and check them for violation.

3. (a) Construct the conflict graph.

(b) Generate maximal cliques on the relevant part of the conflict graph on-the-fly
and check them for violation.

The advantage of the first approach is that one does everything only once, thus avoiding
duplication of effort. However, there are two disadvantages that arise for instances with
many GUB constraints: (1) since the conflict graph is large, identifying (all) maximal cliques
may be computationally prohibitive, and (2) for the same reason storing (all) maximal
cliques may be impossible. Nevertheless, this approach seems to be prevalent in general
purpose solvers such as CPLEX, MINTO and OSL. Our computational results in Section 6
indicate that, this approach may not be a good choice for many problems.

The second approach circumvents the disadvantages of the first approach by doing ev-
erything on-the-fly: constructing the relevant part of the conflict graph as well as identifying
violated cliques. This approach does not require storage of a clique table and, since the
conflict graphs are smaller, the identification of violated cliques is faster. However, the dis-
advantage is that we construct a partial conflict graph over and over again. Hoffman and
Padberg [6] have used this approach successfully for set partitioning problems. However,
for general integer programming problems, building the conflict graph “on the fly” is not
practical, since small conflict graphs may not suffice and finding implications between pairs
of variables is more complex and time consuming than in set partitioning problems.

We have chosen to use the third approach, which is a compromise between the two
extreme solutions. We construct the complete conflict graph once. Since the maximum
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weighted clique problem is NP-hard [10], we resort to a heuristic separation algorithm that
performs a partial search. However, running even a heuristic separation algorithm on the
complete conflict graph can be very time consuming on large graphs. Therefore, we apply
a two stage approach. First, we consider only vertices with positive weight. If we find a
violated clique inequality, we extend the clique to a maximal one by adding one or more
of the remaining vertices if necessary. Thus, we lift the clique inequality to get a high
dimensional face of the vertex packing polytope. In Section 6, we empirically show the
efficacy of this approach.

6 Computational results

In this section, we report on the various computational experiments conducted to test the
effectiveness and efficiency of the implementation techniques and algorithms described in
the previous sections. Our implementation is embedded in MINTO (version 3.0). MINTO
[11] is a software system that solves mixed-integer linear programs by a branch-and-bound
algorithm with linear programming relaxations. All experiments were done on an IBM
RS/6000 Model 590 workstation with one hour CPU time limit.

Our data set consists of problems with varying characteristics. The first five problems
are various instances from MIPLIB 3.0 [2]. The next five are real production planning
and resource allocation problems. The next set of five problems are instances of a time-
indexed formulation of a single machine scheduling problem. Due to the structure of the
time-indexed formulation, we anticipated that the clique inequalities generated would be
very helpful in the solution of these problems. Finally, the last five are maximum clique
problems from the DIMACS Challenge on Cliques, Coloring, and Satisfiability [7].

We have conducted five experiments. First and most important, we wanted to see if
the use of conflict graphs was effective and if our implementation was robust and efficient.
To do so, we solved all the instances with MINTO and compared the performance against
the commercial integer programming solver CPLEX (version 4.0). Since we wanted to
compare, among other things, the effectiveness and efficiency of the clique generation im-
plementations, we turned CPLEX’ clique generation on. (CPLEX performed much better
on the instances in our test set with clique generation on.) The results are summarized in
Table 1. In this table, we report the number of clique cuts generated, optimal value of LP
relaxation at the root node, the best solution found, the percentage gap between the best
upper bound and the best lower bound at termination, the number of nodes explored in
the search tree and the total CPU time elapsed in seconds both for MINTO and CPLEX.
Our techniques are clearly effective. In all instances the bound obtained at the root node
is better, and in all but one instance the number of nodes evaluated is smaller, often signif-
icantly smaller. Except for two relatively easy instances, cpu times were better too, which
shows that our implementation is efficient. The implementation appears to be robust as
well, since it handled ‘air04’ and ‘air05” without any problems. These are instances of set
partitioning problems that lead to dense conflict graphs.
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Next, we conducted several experiments to determine the effectiveness of the various
components. MINTO incorporates other classes of cuts besides clique cuts. In order to
understand how much of the performance can be attributed to clique cuts, we ran MINTO
on the same set of instances with clique generation turned off. In Table 2, we present
the results. This table shows that for almost all of the instances, performance degrades
drastically without the clique cuts.

Conflict graphs are generated during preprocessing. Therefore the level of preprocessing
plays an important role in the size of the generated conflict graph, and consequently in the
overall performance. The third experiment was done to evaluate the effect of different levels
of preprocessing. In Table 3, we summarize our results for levels: 0) no preprocessing, 1)
preprocessing without probing, 2) preprocessing with limited probing and conflict graph
generation, 3) preprocessing with full probing and conflict graph generation. Although
there are exceptions, in general, a higher level of preprocessing increases the size of the
conflict graph, reduces the number of evaluated nodes, and reduces the solution time.
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problem | level zinit zroot cg edges clique cuts  nodes time
air04 0 55535.44  5b5645.37 0 268 156 3074
1 55535.44  55645.41 0 239 168 2358
2 55535.44  55645.41 185053 358 443 2327
3 55535.44  55645.46 212321 227 155 2197
demulti 0 183975.54  184034.45 0 0 7072 152
1 184034.37 184071.24 0 0 5303 112
2 184569.16 185443.35 171 15 4635 121
3 184569.16 185443.35 171 15 4635 123
mitre 0 114740.52  114787.42 0 0 9 3600
1 114782.47 115155.00 0 0 1 230
2 114878.34 115155.00 43129 85 1 204
3 115141.50  115155.00 29625 38 1 183
rlp2 0 10.21 12.72 0 0 545 59
1 12.64 14.00 0 0 247 15
2 14.00 14.00 7227 60 255 23
3 14.00 14.00 327 9 43 8
steell 0 -612.64 -481.88 0 0 4747 537
1 -489.44 -477.01 0 0 19704 1024
2 -486.66 -475.47 2722 193 3635 260
3 -486.66 -475.47 2722 193 3635 263
vpm?2 0 9.89 11.20 0 0 149379 3600
1 10.27 11.31 0 0 72094 1676
2 11.26 12.71 3 1 7958 173
3 11.26 12.71 3 1 8571 176

Table 3: Effect of preprocessing

The next experiment was conducted to evaluate the effect of generating conflict graph
edges dynamically throughout the search tree. With any integer programming technique
that is added to the basic LP based branch-and-bound algorithm to enhance the perfor-
mance, a tradeoff is made between the effort (time spent on the technique) and effect
(reduction in number of nodes evaluated). However, for techniques that produce only lo-
cally valid information, it is harder for such a tradeoff to turn out to be beneficial, since the
technique only affects the subtree rooted at the node at which the information is generated,
which may be a small part of the overall search tree. In Table 4 we compare the results
obtained using a static conflict graph, which is generated once at the root node, with those
obtained using a dynamic conflict graph, where we extend the conflict graph at nodes in
the search tree at depths less than or equal to five. There is no clear winner. While the use
of dynamic conflict graphs reduced the number of nodes evaluated in some of the problems,
it increased the number of nodes evaluated in some others. Qur intuition is that it only
pays to use dynamic conflict graphs for tightly constrained problems, like set partitioning
problems.

Finally, we performed an experiment to determine the effect of the use of optimality
edges in the conflict graph. The results are shown in Table 5. Note that optimality edges

20



static cg dynamic cg
problem clique cuts gap nodes time | clique cuts gap nodes time
air04 358 0.00 443 2327 249 0.00 243 2443
air0b 341 0.00 1003 2367 451 0.00 685 2127
demulti 15 0.00 4635 121 4 0.00 4359 159
mitre 85 0.00 1 204 83 0.00 1 208
vpm?2 1 0.00 7958 173 1 0.00 8136 247
edfl 76 0.00 14 726 76 0.00 56 753
edf2 58 0.00 29 469 58 0.00 35 483
rlp2 60 0.00 255 23 59 0.00 199 18
steell 193 0.00 3635 260 247 0.00 3632 398
steel2 1067 6.94 348 3600 848 6.17 211 3600
R3010.1 60 0.00 9 71 58 0.00 9 72
R30102 22 0.00 1 26 22 0.00 1 26
R3010.3 74 0.00 29 121 84 0.00 33 148
R3010_7 7 0.00 7 66 73 0.00 7 68
R3010.15 99 0.00 103 140 93 0.00 95 229
brock200_2 3553 163.81 21 3600 3537  159.37 19 3600
c-fat200-1 460 0.00 1 381 460 0.00 1 385.16
c-fat200-2 440 0.00 1 246 440 0.00 1 246
p-hat300-1 1982 169.72 1 3600 1982 169.72 1 3600
san200.0.72 1296 0.00 19 819 1168 0.00 13 482

Table 4: Effect of a dynamic conflict graph

can only be generated when a feasible solution is available, and that the quality of this
feasible solution has a significant impact on the number of optimality edges that will be
generated. For each problem we ran the algorithm with the optimal value given at the start
and checked to see if the optimality edges have any effect at all in proving the optimality of
the given solution. In its current form, optimality edges do not appear to be very effective.
They tend to reduce the number of evaluated nodes, but this does not translate into faster
solution times.

without opt. edges with opt. edges at root with opt. edges at depth < 5
problem clique cuts nodes time | clique cuts nodes time | clique cuts nodes time
air04 245 233 1318 232 213 1379 243 115 1908
air0b 197 307 864 190 221 880 154 101 954
edfl 62 27 727 61 37 898 78 35 1705
R3010.15 80 21 128 80 21 174 7 15 126
steell 182 4368 327 182 4053 348 232 4053 354

Table 5: Effect of optimality edges
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7 Extensions to mixed conflict graphs

We are currently investigating mixed conflict graphs in which we represent logical relations
between binary variables as well as logical relations between binary and continuous vari-
ables. By tentatively setting a binary variable to one of its bounds and examining whether
this causes tighter bounds on continuous variables, we derive logical relations of the form
‘if 2; = 1, then y; < u;’. Such a logical relation can be represented in the conflict graph by
an edge with weight u; — u;, where u; is the original upper bound on the value of variable
y;, between the vertex associated with z; and the vertex associated with y;. Any feasible
solution to the integer program defines a mixed vertex packing in the mixed conflict graph.
Consequently, the mixed vertex packing polytope associated with the mixed conflict graph
forms a relaxation of the convex hull of feasible solutions to the original integer program.
Hence, valid inequalities for the mixed vertex packing polytope are also valid inequalities
for the integer program. We are studying the mixed vertex packing polytope to find classes
of strong valid inequalities that can be used in the solution of mixed integer problems.
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