ISyE 8801B Game Theory
Fall 2003
Assignment 3
Issued: September 15, 2003
Due: September 22, 2003

Problem 1
Consider closed sets F, G C R™, and suppose that F' NG = @. Show that there exist open
sets A, B C R™ such that F C A, G C B,and AN B =@.

Problem 2
Let X CR™ Y C R¥, and F : X — 2Y. Show the following:

1. If F'is open, then F' is lower hemi-continuous.

2. If F' is upper hemi-continuous at x and F'(z) is a singleton, then F' is lower hemi-
continuous at x.

3. If F~({y}) is open for all y € Y, then F is lower hemi-continuous.

Problem 3

Let X CR™, Y C R* and F : X — 2Y. Show that F is lower hemi-continuous at x if and
only if for all sequences {zy}, C X such that xy — = as k — oo, and all y € F(z), there is
a sequence {yx}tr C Y such that y, € F(xy) for all k and yp — y as k — oo.

Problem 4
Let X € R™ and Y C R*. Show the following:

1. Consider F : X ~ 28" If I is upper hemi-continuous and closed valued, then the set
{z € X :2 € F(x)} of fixed points of F'is a (possibly empty) closed subset of X.

2. Consider F,G : X + 2Y. If F and G are upper hemi-continuous and closed valued,
then the set {x € X : F(x) N G(x) # @} is a (possibly empty) closed subset of X.

3. Consider F : X + 2Y. If F is upper hemi-continuous, then the set {x € X : F(x) # @}
is a closed subset of X.
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4. Consider F': X + 2. If F is lower hemi-continuous, then the set {x € X : F(x) # @}
is an open subset of X.

Problem 5 B
Let X CR™ Y CRF and F: X — 2Y. Let F : X — 2Y be defined by

F(z) = closure (inY) of F(x)
Show the following;:
1. F is lower hemi-continuous at z if and only if F is lower hemi-continuous at z.
2. If F is upper hemi-continuous at z, then F is upper hemi-continuous at .

3. Show by example that it is not always true that if £ is upper hemi-continuous at z,
then [ is upper hemi-continuous at z.

Problem 6
Let G: X +—2Y and F: Y +— 2%. Let F oG : X — 27 be defined by

(FoG)(x) = |J Fly)

yeG(x)
Show the following:
1. If F and G are upper hemi-continuous, then F' o G is upper hemi-continuous.
2. If F" and G are lower hemi-continuous, then F' o G is lower hemi-continuous.

3. Show by example that it may happen that F' and G are closed, but F oG is not closed.



