
Statistics & Probability Letters 64 (2003) 403–406

Sche�e’s method for constructing simultaneous con!dence
intervals subject to cone constraints�

Alexander Shapiro∗

School of Industrial and Systems Engineering, Georgia Institute of Technology, Atlanta, GA 30332-0205, USA

Received February 2003; received in revised form June 2003

Abstract

We discuss in this paper Sche�e’s method for constructing simultaneous con!dence intervals which hold
for all linear combinations of the parameters subject to the weight vector being restricted to a convex cone.
c© 2003 Elsevier B.V. All rights reserved.

Keywords: Sche�e’s method; Con!dence intervals; Con!dence band; Chi-bar-squared distributions; Cone constraints

1. Introduction

Let �̂ be an estimator of the true value �∈Rp of a parameter vector. Suppose that �̂ has a normal
distribution with mean vector � and nonsingular covariance matrix �2V , known up to the coe7cient
�2. For example, �̂ can be the least squares estimator of the standard linear model

Y = X�+ �; � ∼ N(0; �2In): (1.1)

In that case V = (X ′X )−1, of course (we discuss this further in Example 2.1).
Suppose, moreover, that an estimator S2 of �2 is available, such that S2 is independent of �̂ and


S2=�2 has a chi-squared distribution with 
 degrees of freedom. Then (�̂−�)′V−1(�̂−�)=pS2 ∼ Fp;
,
and by the well known Sche�e’s procedure,

a′�̂± (pF�;p;
)1=2S(a′Va)1=2 (1.2)

gives 100(1−�)% con!dence interval for any linear function a′� of the parameter vector (e.g., Seber
1977, pp. 128–130).
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Suppose now that one would like to impose linear restrictions on the weight vector a. That is, we
would like to construct con!dence intervals for all a in a certain convex cone C ⊂ Rp. For example,
we may be interested in a∈Rp with all components being nonnegative, i.e., we may restrict a to
the nonnegative orthant Rp

+ := {x∈Rp: xi¿ 0; i = 1; : : : ; p}.

2. Derivations

Our analysis is based on the following derivations. Choose b∈Rp and consider the optimization
problem

max
x∈Rp

b′x
(x′Vx)1=2

subject to x∈C; x 	= 0: (2.1)

Recall that V is a p× p symmetric positive de!nite matrix and C is a closed convex cone. Let us
observe that the objective function f(x) := b′x=(x′Vx)1=2 of problem (2.1) has the following property:
f(tx) = f(x) for any t ¿ 0 and x 	= 0. Therefore we can normalize vector x in (2.1) by adding the
constraint x′Vx = 1. It follows that problem (2.1) is equivalent to the optimization problem

max
x∈Rp

b′x subject to x′Vx6 1; x∈C: (2.2)

Indeed, since V is positive de!nite, the constraint x′Vx6 1 de!nes a bounded subset of Rp. Conse-
quently the feasible set of problem (2.2) is bounded and clearly is closed, and hence is compact. It
follows that problem (2.2) has an optimal solution. Moreover, since the objective function of (2.2)
is linear, the constraint x′Vx6 1 is active at an optimal solution of (2.2). That is, the constraint
x′Vx6 1 can be replaced by the equality constraint x′Vx = 1. We obtain that the optimal values of
problems (2.1) and (2.2) are equal to each other.
With problem (2.2) is associated the Lagrangian

L(x; �) := b′x − �(x′Vx − 1); �∈R:
We have

inf
�¿0

L(x; �) =

{
b′x if x′Vx − 16 0;

−∞; otherwise:

Therefore problem (2.2) can be formulated in the following min–max form:

max
x∈C

min
�¿0

L(x; �): (2.3)

The (Lagrangian) dual of problem (2.2) is obtained by interchanging the order of min and max
operators. That is, the dual of (2.2) is the problem

min
�¿0

max
x∈C

L(x; �): (2.4)

By the standard duality theory we have that the optimal value of problem (2.3), and hence of
problem (2.2), is less than or equal to the optimal value of problem (2.4). Moreover, problem (2.2)
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is convex and the Slater condition holds. That is, there exists x∗ ∈C such that x′∗Vx∗ − 1¡ 0 (e.g.,
take x∗ = 0). It follows then that there is no duality gap between problems (2.2) and (2.4), i.e., the
optimal values of the problem (2.2) and its dual (2.4) are equal to each other (see, e.g., Rockafellar,
1970).

Let us represent the dual problem (2.4) in a more explicit form. For �¿ 0 we have

L(x; �) = �d′Vd− �(d− x)′V (d− x) + �;

where d := (2�)−1V−1b. Consequently, problem (2.4) can be written in the form

min
�¿0

{
(4�)−1b′V−1b+ �− (4�)−1min

x∈C
(V−1b− x)′V (V−1b− x)

}
: (2.5)

Note that vector x in (2.4) is rescaled to (2�)−1x in (2.5). Since C is a cone, such rescaling does
not change the optimal value of (2.5). Furthermore, we have that

� := b′V−1b− inf
x∈C

(V−1b− x)′V (V−1b− x)¿ 0

and hence

inf
�¿0

{�+ (4�)−1�}= �1=2:

We obtain that the optimal value of the dual problem, and hence of problem (2.1), is equal to[
h′Vh− inf

x∈C
(h− x)′V (h− x)

]1=2
; (2.6)

where h := V−1b. Note !nally that the optimal value of (2.6) is equal to ( Kx′V Kx)1=2, where Kx= Kx(h) is
the optimal solution of (2.6). This holds true since we have by the !rst-order optimality conditions
that (h− Kx)′V Kx = 0.

Let us take now b := �− �̂ and denote by Z the common optimal value of (2.1) and (2.6). We
have then that

h= V−1(�− �̂) ∼ N(0; �2V−1):

It follows from (2.6) that Z2=�2 has a chi-bar-squared distribution. That is, for c¿ 0,

Pr
(
Z2

�2 ¿ c
)
=

p∑
i=0

wi Pr("2i ¿ c); (2.7)

where wi =wi(p; V−1; C); i=0; : : : ; p, are nonnegative weights, summing up to one, known as level
probabilities. The chi-bar-squared distributions and the weights wi(p; V−1; C) are discussed in detail
in Sen and Silvapulle, 2002 and Shapiro, 1988, for example. (Note that, by the de!nition, "20 ≡ 0.)
Moreover, we then have that

Pr
(
Z2

S2 ¿ c
)
=

p∑
i=1

wi Pr(ifi;
¿ c); (2.8)

where fi;
 are random variables having F-distribution with i and 
 degrees of freedom.
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Let c� be the critical value, at signi!cance level 1 − �, associated with the distribution given in
the right-hand side of (2.8), i.e.,

p∑
i=1

wi Pr(ifi;
¿ c�) = �: (2.9)

We obtain then that

a′�̂+ c1=2� S(a′Va)1=2 (2.10)

provides an upper 100(1 − �)% con!dence bound for a′� which holds for all a∈C. In a similar
way, by taking b := �̂− �, one can obtain a lower 100(1− �)% bound

a′�̂− c1=2� S(a′Va)1=2 (2.11)

for a′� which holds for all a∈C.
If C is a linear subspace of Rp of dimension k, then wk =1 and all other weights are zero. In that

case c� = kF�;k; 
. In particular, if C = Rp, then c� = pF�;p;
 and (2.10) coincides with (1.2). Note
that in this case the con!dence interval is two-sided, simply because a and −a belong to C = Rp

for all a. On the other hand, if the cone C is pointed (i.e., a∈C and −a∈C imply that a = 0),
then the bounds (2.10) and (2.11) are one sided by the nature of cone constraints. In particular, if
C := {x : x = ta; t¿ 0} is the ray generated by a vector a∈Rp, then w0 = w1 = 1=2 and all other
weights are zero. In that case c� = F2�;1; 
 and (2.10) is the usual upper 100(1 − �)% con!dence
bound for a′�.

Example 2.1. Consider the linear regression model (1.1) with k predictors, n× p design matrix X ,
where p= k + 1, and �′ = (�0; �1; : : : ; �k)∈Rp (as usual, the !rst column of X is column of ones).
Suppose that X has full column rank p. Let �̂ := (X ′X )−1X ′Y be the least squares estimator of �
and S2 := (n − p)−1 ∑n

i=1 e2i be the standard (unbiased) estimator of �2. By the theory of linear
regression (e.g., Seber, 1977) we have that �̂ ∼ N(�; �2V ); S2 is independent of �̂ and 
S2=�2 ∼ "2
 ,
where V := (X ′X )−1 and 
 := n−p. Then 100(1−�)% con!dence intervals for a′�, simultaneously
for all a′ = (a0; a1; : : : ; ak)∈Rp, are given by formula (1.2). Suppose now that we want to consider
simultaneous con!dence intervals for all a of the form a0=1 and ai¿ 0; i=1; : : : ; k. That is, we want
to construct simultaneous con!dence intervals for responses at prediction points with nonnegative
coordinates. Let us observe that a′� belongs to an interval L ⊂ R for some a∈Rp

+, with a0 ¿ 0,
if and only if a−1

0 a∈ a−1
0 L. Therefore, constructing simultaneous con!dence intervals for a′� with

a∈Rp
+ and a0 =1 is the same as constructing simultaneous con!dence intervals for a′� with a∈Rp

+.
The developed theory can be then applied in a straightforward way for the cone C := Rp

+.
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