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SUMMARY

The analysis of moment structural models has become an important tool of in-
vestigation in behavioural, educational and economic studies. The chi-squared large-
sample test is routinely employed to assess the goodness of fit of the model considered.
However, in order to invoke the standard asymptotic distribution theory certain
regularity conditions have to be met. Here we consider the case where the population
value of the parameter vector is a boundary point of the feasible region. We show that in
this case the asymptotic distribution of test statistic is a mixture of chi-squared
distributions. The problem of finding the corresponding weights is discussed.
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1. INTRODUCTION

The analysis of moment structural models has become an important tool of in-
vestigation in behavioural, educational and economic studies (Joreskog, 1970, 1981;
Anderson, 1973; Browne, 1974, 1982; Shapiro, 1983; Dijkstra, 1983 and references
therein). In such a model the elements of the first two moments, for example, are
regarded as functions of a ¢x1 parameter vector 6, which belongs to a specified
parameter space ®. That is the elements of the mean vector and the covariance matrix Q.
forming the m x 1 vector ¢ = (&4, ..., &,,)’, are considered as functions of 0,

Ei=9:0) (G=1,...,m). (1-1)

For instance, the well-known factor analysis model assumes that the p x p matrix Q is
representable in the form

Q=AAN+VY, (1-2)

where A is the p x & matrix of factor loadings and W is the diagonal matrix of the residual
variances (Lawley & Maxwell, 1971). Here the covariance structural model is given by
(1:2) with the parameter vector § composed of the elements of A and the diagonal
elements of ¥ and ¢ composed of 3p(p+ 1) nonduplicated elements of Q.

The model is said to hold if there exists a vector 6, € ® such that

o = 9(0o), (I3)

where £, is the population value of ¢ and g(6) = (9,(0), ...,g.(0)). Given a sample
estimate 2 of ¢, one fits the model (1-1) by minimizing the discrepancy between 2 and
¢ = g(0), using a real-valued discrepancy function F(z, &) of two vector variables x, ¢ € R™



134 ALEXANDER SHAPIRO

(Browne, 1982). Then the validity of the model is tested by means of the minimum
discrepancy function test statistic nF, where n is the sample size and F is the minimal
value of the discrepancy function

F = min F{#,4(0)}. (14)
0ec®

It is known that for an appropriate choice of F and under certain regularity conditions
and the null hypothesis (1-3) the asymptotic distribution of nF is central chi-squared
with m — g degrees of freedom (Joreskog, 1970; Browne, 1974, 1984; Shapiro, 1983). This
result is routinely employed to assess the goodness of fit of the model.

One of the regularity conditions to be met here is that 6, must be an interior point of
the permissible set ®. However, it often happens in practice that the minimization
procedure (1-4) leads to a solution which lies on the boundary of ®. Then in some cases it
is reasonable to believe that the population value 6, is a boundary point or at least is
sufficiently close to the boundary of ®. If such a situation occurs the standard theory is
not applicable and the asymptotic distribution of #F need not be chi-squared. For
example in the factor analysis model (1-2), the matrix ¥ is the covariance matrix of error
components and hence its diagonal elements must be nonnegative. It can be seen from
Table 8 of Joreskog (1967, p. 474) that boundary solutions, called Heywood cases, are
quite frequent in the factor analysis model. Geweke & Singleton (1980) found in their
Monte Carlo study of the factor analysis model, that the standard asymptotic theory can
be misleading in the boundary case where some of the diagonal elements of ¥, are zero.
Such situations happen quite often in practical applications; see the second example of
Andersen in the discussion of Joreskog (1981).

The present paper is concerned with the asymptotic distribution of the test statistic
nF when 0, is a boundary point of ®@. We extend a result of Chernoff (1954) about the
asymptotic distribution of likelihood ratio statistics to the minimum discrepancy
function test statistics. It will be shown that for correctly specified discrepancy function,
nF is asymptotically distributed as a mixture of chi- -squared distributions. Afterwards
we address the problem of finding the corresponding weights. The development
presented here is related to works of Kudo (1963), Niiesch (1966) and Kudd & Choi (1975)
on a multivariate analogue of the one-sided test.

2. ASYMPTOTIC DISTRIBUTION OF THE MINIMUM DISCREPANCY FUNCTION TEST STATISTICS

In this section we study the asymptotic distribution of the test statistic nF.
Throughout this paper we suppose that the functions g;(6) (z = 1,...,m) are continuously
differentiable and that the model (1-1) holds. Let = denote the image of the mapping

(0) = {g1(0)> AR gm(e)}/a
E={{:¢=9(0), 00}
For the time being we shall be dealing with & and E rather than @ and ©. Note that F can
be expressed as

F = min F(&, &). (2:1)
¢eB

We suppose that the discrepancy function satisfies the following conditions (Browne,
1982, p. 81).
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Condition 1. F(x, &) = 0 for all z, .
Condition 2. F(x,&) = 0 if and only if x = £.
Condition 3. F is twice continuously differentiable in « and ¢.

The discrepancy functions currently in use in the analysis of covariance structures,
maximum likelihood and generalized least squares, both satisfy Conditions 1-3. For
other examples of discrepancy functions satisfying Conditions 1-3, see Swain (1975) and
Browne (1984). We denote by 2V, the Hessian matrix 0% F/0£0¢' of F at the point
(é0,&o). Note that Conditions 1 and 2 imply that function F(&,,.) attains its minimal
value of zero at the point £, and hence the matrix V, is nonnegative-definite. It can be
shown that if Conditions 1-3 hold, then the second-order Taylor approximation of F' at
(€0, o) s given by (x—&) Vo(x—&) and consequently

P Floxdx =2V, 02F/0xde =—2V,.

For a given x, {*(x) denotes a minimizer of F(x,.) over £ and F,(x) denotes the

corresponding minimum
F in(x) = inf F(z, &) = inf F(x, 9(0)). (2-2)
(eE 0e®

Because F = F_, (&), the asymptotic behaviour of the test statistic nF is closely related
to analytical properties of the function F;,(x).

Note that &, is the unique minimizer of F(&,,.) and hence £*(&y) = &,. In order to
ensure the continuity of &*(z), and of F;,(x), at &, we need to impose the following
condition.

Condition 4. There exist positive constants M and & such that F(x,{) > ¢ whenever
r,teZand |z—¢| = M.

Condition 4 prevents &*(x) from going to infinity as x approaches ;. Together with
Conditions 1-3 this implies that the minimizer &*(x) tends to &, as  tends to {,. For
more details and a discussion, see Shapiro (1984a). Usually F(zx,{) - oo as
| 2—¢&| — oo, which implies Condition 4, so that Condition 4 is a mild restriction on the
discrepancy function. Of course if the set Z is bounded, then Condition 4 holds
automatically.

Definition 2:1. We say that the set E is approximated at , by a cone €, called the
approximating cone, if

in%ifll (€=Lo) =Ll =0o(lE=Coll) (c&&), énfll (€=Co) =Ll =o(ICl) (Le®).

Given the approximating cone € we would like to approximate F;,(x) by a simpler
function, namely F*(x—¢&,), where

F*(v) = inf(v—{)"Vo(v—0). (2:3)

Le¥
To do so we shall need the additional condition.

Condition 5. The matrix V, is nonsingular.
For a discussion of the following technical result, see Shapiro (1984b).
Lemma 2-1. Suppose that Conditions 1-5 hold. Then
Frnin(@) = F¥(@—&o) = o( | 2—&o [1%). (24)
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From now on we suppose that the asymptotic distribution of n*(& — &,) is multivariate
normal with zero mean and covariance matrix I". Usually this assumption can be
justified by an application of the Central Limit Theorem. Then Lemma 2-1 implies the
following result.

LemMmA 2-2. Suppose that E is approximated at &y by a cone € and that Conditions 1-5
hold. Then the asymptotic distribution of the test statistic nk' is the same as the distribution of

inf(2—{)" Vo (2—0), (2°5)
Le¥
where z 18 a multivariate normal random variable with zero mean and covariance matrix I

Proof. 1t follows from (2-4) that

nF —nF*(&—&o) = o( | n¥(@— &) 1)
and consequently
nF = nF*x—Eo)+o0,(1), (2:6)

where 0,(1) converges in probability to zero as n — c0. From the definition of F*(.) we
have
nF*(&—&o) = gngf{n’i’(@—'fo)—n’:’ {'Vo{nt(@—Eo)—nt (). (27)

Since € is a cone, n* { in the right-hand side of (2-7) can be replaced by {. Together with
(2'6) this implies (2'5). ]

We may remark that there is a certain resemblance between Lemma 2-2 and the result
of Chernoff (1954, Theorem 1) about the asymptotic distribution of likelihood ratio
statistics. This resemblance becomes even more evident in the next theorem.

Now let us return to the mapping g() and the parameter space ®. The following
regularity assumptions will be imposed.

Assumption 1. The set ® is compact.

Assumption 2. The parameter vector 0 is identified at 0,, that is g(6*) = g(6,) and
0* € ® implies that 0* = 0,.

Assumption 3. The mapping g(0) is defined in a neighbourhood of 6, and the m x ¢q
Jacobian matrix A = dg/00" at 0, is of full column rank gq.

Assumption 4. The covariance matrix I is nonsingular and V, =T ~1.

Assumption 1 is needed to guarantee that the minimum discrepancy function
estimator 0 of 0, is consistent. In many practical situations Assumption 1 does not hold.
For instance in the factor analysis model (1-2) the parameter space ® is unbounded and
hence is not compact. Fortunately Assumption 1 can be replaced by the following
condition of boundedness (Shapiro, 1984a).

Assumption 1*. There does not exist an unbounded sequence {6,} in ® such that

g(6,) — 9(6,).

It can be easily verified that for the factor analysis model the boundedness condition
holds.
Assumptions 1-4, and especially 4, are the usual regularity assumptions ensuring that
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the test statistic nF is asymptotically chi-squared if 6, is an interior point of ®. Here we
consider a more general case where 0, is possibly a boundary point of @. We assume that
© is approximated at 0, by a convex cone . Then Lemma 2-2 together with some
matrix algebra implies the following result.

TueOREM 2:1. Suppose that © is approximated at 0, by a convex cone A and that
Conditions 1-5 and Assumptions 1-4 hold. Then nF is asymptotically distributed as x>+ 2,
where x> and ¥* are independent random variables, y2 has chi-squared distribution with
v = m—gq degrees of freedom and

2> = inf (y—n)Uly—n), (28)

nex’

such that y is a N(0, U~ ') random variable with U = AT ™A,

Proof. Assumptions 1-3 imply that the set Z is approximated at &, by the convex
cone €,

C={:{=AnneA}.
Let @ be an m x (m —q) matrix of rank m —q such that ®A = 0. Denote by £ the linear
space generated by the column vectors of A. Let y* be the solution of

min (z—7y) Vo(z—7).
ye¥

Then, since € = &, the infimum (2'5) is equal to
(=7*)Volz—7%) +§n§ (* =0 Vo(y*— ). (29)

It can be calculated that y* = A(A'V,A)"! A'V, 2, and the first term in the sum (2-9) is
ZO@' Vol ®)~ 1 @2 Let us define

y=(AVoA) 'AVyz, v=(DV; D) *D,
so that the sum (2-9) becomes

vv+inf (y—n)A'Vy Aty —n). (2-10)

nex
Since zis N(0,T) and Vo = I'" ! we have that y is N(0, U~ ') and v is N(0, I). Moreover, Y
and v are uncorrelated because ®'A = 0, and hence are independent. This together with
(2:10) completes the proof. (I

Let § be the unrestricted minimum discrepancy function estimator of 6, that is # is
the unconstrained minimizer of F(%,¢(.)) in a neighbourhood of 6,. Then the standard
asymptotic theory implies that U ™' is the asymptotic covariance matrix of n*(@—6,)
(Browne, 1974; Shapiro, 1983). In the case of maximum likelihood, U is Fisher’s
information matrix (Chernoff, 1954).

If 6, is an interior point of ®, then ® is approximated at 6, by the whole space R? and
consequently the variable ¥ is identically zero. In this case we obtain the usual result
that the asymptotic distribution of #F is chi-squared with m—q degrees of freedom.

Let the parameter space ® be defined by equality and inequality constraints

O={0eR:hO) =0,i=1,..1h0) <0,i=1+1,... k), (2:11)

where h; (¢ = 1,..., k) are continuously differentiable functions. It is shown in the theory
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of nonlinear programming that, if a constraint qualification holds, then ® is approxi-
mated at 0, by the polyhedral convex cone

H =1{0:0;0=0,i=1,...0; d}0 <0, i e F(0,)), (2:12)
where a; = 0h;/00 (i =1, ..., k) is the gradient vector of %; at 6, and the index set
f(OO) = {’l:: h,(eo) = 0, 7; = l+ 1, ...,k}

corresponds to the inequality constraints active at 6,. For extensive discussion of
various constraint qualifications the reader is referred to Bazaraa, Goode & Shetty
(1972). For example, one may use the convenient constraint qualification proposed by
Mangasarian & Fromovitz (1967); namely (i) there exists a vector b such that a}b = 0 for
i=1,....,1, a;b <0 for i € #(0,), and (ii) the gradient vectors ay,...,a, are linearly
independent.

Finally we may remark that if only equality constraints are present in the definition of
© then 4" becomes a ¢—1I dimensional linear space and ¥* has chi-squared distribution
with 7 degrees of freedom. Consequently in this case nF is asymptotically chi-squared
with m —g +1 degrees of freedom.

3. THE DISTRIBUTION OF 2

In this section we study the random variable ¥* defined by (2-8). The distribution of >
is related to the one-sided testing problem in multivariate analysis and has been studied
by several authors (Bartholomew, 1961; Kudd, 1963; Niuesch, 1966; Kudo & Choi, 1975).
Kud6 (1963) showed that if o is the nonnegative orthant, then %2 is distributed as a
mixture of chi-squared distributions; see also Niesch (1966). This result has been
generalized by Kudé & Choi (1975), to deal with the case where #” is defined by a number
of linear inequalities satisfying a certain ‘rank assumption’. Here we propose a simple
proof of this result for any convex cone 4. For that purpose we shall use some
geometrical properties of polyhedral convex cones.

The reader may note that particular cases of ¥* statistic, called chi-bar-squared
statistic, also appear in isotonic regression (Barlow et al., 1972, Ch. 1) and in testing
order restrictions on multinomial parameters (Robertson, 1978; Dykstra & Robertson,
1982).

TueOREM 3-1. The random variable ¥* is distributed as a mixture of chi-squared
distributions, namely

q
pr(x* > c?) = 3, wipr (i > o), (31)

where x? ts a chi-squared random wvariable with i degrees of freedom, x3 =0, and
w; = w; (U, A’) are nonnegative weights such that wo+...+w, = 1.

Proof. To save calculations and simplify notations we prove Theorem 3:1 for a
particular case when U is the identity matrix 7. The general case can be easily reduced to
this particular case by a linear transformation.

For a given y the infimum in (2-8) is attained at a unique point, denoted by 7(y), and
represents the squared distance from y to /. Let £ be a polyhedral closed convex cone.
We denote by & (A°) the set of all faces of 4 and by #°° the polar cone

A ={feR: Bn<0forallned}.
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For the definition and basic properties of faces and polar cones the reader is referred to
Stoer & Witzgall (1970, Ch. 2). Note that #° is also a polyhedral convex cone and
(A0 =

To a face ¢ € F(A") corresponds the polar face ¢* € F(#°) such that the linear
spaces generated by ¢ and ¢* are the orthogonal complements to each other. We denote
by P, and Py the symmetric idempotent matrices giving the orthogonal projections onto
the spaces generated by ¢ and ¢* respectively. Note that Py = I —P,. We also define
Ly ={v e R% n(v) € ¢}. We have that n(v) € ¢ if and only if Pyv € # and Pyuv e A°.
Since (#°°)° = A", the set &, is defined by the inequalities

dPw<0 (aeA°), YPuv<0 (beX). (32)

Because " and #'° are polyhedral, in (3-2) it is sufficient to take a finite number of
vectors a and b generating the cones #°° and " respectively.

Now we shall need the following result, which in various forms has been used by
several authors (Kudo, 1963, p.414; Perlman, 1969, p. 552; Barlow et al., 1972, p. 128).

LemwMma 3:1. Suppose that y is N(0, I), @ is an tdempotent symmetric matrix of rank r and
& is a cone defined by
A ={veR:div<0,i=1,..k}

where d; (1 =1,..., k) are vectors such that either Qd; = 0 or Qd; = d;. Then the conditional
distribution of y'Qy, given y € o, is that of a chi-squared random variable with r degrees of
[freedom.

Proof of Theorem 31 (continued). Consider ¢ € # (#") and y € &,. Then n(y) = Pyy
and ¥>=y'(I —Py)y =y Pypy. The set &, is defined by linear inequalities and
hence is a convex polyhedral cone. Moreover, the corresponding inequalities (3-2)
satisfy the conditions of Lemma 3-1 with respect to the matrix @ = Pj. There-
fore the conditional distribution of %?, given ye &, is chi-squared with
r = rank Py = g—rank P, = ¢—dim ¢ degrees of freedom. Then noting that the sets &,
¢ € F(A'), are almost disjoint and cover R? and applying Bayes’s formula we obtain
that ¥? is distributed as a mixture of chi-squared distributions.

Now let A" be a convex cone and consider a sequence { '} of polyhedral convex cones
converging to #". Let w{® (i =0,1,...,q) be the weights corresponding to the cone 4.
Since the weights belong to the bounded interval [0, 1] we can suppose, by passing to a
subsequence if necessary, that w{® — w; ass = o (i = 0,...,q). Then we obtain that ¥?
is distributed as a mixture of chi-squared distributions with the weights w;. Finally we
note that the weights corresponding to a given cone % are unique since the density
functions corresponding to chi-squared distributions with different degrees of freedom
are linearly independent. O

The weights w; depend on U and " and seem to appear in various problems of one-
sided testing in multivariate analysis (Shorack, 1967; Perlman, 1969, § 7). The question
of their calculation is not a simple one and will be discussed in §4.

4. THE WEIGHTS CORRESPONDING TO >

In this section we address the problem of finding the weights w; = w;(U, ") for some
matrix U and convex cone . If the cone £ is polyhedral, then it follows from the proof
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of Theorem 3-1, that w; = pr {n(y) belongs to a (¢—1)-dimensional face of 2}, that is
wi (U, A") =Zpr(y€5p¢), 41)

where the sum is over ¢ € #(K), dim ¢ = q—i.

~ First we consider the case U = I. The general case can be reduced to this specific case
by a linear transformation and will be discussed later. The inequalities (3-2) are
orthogonal to each other. Therefore we have

pry € y¢) =pr(yelly)pr(ye IT4), (4-2)
where I1, and I, are the sets {v: Pyv € ¢} and {v: Pyv € ¢p*} respectively. For the null-

dimensional face ¢ = {0}, the set IT is the whole space R? and hence the corresponding
probability pr(y € I1,) is one. The polar face of {0} is #°° and thus

wy(I, X)) =pr(y e A°). (4'3)

For a one-dimensional face ¢, the set Il is a half-space and hence pr(y € I1,) is 4.
Consequently
w1 (I, A) = %Epr (y € Ig), (4-4)

where the summation is taken over all faces ¢* of #°° of dimension ¢—1. For a two-
dimensional face ¢, pr (y € Il,) is 3a(¢$)/n, where a(¢) denotes the plane angle of ¢. Then

Wo—o(I, ) =31~ Za() pr (y € I,), (4-5)

where the summation is taken over all faces ¢* of #°° of dimension ¢— 2 or, equivalently,
over all faces ¢ of A" of dimension 2. And so on, until

wo(l, A )=pr(ye ). (4:6)

One may note that there exists a certain symmetry between the weights corresponding
to polar cones. It can be seen that the set %4 with respect to the cone # is the same as
the set &4 with respect to the cone #°. Consequently wy_ (I, ) = wy(I, #°) for
1=0,...,4q.

In the three-dimensional space R*, formulae (4:3)—(4:6) have a clear geometric
interpretation. Note that in R* the probability pr(y € #) is equal to 18(#')/n, where
B(A") denotes the solid angle of #". Consequently the weights wy, w,, w,, w; are given by
B ) m, Jou A )/m, oA °)/m and 1B(H°)/n respectively, where a(#") denotes the plane
angle corresponding to the surface of /. Although these formulae have been established
for polyhedral cones, they hold, by passing to a limit if necessary, for arbitrary convex
cones. For example consider a circular cone in R® with half-angle y. Then the weights
o, Wy, Wy, w3 are equal to (1 —cosy), siny, 3 cosy and 3(1—siny) respectively (Wynn,
1975, p. 396).

It often happens that the cone " is given by the nonnegative orthant R% = (x: x > 0),
or can be reduced to this case by a linear transformation, while the matrix U is arbitrary.
For A = R% the weights w; = w; ,(U). can be calculated in a closed form, at least for
small values of g. We give below a list of corresponding formulae for ¢ < 4, which will
suffice for many practical situations; see examples and discussion of §5.

For ¢ = 1 we clearly have

wO,l(U)=w1,1(U)=%' (47)

Let us denote by p;; the (¢, j)th element of the correlation matrix of y,
(diag U~ 1)~ * U~ Y(diag U ')~ %. (4-8)
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Then for ¢ = 2 and 3, Kud6 (1963, pp. 414-5), building on work of Kendall (1941) and
David (1953), proposed formulae which in our case can be written as follows:

1

wo,2(U) =%775_1(75_005_1/’12)a wy,,(U) =%, w,,,(U) =%775_ C03_1}012;

wo,3(U) =3n 1 (2n—cos ™" p—cos™ ! py3—cos ! py), (49)
wy 3(U) = %775—1(3775—003_1 P12.3—003_1 Ple..z—cos_1 P23.1)

wy 3(U) = %—w0,3(U), w3, 3(U) = %—wl,:’:(U)a

where p;; . = (pij— P Pir) (1 —pi) “2(1—p%) ~* is the conditional correlation between y;
and y; given .

For g = 4 the weight w, 4(U) is equal to the probability that all coordinates of y are
nonnegative. Unfortunately there does not seem to exist a simple method for calculation
of this probability. One may use a formula proposed by Kendall (1941) and summarized
by Kud6 (1963, formulae (3-45), (3-46)).

The rest of the weights are given by

1_—1 -1
wy,4(U) =50 (81— Z COS™ "~ Pij),
i> )i, j*k

2 (005_1 Pij) (75—005_1 Piiij)» (4'10)

i>j,kSTk, 1%i,j

wy 4(U) = %775

w3, 4(U) = %75_1(_475"' Z cos_lpij.k): wy,4(U) = %—w0,4(U)—w2,4(U),
i>ji,j¥k

where py, ;; denotes the conditional correlation between y, and y, given y; and y;. We
remark that first two formulae in (4-10) essentially coincide with the corresponding ones
of Kudo (1963, formula (3-47)), while the expression for w;_, is different. This expression
is obtained from geometrical considerations and shows that w; ,+w; 4 = 3. It seems
that this is a general property, i.e. weights on even places, as well as weights on odd
places, always sum up to 1. ,

Finally, if the cone /" is contained in a (¢—/)-dimensional linear space, then it has no
faces of dimensionality greater than ¢—1I. Consequently in this case the first | weights
W, ..., w,—; vanish. Typically such a situation occurs when [ equality constraints are
present in the definition of the parameter space ®. On the other hand it may happen that
A contains a linear space. Then " is the direct sum of its linearity space £ and a
pointed cone £, where # = £+ N A and £+ denotes the orthogonal complement of &
(Stoer & Witzgall, 1970, Theorem 2:10-5). In this case #°° belongs to the linear space £+,
and hence the weights w, ., 4, ...... , Wy, where d = dim &, vanish. The remaining weights
W, ..., W, 4 can be calculated as the weights corresponding to the cone %" in the linear
space #*. Note that if ® is defined as in (2:11) by inequality constraints only, then the
linearity space & is & = {0: a0 =0,1 € F#(0,)}, with dim % > 0 if the number of
inequality constraints active at 0, is less than q.

5. DISCUSSION AND APPLICATIONS
The results of §§2 and 3 show that the asymptotic distribution of the test statistic nF
is a mixture of chi-squared distributions. More specifically, let the parameter space ® be
defined by equality and inequality constraints as in (2-11) and suppose that precisely s
inequality constraints are active at 0, so that the index set #(6,) contains s elements.
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Then under suitable regularity conditions and for I+s < ¢

l+s
lim pr (nf > ¢) = 3} wipr (n—g+s > ¢2). (51)
Formula (5-1) indicates that neither of the chi-squared distributions with v = m — q+1
and with v+ s degrees of freedom is the correct asymptotic distribution of nF. The true
asymptotic distribution rather lies between these two extreme cases.

Chi-squared distributions are well known so there is no problem in calculating the
probabilities in the right-hand side of (5-1). Hence once the weights w; are found the
corresponding upper tail probabilities can be easily evaluated.

Let us consider as an example the factor analysis model (1-2). As we have mentioned
the diagonal elements of ¥ must be nonnegative. Also 3k(k— 1) equality constraints on
the elements of A are needed to identify the model (Lawley & Maxwell, 1971). We
suppose that the underlying distribution is multivariate normal and that the regularity
conditions are met. Assumption 4 is ensured, for example, if one selects F to be the
maximum likelihood or a ‘best’ generalized least-squares discrepancy function (Browne,
1974). If all diagonal elements of the matrix ‘~P0 are positive, then ¥? is identically zero
and we obtain the well-known result that nF has asymptotic chi-squared distribution
with

v=3{(p—k)*—(p+k)} (52)

degrees of freedom (Lawley & Maxwell, 1971, p. 36).
Now let s diagonal elements of ¥, be zero, so that s inequality constraints become
active at ¥,. Then we have that

lim pr (nF > ¢?) =

n— o 13

w;  Pr (X34 = ), (53)

i

where the number v is given by (5:2). Expression (5:3) explains an experimental effect
observed by Geweke & Singleton (1980) that ‘... when one or more specific factors are
zero the factor model is rejected too often when the log-likelihood ratio statistic is used’.
The corresponding weights w; ; can be calculated as follows. The asymptotic cova-
riance matrix of the unrestricted minimum discrepancy function estimators of the
diagonal elements of ¥, is equal to the inverse of the matrix U = 1W®, where

W= QO_I—QJIAo(AIOQJIAo)_leQJI

and W denotes the matrix whose elements are the squares of the corresponding
elements of W. Equivalently W is given by W = E(E'Q,E) ' E’', where E is an
orthogonal complement of A, (Lawley & Maxwell, 1971; Shapiro, 1983, p. 76). Denote by
pi; the (i, j)th element of the correlation matrix (4:8). Also suppose without loss of
generality that the first s diagonal elements of ¥, are zero. Then for s < 4 the weights
w;, s = w; {(U) are given by formulae (4:7), (4-9), (4-10) respectively.

Consider an example analysed by Lawley & Maxwell (1971, pp. 44-5, Data 2) with
n = 810,p = 10 and k = 4. Here v = 11 and the test statistic nF has value of 185. In this
example the maximum likelihood approach leads to a boundary solution, Heywood case,
with s = 1. Assuming that the population matrix ¥, has one zero diagonal element we
obtain, with wy ; = w; ; =3,

pr(nF > 185) =Lpr (x}, > 185) +Lpr (13, > 185) = 0:085.



Moment structures under inequality constraints 143

Another example, where developed techniques may prove to be useful, occurs in
equating tests of ability using the single factor analysis model (Rock, 1982). There the
factor loadings should be required to be nonnegative (Gleser, 1982, p. 264). Consequently
if some of the population values of factor loadings are zero, or near zero, then the
asymptotic distribution of nF is a mixture of chi-squared distributions. Once the
covariance matrix U is calculated the corresponding weights can be found by formulae
(49) and (4:10) as in the previous example.
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