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Abstract

We investigate lifting, i.e., the process of taking a valid inequality for a polyhe-
dron and extending it to a valid inequality in a higher dimensional space. Lifting
i1s usually applied sequentially, that is, variables in a set are lifted one after the
other. This may be computationally unattractive since it involves the solution of an
optimization problem to compute a lifting coefficient for each variable. To relieve
this computational burden, we study sequence independent lifting, which only in-
volves the solution of one optimization problem. We show that if a certain lifting
function is superadditive, then the lifting coefficients are independent of the lifting
sequence. We introduce the idea of valid superadditive lifting functions to obtain
good aproximations to maximum lifting. We apply these results to strengthen Balas’
lifting theorem for cover inequalities and to produce lifted flow cover inequalities for
a single node flow problem.

1 Introduction

This paper investigates a general principle, called lifting, which is the process of con-
structing, from a given valid inequality for a low dimensional polydedron, a valid inequal-
ity for a higher dimensional polyhedron. When the lifting coeflicients are maximum, low
dimensional facets are turned into higher dimensional facets. The idea of lifting was
introduced by Gomory [1969] in the context of the group problem. Its computational
possibilities were emphasized in Padberg [1973], and the approach was generalized by
Wolsey [1976], Zemel [1978], and Balas and Zemel [1978].

Lifting is usually applied sequentially; variables in a set are lifted one after the other
and a separate optimization problem has to be solved to determine each lifting coefficient.
The resulting inequality depends on the order in which the variables are lifted. A better
lifting coefficient for a given variable is obtained if the variable is lifted earlier in the
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sequence. In sequence independent lifting, all of the coefficients can be obtained by
solving a single optimization problem, and the resulting inequality is independent of the
order in which the variables are lifted.

Sequential lifting has been instrumental to the success of branch-and-cut algorithms
for 0-1 integer programs (BIPs) based on cover inequalities, see e.g., Crowder, Johnson,
and Padberg [1983] and Gu, Nemhauser, and Savelsbergh [1998]. The idea is to find
simple valid inequalities (cover inequalities) from individual rows (knapsack inequalities)
of the problem that are violated by LP optimal solutions, and then to strengthen these
cuts by lifting.

Balas [1975] gave a specific sequence independent formula for the lifting coefficients
for a cover inequality. The coefficients obtained from the formula do not always yield
maximum lifting coefficients, but they can be computed very fast and yield valid inequal-
ities.

For BIPs, Wolsey [1977] proved that if a lifting function is superadditive, then the
maximum lifting coefficients are independent of the lifting order. Gu [Gu 1994] gen-
eralized Wolsey’s result to mixed 0-1 integer programs (MBIPs), and to lifting several
variables simultaneously. For MBIPs the computation of lifting coeflicients is typically
much more complex than for BIPs. Therefore, the role of sequence independent lifting
as a way to relieve the computational burden is especially important.

Gu, Nemhauser, and Savelsbergh [1996] show that lifting can be done effectively for
MBIPs. To benefit from the computational advantages of superadditive lifting functions,
they relax the true lifting function to an approximate lifting function that is superadditive
and use this approximate lifting function to compute lifting coefficients. Marchand and
Wolsey [1997] take a slightly different approach. They group variables to be lifted in
such a way that the lifting function associated with each group is superadditive. Both
of these papers have shown that sequence independent lifting is an important tool in the
solutions of MBIPs.

In this paper, we present the fundamental concepts and we prove the basic theorems
related to sequence independent lifting. Some of these theorems have been stated in
Gu, Nemhauser, and Savelsbergh [1996], but no proofs were presented. In addition, we
use the theory of superadditive lifting to strengthen Balas’ [1975] result on sequence
independent lifting of cover inequalities, and we give a new derivation of a result by
Pochet [1993] which gives a complete characterization of all facet inducing lifted flow
cover inequalities for single node flow models with only outflow arcs.

In Section 2, we discuss the essential ideas of lifting. In Section 3, we present the
fundamental result for MBIPs that superadditive lifting functions lead to sequence inde-
pendent lifting. We also show how this result can be exploited by working with relaxed
lifting. Applications of sequence independent lifting results are given in Sections 4 and
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2 Lifting
Consider the set of feasible points for a mixed 0-1 integer program given by

X:{xER'_l]_W: Zajxjgd,
JjEN
Z wiz; <7rp, k=0,...,1,
J€CK
x; €4{0,1},j€ I C N}

Here {C} : k = 0,...,t}is a partition of N, a;, j € N, and d are mx 1 and w;,j € N, and
T are my X 1. We assume that a;,d, and ry, but not necessarily w;, are nonnegative.
Initially, we consider the subset of X with z; = 0 for j € N \ Cj given by

XV={z ¢ R'_EO| : Z ajr; <d,
7€C0
> wiz; <o,
7€C0
z; €40,1}, j € INCy}.

Let
0 < ag— Z oL (1)

7€CH

be an arbitrary valid inequality for X°. We want to construct a valid inequality for X

of the form
0<ag- Z Z a;T;. (2)
0<k<t 7€C

To construct such an inequality, we start with (1) and lift the variables in N \
Cy. Without loss of generality, we assume that the sets of variables Cy,...,(} are
lifted sequentially in that order and that the variables within the sets Cy,...,C} are
lifted simultaneously. Note that this contains as special cases simultaneous lifting of all
variables and sequential lifting of all variables. The intermediate sets of feasible points
X% fori=1,...,t are defined by

. |C
Xt=A{z € R;OSkQ' ¢ : Z Z a;r; < d,
0<k<i jECK
Z wiz; <rp, k=0,...,1,
JECK
z; €40,1}, j € IN(Up—oCh)}-



Note that if we extend X* to X by setting z; =0forj € U};:H_le, then X1 C X* for

i=1,...,tand X! = X.
The lifting problem associated with C;, given a valid inequality

0<ay— Z Zajxj

0<k<i jECK

for X1 is to find «; for j € C; such that

Z o;u; < g — Z Z oL

JEC; 0<k<i j€C

is a valid inequality for X*.
Let Z = [0,d]. Furthermore, for z € 7 let

hi(z) = max Zajxj

JEC;

s.t. Z a;r; =2z
JEC;
Z wia; <1
JEC;

ij{O,l},jECiﬂI, $€R|_El|

and let

fi(z) = minag— Z Zajxj

0<k<i jECK

s.t. Z Zajxjgd—z

0<k<i jECY

Z wiz; <rp, k=0,...,1—1
JECK

. - =1 o
z; €{0,1}, j € IN(UZLCr), o € R;kzol ol

(3)

Note that (6) is always feasible since 2 = 0 is a feasible point. However, (5) may be

infeasible, in which case we set h;(z) = —oc.

Proposition 1 Inequality (4) is valid for X' for any choice of a; for j € C; such that

hi(z) < fi(z) for all z € 7.

Proof. The proposition is an immediate consequence of the definition of h;(z) and

fZ(Z) O



When a; for j € C; are such that h;(z) = f;(z) has |C;| solutions z!, 22, .. ., 2l such
that the components in C; of V2% ..., 2|%l are linearly independent, we say that the
lifting is mazimal.

Theorem 1 If conv(X'™') and conv(X*) are full dimensional, (3) defines a facet of
conv(X*™1) and ag # 0, then (4) defines a facet of conv(X?) if and only if the lifting is
mazimal.

Proof. For notational convenience, let 2 € X' be denoted by # = (y,w), where y
refers to the variables in Ug<g<;C and w refers to the variables in C;. Since (3) defines
a facet of conv(X'™1), there are p = So<kei |Ck| points g', ... 5P € X1 which satisfy
(3) at equality and are affinely independent. Let z/ = (y/,0) for j = 1,...,p, then
z7 € X' and 7 satisfies (4) at equality for j = 1,....p. Let ¢ = |C;|. Since the lifting is

maximal h;(z) = fi(#) has ¢ solutions 2!, 2%, ... 2% such that the components in C; of

' 2?, ..., 2% arelinearly independent. Then 2'—zP,. .., 29—2P, 21 —zP,..., 7P~ 1—ZP i.e.
(y =57, wl), ... (y7 =77, w?), (g1 =7, 0),..., (P~ =y, 0) are linearly independent, since
wl, ..., w? are linearly independent and y' — 4*,...,y?~ ! — y? are linearly independent.
Thus X* has p + ¢ affinely independent points x!',..., 27, 2! ..., 27 satisfying (4) at
equality. Hence (4) defines a facet of conv(X*).

Now suppose that (4) defines a facet of conv(X"). Since ay # 0, any set of affinely
independent points satisfying (3) or (4) at equality are linearly independent. Hence,
there are r = p+ ¢ linearly independent points x',..., 2" € X' satisfying (4) at equality.
Therefore

1 1 1 1
yl .. yp wl .. wq
2 2 2 2
.. w .. w
Cil yp 1 q 7£ 0.
T T T T
yl yp wl wq
Thus there exist ¢ rows 4y,...,%, such that
il il
W Yy
2 72
w w
! T #£0.
iq iq
Wy o W
Hence we have found ¢ points such that w', ..., w' are linearly independent. O

Corollary 1 Given an arbitrary valid inequality (1) for X°, we can construct a valid
inequality (2) for X by sequentially lifting sets C; for i = 1,...,t. At each step i, the
lifting coefficients have to be such that hi(z) < fi(z) for = € Z. If (1) defines a facet of
conv(X©), conv(X?) is full dimensional for i =0,....t — 1, and at each step i the lifting
is mazimal, then (2) defines a facet of conv(X).



It should be clear that lifting coeflicients are, in general, dependent on the lifting

sequence C4,Cq, ..., (4.

We conclude this section with some useful properties of the functions f;(z).

Proposition 2 f;(0) >0, fori=1,...,t.

Proof. This is an immediate consequence of the validity of the inequality (3). O

Proposition 3 The functions f; for i = 1,...,t are nondecreasing and for any z € Z

Proof. This is an immediate consequence of the definition of f; for: =1,....¢t. O

Proposition 4 If 2% is an optimal solution to (6) and uj = 3 1cpe; Y jec, 45T

fi(2) > folz) 2 .. 2> fi(2).

filz2) > filz+up) = filuf) forl=1,...,i—1.

Proof. First, we show that fi(uy) > 3" 1crei 2jec, @5

0

<
<

2%
j-
f:(0)
min ag — Z Z a;r; — Z Z ajx;
0<k<l j€C I<k<i j€C
s.t. Z Z a;r; <d—uf
0<k<l jECK
filuy) — Z Z a]w;.
I<k<ijeCy

Now, we prove the proposition.

fi(2)

v

* *
D DD SRUT D DD SRS

0<k<l jEC I<k<i j€C
minag— 35 Y aje— Y3 g
0<k<l jECK I<k<i jECK
s.t. Z Z a;jr; <d—z—u
0<k<l jECK
flz+ui) = 3 3 ae;
I<k<i j€CY

flz + 7)) = filu). B

*
77

then



3 Sequence independent lifting

3.1 Superadditive functions

Definition. A real-valued function f is superadditive on Z if f is bounded for all
z € Z and f(z1)+ f(z2) < f(z1 + 22) for all z1, 22 and 21 + 23 in Z.

Now, we introduce a superadditive function that will be used later in the paper. Given
[>0,v1>0

Uz’ZOaUz’ZUH-la fOTi:1727"'
?Jz'ZOanZUH-la fOTi:1727"'

w; =w; +v; >0, fori=1,2,...

let i
My =0, and Mp, :Zwi, for h=1,2,... .
=1
We define
0 ifz=0
g(Z)I hl ith<Z§Mh—|—uh+1,hIO,1,...

l[h—|— 1—(Mh_|_1 —Z)/Ul] if Mh—|-Uh_|_1 <z < M}H_l,hz 0,1,....

The function g is defined on Z = [0, 00) and shown in Figure 1. It is easy to see that
it is piecewise linear and nondecreasing.

31

21

0 Uy M, My + vy M, M

Figure 1: Function g(z)



Lemma 1 The function § is superadditive on Z.

Proof. Let
D = max{g(z1) + g(22) — G(#1 + 22) : 21,22 € Z}.

Then 7 is superadditive if and only if D < 0. We consider three cases depending on the
domain of z; and 2s.

Case 1: My, + up, 41 < 21 < Mp, 41 and My, + up,41 < 22 < Mp,49.
We have

21+ 20 > My, + upg1 + My, + up, g

ha ho

= Z w; + Z Wi + Upy+1 + Upy+1

=1 =1
h1 h1+ho
Zwrl- Z Wi + Upy41 F Upy41
=1 i=h1+1
= My, 4h, + Uny+1 + Unyt1

v

> My ghy + Unytho 41

Case 1.1: 21 + 20 < My, 4p,41-
Then

g(21) + 9(22) — (21 + 22)
=1lhi + 1= (Mp,41 —21)/m] +[ha+ 1 = (Mp,qq — 22)/v1]
—l[(hy + ho 4+ 1) = (Mp, 4141 — 21 — 22)/v1]
= 1= (l/v1)(Mp41 + Miyp1 — Mpy 4ho41)

h1+1 ho+1 hi1+ha+1
:l—(l/vl)(ul—l—vl)—(l/vl)(z w; + Z w; — Z w;)
=2 =1 =1

h1+1

= —(l/vl)(ul + Z_: (wz - wi+h2))
<0. -

Case 1.2: My, 1h,+1 < 21+ 22 < Mp, 4hy+1 + Uhy+hot2-
Then

g(21) + 9(22) — (21 + 22)
=l +1—(Mp41—21) /1] +l[he + 1 — (Mp,41 — 22)/v1] — (b1 + ko + 1)1
=1— (/o)) (Mp41 + Mp,11 — 21 — 22)
<U— (/) (Mpy41 + Mpyp1 — Mpy4ho41 — Uhy +ho12)



hl-l—l h2+1 h1+h2+1

= 1= (/vr)(v1r + w1 = Uy 4np41) — (L) 01)( Z: w; + Z_: w; — Z_: w;)
hi1+1

< —(l/vy) Z (Wi = Withy)
<0. -

Case 1.3: My, 4pno41 + Upighot2 < 21+ 22 < My yhoq2.
Then

g(21) +9(22) — g(21 + 22)
=1lhi +1— (Mp,41 —21)/m] +[ha+ 1 = (Mp,41 — 22)/v1]
—Il[(h1 + hy +2) = (Mp, 41,42 — 21 — 22)/01]
= —(l/vO)(Mhy41 4+ Mpy41 = May 4ho42)
< 0.

Case 1.4: 21 + 20 > My, 4h,42.

Then
g(z1 + 22) > (ha 4 ha +2)1,
g(z1) < (b + 1)1,
and
G(z2) < (hg + 1)L
So

g(21) + G(22) — g(21 + 22) 0.

Case 2: My, < 2z < My, + up,41 and My, < 2o < Mp, + wp,41-
We have 2z + 23 > My, + My, > My, 4+p,. Therefore

G(z1 4+ 22) > (h1 + ho)l.
Thus
G(21) +G(22) — G(z1 + 22) < hal + hol — (hy 4+ h2)l = 0.

Case 3: My, <2z < Mp, + upy41 and Mp, + up,41 < 22 < Mp,4q.
Case 3.1: vy, 41 = 0.
We have g(z2) < (hz + 1)l and vp, 4,41 = 0, since v, 44,41 < vy +1 = 0. Therefore

21+ 20 > Mp, + My, + upya
> Mp g, + Uy
> Mpythy + Uhy+ho41

= Mp4hy41-



Consequently, §(z1 + 2z2) > (k1 + hg + 1)I, which implies §(21) + g(22) — G(z1 + 22) <
Case 3.2: vy, 41 > 0.
We have g(Mp, ) = hil and, since § is nondecreasing, §(z1 + z2) > §(Mp, + 22). Hence

hl+G(z2) — G(z1 + 22)
G(Mp,) +9(22) — G(Mp, + 22)
0,

9(21) +9(22) — g(21 + 22)

IAN A

since 2y = My, and My, + up,41 < 22 < Mp, 4 falls under Case 1. O

3.2 Lifting

We now develop the concept of sequence independent lifting and its relation to super-
additive functions. Wolsey [1977] developed a similar theory for 0-1 integer programs.
Among other things, our results extend Wolsey’s to mixed 0-1 integer programs with
nonnegative coeflicients.

Definition. The lifting function f with respect to valid inequality (1) for X is defined
to be f(z) = fi(z) for all z € Z.

Note that f(z) is independent of the lifting order and the constraint coefficients for
the elements of C1,Cy,...,Cy. Therefore, if f(z) = fi(z) for = € Z and i = 2,...,1,
then the lifting coeflicients in a sequential lifting of the elements of Cy,Cs,...,C} are
independent of the ordering of the set {C,Cs,...,C4}.

Definition. If f(z) = fi(z) for z € Z, i = 2,...,t, and all lifting sequences, then the
lifting is said to be sequence independent.

Now we give a sufficient condition for sequence independent lifting.

Theorem 2 If f is superadditive on Z, then lifting is sequence independent.

Proof. Let z € Z, ' be an optimal solution to (6) and v’ = 3~ ¢, _, a;2’. Now by

i
Proposition 4

fi(2) = fica(z+ ') = fima(u)),
and by superadditivity

fici(z+ ) > fici(2) 4 fima ().

10



Hence fi(z) > fi—1(2). Proposition 3 gives

fi(2) < fica(2).

Consequently,
fi(z) = fia(z). O

Obviously, a superadditive lifting function greatly reduces the computational burden
of the lifting process. Instead of having to compute lifting functions f; for all 7, we only
have to compute f. Unfortunately, most lifting functions are not superadditive. To be
able to profit from the computational advantages of sequence independent lifting, we
consider the class of superadditive valid lifting functions.

Definition. A superadditive function ¢ is called a superadditive valid lifting function

for f,if g(2) < f(z) for all z € Z.

Theorem 3 If g is a superadditive valid lifting function and if o; for j € C; are such
that hi(z) < g(z) for z € Z and for i =1,...,t, then the lifted inequality (2) is valid for
X.

Proof. By hypothesis ¢g(z) < fi(z) for z € Z. As an induction hypothesis suppose
g9(z) < fici(z) for z € Z. We will prove that g(2) < fi(2) for 2 € Z. Hence hy(z) <
9(z) < fi(z) for z € Z and the result follows.

Let 2™ an optimal solution to (6) and u* = >~ ¢, | aja;. Then, as in the proof of
Proposition 4,

filz) = ag— Z Zajx;

0<k<i—1jE€C,

fica(z4u™) — Z ajx;
J€C; 1

Jici(z+u™) = hi—a(u”)

gz + ) = b (")

gz + ) — g(u")

9(2). 0

VAR AV AVAR Y/

Next, we will show the existence of a superadditive valid lifting function.

Definition. v(z) = mingez{f(z+u)— f(u):z4+u € Z} for all z € Z.

Theorem 4 The function v is a superadditive valid lifting function.

11



Proof. To prove validity, we show v(z) < fi(2) < f(z) forall z € Z. Let z € Z, 2’ be
an optimal solution to (6) with ¢ = ¢, and v’ = DA<k<t 2jECy a;z’;. Proposition 4 gives

filz) = flz+d)— f(u)
> min{f(z+u) - f(u)}

7(2).

Next, we show that v(z) is superadditive. Let

w* = argminge {f(z +u) = f(u)),
so that

7(2) = flz +u7) = f(u”).
Let 2 = 21 + 2. Since y(z) = min,ez{f(z + u) — f(u)} for i = 1,2, we have

7(z2) +(z2) S{f (1 +07) = flO)) + {4 22 +07) = fz + 7)) = 7(21 4 22).0

Next, we address the problem of choosing a ‘good’ superadditive valid lifting function.
A desirable property is that g should not be dominated by another superadditive valid
lifting function ¢, i.e., there is no superadditive ¢’ with ¢(z) < ¢'(z) for all z € Z and
g(Z') < ¢'(#) for some 2’ € Z.

Another interesting property is maximality. Let £ = {z € Z : fi(2) = f(z) for i =
1, .. tforall C1,C5,...,C¢ and all lifting orders}. We say that ¢ is a mazimal superad-
ditive valid lifting function if g(z) = f(z) for all z € E. Note that if f is superadditive,
then £ = Z, and that if y(z) = f(2), then z € E.

We will illustrate the following maximality property in the next section.

Proposition 5 If fi(z) is integral for all z and i = 1,...,t, g(z) is a superadditive valid
lifting function such that g(z) > f(z) — 1 for all z, and g(z') = f(2'), then 2’ € .

Proof. Let v’ = argmin,c{f(z' + u) — f(2)}, then v(z') = f(z' + «') — f(«). If
9(2") = f(#'), then

Ji) =z (&)
f(Z/ _I_ u/) _ f /
Z g(Z/_I_ u/) _ f /)
> g(Z +u')—g(u)—1
> g(z") -1

(
~
Ve

N\
e
|
—_

Because f;(2') < f(2)), fi(z') = f(2'). Hence 2/ € E. O
In the next two sections, we will illustrate the benefits of sequence independent lifting
for two specific polytopes and valid inequalities.

12



4 Lifted knapsack cover inequalities

One of the most successful approaches for solving general 0-1 integer programs is a
branch-and-cut algorithm based on lifted knapsack cover inequalities. In this section, we
study sequence independent lifting of knapsack cover inequalities.

Consider the set of feasible solutions to a 0-1 knapsack problems given by

X = {2z e BV Zajxj < b},
JEN
where we assume a; > 0 (since 0-1 variables can be complemented) and integral, and
a; < b (since a; > b implies 2; = 0).
The set ¢' C N is called a coverif ) ;- a; > b. The cover is minimal if C' is minimal
with respect to the property. For any cover (',

ij§|C|—1, (7)

jec
is called a cover inequality. It is valid for the knapsack polytope, and defines a facet of
conv(X"Y), where
X0 = {ac S B|O| : Za]w]‘ < b}
jec

A sequential lifted cover inequality (LCI) is an inequality of the form

dowit Y e <O -1 (8)

jeC JEN\C

where C' is a minimal cover. An LCI is obtained by starting from cover inequality (7)
and lifting all variables in N \ C' sequentially. Let Cy = {j1},Cy = {j2},...,Ct = {j¢}
be the lifting sequence of all the variables in N \ C.

The functions h;(z) for ¢ = 1,...,¢ are given by

hi(z) = maxajz;
@j; Ty = %
zj, €{0,1}

and the functions f;(z) for ¢ = 1,...,t are given by

fi(z) = min |C|—1—ij+ Z a;, %,

jeC 1<k<i
s.t. Z@@—I— Z a;, x;, <b—=z
jeC 1<k<i

Ly € {071}7 ] eCuU {jlv- . -vji—l}-

13



Observe that h;(z) is feasible only for z € {0,a;,} and that h;(0) = 0 and h;(a;,) =
a;,. Therefore, to obtain a facet inducing lifted cover inequality for X, the lifting coeffi-
cient a;; has to be equal to f;(a;,), since it is the unique feasible solution to h;(2) = fi(2).

Let Z = [0,b]. The lifting function f is given by

f(2)= min |C]-1- ij
JjeC
s.t. Zajxj <b-—=z
JjeC
z; €{0,1}, j € C.

For the remainder we assume, without loss of generality, that C' = {1,2,...,r} with
ag > ay > ... > a,. Let A = Zjecaj —band po =0, i = Y qjcpesanfori=1,...,7.
Since a; > a;4q1 for ¢ = 1,...,7 — 1, there is always an optimal solution z for f(z) such

that 27 <29 < ...<z,. So we have

f(2) = 0 ifo<z<uy — A
ol A ifpy A< z<pprr— A, h=1,....r—1.

The function f is not superadditive on Z in general. Therefore, we define the superad-
ditive valid lifting function ¢ for f given by

0 for z=10
g(z)=<¢ h ifun—A+pn<z<ppt1—Ah=0,...,7—1
h—(pn—=A+pn—2)/p1 ifppn—A<z<pup—A+pp,h=1,...,r—1

where p, = max{0,ap41 — (a1 — A} for h=0,...,7— 1.

Example. Let C' = {1,2,3,4}, a1 =8, a3 = 7, a3 = 6, ag = 4, and b = 22. Then
A=304a-b=25-22=3,po=A=3,pr=ay— (a1 — ) =2, py =1, p3 = 0.
Both f(z) and ¢(z) are shown in Figure 2. Note that f(6) = 1 > ¢(6) and that f
is not superadditive since f(6) 4 f(6) = 2 > f(12) = 1. Also, it is easy to see that
g(z) > f(z)—1forall zand for 1 < z < 22 and integral, f(z) = g(z)if z # 6. Therefore,
by Proposition 5, if a; # 6 the lifting coefficient of z; is f(a;) independent of the lifting
sequence. However, it is easy to see that f5(6) = 0 < f1(6), if the variable lifted first is
x5 and a5 = 6.

Theorem 5 The function g is a superadditive valid lifting function for f that is non-
dominated and mazimal on [0, b].

Proof.
1. The function g is superadditive on [0,b]. We use the function § defined in Section 3

14
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Figure 2: Functions f(z) and g(z) for the example

and Lemma 1 to show the superadditivity of g. Let [ = 1, u; = a; —p;—1 fore =1,...,7,
v, =p;fori=1,....,r—1. If p;_y > 0, then w; = a; — a; + (a1 — A\) = a1 — A, and if
pi—1 = 0, then u; = a; < a; — A. Thus w; > w;41 > 0. Since p; > pig1, v > Vip1. Also
u; + v; > 0. Hence the choices of parameters for g(z) are legal. Then

h h h
My => (uit+v) = (ai—pici+pi) =Y ai—po+py=pn—A+pn
=1 =1 =1
and
My + wpgr = poh — A+ pr + Ahg1 — Ph = Hht1 — A,

and thus ¢g(z) = g(2) on [0, b]. Since § is superadditive, ¢ is also superadditive.

2. The function ¢ is maximal. Suppose g(z) < f(z) for some z € [0, b], then we will show
that f3(2) < f(z). To do so, we first show that if z € [0,b] and g(z) < f(z), then there
is a 2/ € [0,b] such that z + 2’ € [0,b] and f(z)+ f(2') > f(# + 2'). Let z € [0,b] and
g(z) < f(z). This implies that z € (ur, — A, up, — A + pp,) for some h and that f(z) = h.
Since the interval is nonempty, we have pp > 0, which means p, = apy1 — (a1 — A). Let
Z=a— AN+ (up — A+ pr — 2). Then 2/ > a; — A and

242 =ar = A pn = At pr = anpr — A= g — A,
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which implies f(z’) > 1 and f(z 4+ 2') = h. Hence f(z)+ f(z') > f(z+ 2'). Now

/

suppose that z; is lifted first and that its coefficient a; = 2’. Then we have that
fo(z) =min{f(z4+ 2') — f(2), f(2)} = f(z4+ 2') — f(z') < f(z) by the last result.

3. The function ¢ is nondominated. Suppose that there is another superadditive valid
lifting function ¢’(2) such that ¢g(z) < ¢'(2) < f(z) for all z € [0,b] and there exists a
2" € [0,b] such that g(2') < ¢'(2"). Then 2’ € (up — A\, i, — A + py,) for some h, which
implies that pp, > 0 and thus pp, = apy1 — (a1 — A). Let 2" = ppy1 — A — 2'. Then
2> phgr = A= (o — A+ pr) = Ghgr — pr = a1 — A+ pp— pr = a1 — A,
which implies that g(z"”) > 0. Since g(z') > h — 1,
9(") < g(z'+ ") —g(z") <h—(h—1)= L.
Hence
9(z)+9(z") = h—(un—A+pn—2)/p1+1-(m—A+p1—2")/p
= h+1—-[pup—A+app1 — (a1 —A)+ a1 — A+ p1 — ppg1 + A/ p1
= h+1—(pp+ a1 — pae1 +p1)/,1
= h.
Since ¢'(z' + 2") = ¢'(pp41 — A) = h, we have
g(z") —h— g(z') _ gl(Z/ 4 Z”) . g(z') > gl(Z/) 4 gl(Z”) . g(z') > gl(Z”),

which is a contradiction. O

Theorem 5 implies that g is a “good” superadditive valid lifting function in the sense
that it is nondominated and maximal. But there may be other functions with these
properties. If gy — A > pq, then we can construct a large family of such functions as
follows
0 for z=0
gu(z)=<% h ifpupn—A+pp<z<ppt1—Ah=0,...,7r—1
h—w(p,—A+pn—2) fpun—A<z<pup,—-A+pp,h=1,...,r—1,
where w(2) is any nondecreasing function of z € [0, p1] with w(zq) + w(p1 — z1) = 1.
As a consequence of Theorem 5, we obtain the following strengthening of Balas’
lifting theorem for knapsack covers [Balas, 1975].

Theorem 6 Fvery valid inequality of the form

ij-l- Z Oé]w]‘§|0|—1

jeC JEN\C

that represents a facet of the 0 — 1 knapsack polytope satisfies the following conditions:
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i If pp — A+ pp < a; < pppr — A, then a; = h.

i If pper — A < a; < pgr — A+ pp, then (a) o € [h,h+1] and (b) there is at least one
facet of this form with o; = h + 1.

We get Balas’ theorem by taking p, = A for all h. Note that with our choice of pj, < A,
for some portion of the interval in case ii where Balas’ theorem gives a; € [h, h 4 1], our
result gives a; = h 4 1.

Example (continued). In Figure 3, we compare the intervals given by Balas’ theorem
and Theorem 6 for the instance defined in the previous example.

@ | 0 0/1 | 1/2 2 2/3 | 3|
| |
0 5 8 12 15 18 21 22

(b) I 0 0/1 1 m 2 I 3 I
0 57 12 13 18 22

Figure 3: Comparison of Balas’ theorem (a) and Theorem 6 (b) for the example.

By Theorem 3,
dorit Y glaje; <0 -1 (9)

jEC JEN\C
is a valid inequality for conv(X) for any superadditive valid lifting function g. Although
(9) does not necessarily define a facet, it may do so. In fact, it may induce a facet that
cannot be obtained by sequential lifting.
Suppose the complete knapsack inequality was given by

8rq1 + Tx9 + 623 + 424 + 625 + 626 + 627 < 22.

If we use the superadditive valid lifting function g defined above, then we get a5 = ag =
a7 = 0.5 and we obtain the lifted cover inequality

1 + 9 + T3 + T4 + 05$5 + 05$6 + 05$7 S 3.

It is easy to see that this inequality cannot be obtained by sequential lifting of a cover
inequality and that it defines a facet of the 0-1 knapsack polytope. The facet-defining
inequalities obtained from maximum sequential lifting are:

T+ agt w3t st asyy <3, k=0,1,2
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5 Lifted flow cover inequalities

One of the most successful approaches for solving general mixed 0-1 integer programs
is a branch-and-cut algorithm based on lifted flow cover inequalities. In this section,
we study sequence independent lifting of flow cover inequalities. To the best of our
knowledge only Pochet [1993] has investigated lifting of flow covers. Although he did
not see a link with superadditive functions, his unpublished paper contains a theorem
that is very close to the main result of this section (Theorem 9). Lifting of flow covers is
considerably more difficult than lifting of knapsack covers since it requires simultaneous
lifting of variable pairs and the lifting functions involved are much more complicated.

Consider a single-node flow model with exogenous supply d and n outflow arcs. For
each j € {1,...,n} = N the flow 2; on the jth arc is bounded by the capacity m; > 0 if
the arc is open (y; = 1) and 0 otherwise (y; = 0). We assume, without loss of generality,
that m; < d. Flow models have been studied extensively, see for instance Padberg, Van
Roy, and Wolsey [1985] and Van Roy and Wolsey [1986]. The feasible region can be
represented by

X ={(z,y) € R} x B" :ij <d,z; <mjy;,j=1,...,n}.
i=1

Definition. A set 5 is called a flow coverif )~ ;. gm; > d. For convenience, we assume

S={1,2,...,s}.

Let mj > mjyforj=1,...,s =1, A=) com;—d, St ={1,2,....r} ={j € 5,m; >
A}, Mo=0,and M; =3 7_ mjfor j=1,...,r. Assume ST # (.
Consider the subset of X given by

X={(z,y) € X :2; =y; =0forj € N\ S}.
The flow cover inequality

0<d=> a;— > (mj—A)(1-y)

JjE€S jEST

defines a facet of conv(X?), see Nemhauser and Wolsey [1988].

Since we have z; < m;y;, we lift variable pairs (z;,y;) for j € N \ 5 instead of
single variables. Suppose the lifting sequence is (Zs11, Yst1)s (Tst25 Yst2)s -« -5 (Try Yn)-
Let C1 = {s+1},Cy={s+2},...,C,_s = {n} be the index sets defining the variable
pairs being lifted.
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The functions h;(z) for i = 1,...,n — s are given by

hi(2) = max  a;xsyi + BilYsti
St Teps =2

Tspi < Mot iYsi
Ys+i € {07 1}7

and the functions f;(z) for i = 1,...,n — s are given by

filz)= mind =3 ;c5@; = Yjes+(my = AL = y5) = Zichei(h@sti + Brystr)
Z]‘eSu(ulstCk) zj<d—z
x; <myy;, for j € SU(Ui<reiCr)
(2,y) € RSOl s plstuigiciCi,

Observe that hi(z) = a;z + §; for 0 < z < myqy.
Let Z = [0,d]. The lifting function f is given by

f(z)= min d- ij — Z (m; — A)(1—y;)
JES jeSt
s.t ij <d-z (10)
JjES
x; <myy;, for je s
(z,y) € R'_f' x BI¥l,

Theorem 7
0 of 2=0
() = A of Miy<z<Miyq1—Afori=0,...,r—1
=M, +iN if Mi—A<z<M; fori=1,...,r—1
=M. +rA if M,-A<z<d

Proof. Observe that for z = 0 there exists an optimal solution with z; = m; and
y; = Lfor j € $\ St and either z; > m; — A and y; = 1 or z; = 0 and y; = 0 for
j € ST. Given this observation, we have that for 2 = 0 an optimal solution is given by
1=y =0,and ; = m;, y; = 1 for j € 5\ {1}, which gives f(0) = 0. Moreover, this
solution is feasible for z < m; — A so that f(z) =0for 0 <z <my — A

Now, as z increases, we can maintain optimality by appropriately reducing variables
x; in the order z,,..., 5. In particular, we first reduce x5 and f increases by Az, until
x93 = mg — A so that f(mq) = A. At this point, we set 23 = y3 = 0 so that f(z) = A for
M, < 2 < M, — X. This process is repeated for all variables in S in the order 3,..., 7.
When z = M, — A, f(z) increases with z as the variables z;, j € S\ ST are decreased
in any order. O
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Theorem 8 The function f is superadditive on [0, d].

Proof. We use the superadditive function § defined in Section 3 and Lemma 1 to show
the superadditivity of f. Let { = A, v; = A for all ¢, and w; = (m; — A\)* for all 7. Then

0 if 2=0
y(z) = hA if My <2< My — A, h=0,1,...,
A(h—|— 1)—|—Z—M}L+1 ith+1—A<Z§Mh+1,hIO,l,...,

and f(z)=g(z)for0<2<d. O

Since f is superadditive, we can apply sequence independent lifting to obtain the
lifted flow cover inequality

0<d— ij - Z (m; —A)(1—y;)— Z (i sqi + Bilsyi)- (11)

JES jEST 1<e<n—s

Moreover, since we have a closed form expression for the function f, we can compute
sets H; of lifting coefficients (ay, 3;) for i € N \ 5 that define facet inducing lifted flow
cover inequalities. Recall from Theorem 1 that we obtain a facet if and only if the pairs
(a;, 3;) are such that h;(2) = fi(2) has two solutions (2!, y') and (22, y?) such that the ith
components of (2!, y') and (22, y?) are linearly independent. Let [ = argmaxyp<, {m; >
My, — A}, Because my > mg > ... > m,, the points 0, My — A\, My — /\,...,Ml — A, and
m; define the lower envelope of the function f;(z). Furthermore, the pairs of adjacent
points on the lower envelope, i.e., (0, My — A), (Mg — A, My — A) for k =1,...,1 -1,
and (M; — A, m;), define the sets of two values z for which h;(z) = fi(2) and for which
the associated solutions (z',y!) and (22, y*) have linearly independent ith components.
We get the sets H; by computing the slopes and the intercepts of the lines defining the
lower envelope. This leads to the following theorem.

Theorem 9 Fori € N\ S, let | = argmazgep<,{m; > My — A}. Ifl = 0, then let
H; = {(0,0)}. If 1 > 0, then let H; = {(0,0)}U H! U H?, where

H = (k-1 - 2 — o
mpg mp
and
0 if mi = M;— A
H? = {(1 l/\ Ml)} if My — X< m; < M; orm; > M,
{(mr A — i)} ifme < M, and My < mi < Migq — A

Then if (a;, ;) € H; fori € N\ S, (11) defines a facet of conv(X).
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Proof. To compute the slopes and the intercepts of the lines defining the lower
envelope of the function f;(z) we partition the set of lines into three classes. The first
class contains the line defined by the (z, fi(2)) points (0,0) and (M7 — A,0). The slope
and intercept of this line are 0 and 0 respectively. The second class contains the lines
defined by the points (My — X, 0),(My — A\, A),...,(M; — A, (I = 1)A). The slopes and
intercepts of the lines in this class are given by %k and A\(k—1- Mﬂi;A) respectively, i.e.,
the set H!. Finally, the last class contains the line defined by the points (M;— A, (I—1))\)
and (m;,I\). The slope and intercept of this line depends on whether M; — A < m; < M;
or M; < m; < Mjy1 — A. In the former case, we find slope 1 and intercept (A — M, in

the latter case, we find slope #—M and intercept [\ — #_"Ml, i.e., the set H2. O

Theorem 9 is illustrated in Figure 4 for a single variable pair (z;,;). The line hl(z)
corresponds to lifting coefficients (0,0), the lines h?(z) and h?(z) correspond to lifting
coefficients in H}, and the line h}(z) corresponds to lifting coefficients in H?2.

— /(2
= = hil2)

Figure 4: The set H; for a single variable pair (2;,y;)

Example.
Let my =9, mg =7, m3g =6, my = 10, ms = 14, d = 17, and S = {1,2,3}. Then
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A=mqy+mg+ms—d=22—17=>5 and the flow cover inequality is
0<17T—21—22—23—(9=5)1—y1)—(T=5)(1—y2)— (6 —5)(1—ys).

We have r = s = 3 and My = 0, M7 = 9, My, = 16, and M5 = 22. For i = 4,
I = 1 and the lower envelope of f;(z) is defined by the points 0,4, and 10, which gives
H; ={(0,0), (%, —26—0)}. For i = 5,1 = 2 and the lower envelope of f;(z) is defined by the
points 0,4,11, and 14, which gives H; = {(0,0), (%, —@), (1,-6)}.
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