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Abstract. We show that for even quasi-concave objective functions the worst-case distribution, with respect
to a family of unimodal distributions, of a stochastic programming problem is a uniform distribution. This
extends the so-called “Uniformity Principle” of Barmish and Lagoa (1997) where the objective function is the
indicator function of a convex symmetric set.
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1. Introduction

Let g : R* — R be a measurable function and p be a (Borel) probability measure
(distribution) on R". By E,[g(W)] we denote the expectation of the random variable
g(W), where W is a random vector with probability distribution . In this paper we
discuss the following optimization problem

Min {p() == Eulg(W)]}, €]

where P is a family of probability distributions on R”. In case the objective function
g(w, x) also depends on a decision vector x € X, one can try to solve the corresponding
min-max stochastic programming problem of maximization of the optimal value ¥ (x)
of the associated problem (1) with respect to x € X. In this respect an optimal solution
of (1), for a fixed x, can be viewed as the worst-case distribution from the specified
family P of distributions.

The min-max approach to stochastic programming has been discussed in a number of
publications (e.g., [2, 3, 5, 6, 12, 13]). If the family P is defined by constraints of the form
Eulh; (W)] =b;,i =1, ..., r,then(1)becomes the classical problem of moments (see,
e.g., [10] and references therein). The case of moment constraints was studied exten-
sively in the min-max approach to stochastic programming. On the other hand, quite
often, it is natural to assume that the random data can vary in a specified region & C R”
around some reference value w € R". For example, one can use box-type constraints of
the form B := {w:w; —a; <w; <w; +b;, i =1, ..., n} restricting variability of
the data. In that case we may consider families of distributions supported on the specified
region E. In particular, if we take the family of Dirac measures P := {§,, : w € 2}, then
problem (1) becomes the problem of minimization of g(w) subject to w € & (recall that
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Dirac measure §,, is the measure of mass one at w). If, moreover, the function g(w, x)
depends on x and the corresponding optimal value ¥ (x) is used as a constraint of the
form ¥ (x) > 0, then such constraints correspond to the robust approach to optimization
problems. Note also that if g(-) := lg(-) is the indicator function of a set S C R",
then ¢ (i) = 1 (S). The associated worst-case chance constrained problems were called
ambiguous chance constrained problems in [4].

We assume throughout the paper that all measures & € P are supported on a com-
pactset & C R” and consider families of unimodal distributions. Recall that a univariate
distribution is said to be unimodal, with mode m, if its cumulative distribution function
is convex on the interval (—oo, m) and concave on the interval (m, +00). Equivalently,
the distribution is unimodal if it is a mixture of the Dirac distribution §,, and a distri-
bution with density function that is nondecreasing on (—oo, m] and nonincreasing on
[m, +00), i.e., this density function is quasi-concave. By a result due to Khintchine we
have that a distribution is unimodal with mode m = 0 iff it is the distribution of the
product W = UZ, where U and Z are independent random variables, U is uniformly
distributed on the interval [0, 1] and the distribution of Z is arbitrary. Moreover, the
unimodal distribution is supported on the interval [a, b], with a < 0 < b, iff the random
variable Z is supported on [a, b]. We refer to U Z as the Khintchine representation of
the considered unimodal distribution. Note that the probability of the event “W = 0” is
equal to the probability of “Z = 0” and can be positive.

In this paper we consider families of distributions P formed by distributions of

random vectors W = (Wi, ..., W,) which can be represented in the product form
W = UZ (the product U Z is taken componentwise, i.e., W; = U; Z;,i = 1, ... ,n),
with random vectors U = (Uy, ... ,Uy) and Z = (Zy, ..., Z,) satisfying the follow-

ing conditions: (i) U has uniform distribution on a convex compact set K C R", (ii)
Z has an arbitrary distribution on a convex compact set C C R”. (iii) U and Z are
independent. We refer to P as Khintchine’s family of distributions associated with sets
K and C.

In particular, if K := [0, 1]”, then U; are independent and if, moreover,

C:= szl[a,-,b,-]z{zeR”:ai <zi<bi,i=1,... ,n},

where a; < 0 < b;,i = 1,...,n, then the marginal distributions of W;’s are uni-
modal (with mode 0) on the respective intervals [a;, b;]. If K := [—1,1]" and C :=
x?_,[0, b;], then the marginal distributions of W;’s are unimodal and even (symmetric)
on [—b;, b;]. In both cases random variables W;, i = 1, ..., n, are independent, if Z;
are independent.

2. Derivations

Let P be Khintchine’s family of distributions associated with sets K and C. Consider
the corresponding random vector W = U Z having a distribution p from this family. We
can write

Eulg(W)] =Ez {Ew z[g(W)]} = E[h(Z)], 2)
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where h(z) := E[g(W)|Z = 7] is the conditional expectation of g(W) given Z = z.
Let M be the family of (Borel) probability measures on the set C, and consider the
optimization problem

MR} E,[h(2)]. 3)

It is well known in the theory of the problem of moments (and is not difficult to show
directly) that it suffices to solve problem (3) with respect to (Dirac) measures v = §_,
z € C. Of course, any Dirac measure 6, is the product of its marginal measures §,,
i =1,...,n.Alsoif Z has distribution §,, i.e., Z = z, then by independence of U and
Z we have that W = U Z has uniform distribution on the set

K={weR":w=(z1u1,...,2,u,), u € K}.

Consider the family of distributions &/ C P formed by distributions of random
vectors Uz, where U is uniformly distributed on the set K and z € C is an arbitrary
(deterministic) vector. By the above discussion we obtain that problem (1) is equivalent
to the problem

MinE,[g(W)]. @
neld

Proposition 1. Let P be Khintchine’s family of distributions. Then optimization prob-
lems (1) and (4) are equivalent in the sense that they have the same optimal value and
any optimal solution of (4) is an optimal solution of (1).

Inparticular, consider the family of distributions, denoted Fy;, formed by distributions
of random vectors W with mutually independent components W;, i = 1, ..., n, such
that each W; has a unimodal distribution, with mode 0, on the interval [a;, b;], a; <
0 < b;. We refer to Fy as the family of unimodal distributions on the (rectangular)
set E = X} _,[a;, b;]. If, moreover, a; = —b; and the distribution of each W; is even
(symmetric), then we refer to the corresponding family Fr C Fy as the family of even
unimodal distributions on X;': {[=bi, b;i]. By Khintchine’s theorem we have that Fy
and F are subfamilies of the corresponding Khintchine’s families associated with sets
K :=10,1]", C := X?_,[a;, b;], and K := [-1,1]", C := X}_,[0, b;], respectively.
Note that the inclusions Fy C P and Fg C P are strict since it is not assumed in
the definition of the corresponding Khintchine’s family P that the components of Z are
mutually independent. Here the family U/, corresponding to Fy;, is formed by uniform
distributions on rectangular sets Xg’:] I;, where each [; is a subinterval either of [0, b; ]
or [a;, 0] with one of its edges being zero. Similarly, the family ¢/ corresponding to
FE is formed by uniform distributions on rectangular sets X7 _, I;, where each I; is a
symmetric subinterval of [—b;, b;].

Corollary 1. Let g(w) be a measurable function and Fy (FE ) be the family of unimodal
(even unimodal) distributions on X’'_,[a;, b;] (on X*_,[—b;, b;]). Then the problem of
minimization of ¢ () := E,[g(W)] subject to u € Fy (subject to p € Fg), is equiv-
alent to the reduced problem of minimization of ¢ () subject to u € U, where U is the

family of uniform distributions corresponding to Fy (to FE).
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By taking g(-) := lig(-), where S is a nonempty subset of R”, we obtain that the
problem of minimization of ¢ (u) := w(S) subject to u € FE, is equivalent to the
problem of minimization of ¢ (u) subject to u € U. For a convex set § this result was
derived in [1], and in a more complete form in [7].

Recall that a function g : R" — R s said to be quasi-concave if for any wy, wy € R”
and y € [0, 1] the inequality

glywi + (1 — y)wz) = min{g(w1), g(w2)}
holds. It is said that g(-) is even if g(w) = g(—w) for all w € R".

Theorem 1. Let P be Khintchine’s family of distributions associated with sets K :=
[—1,1]" and C := X}_,[0, b;], where b; > 0,i =1, ... ,n, 8:= X}_,[=b;, b;], and

g : B = R be a bounded, quasi-concave, even function. Then problem (1) attains its
optimal value at the uniform on the set E distribution.

In order to prove the above theorem we use the following lemmas. Recall that the
Brunn-Minkowski inequality asserts that if A, B C R¢ are nonempty compact sets, then

vol(A + B)Y4 > vol(A)Y4 + vol(B)!/4, (5)
where vol(A) denotes volume of set A (e.g., [11]).

Lemma 1. Let S be a convex compact subset of R and A(t) be the (n — 1)-dimensional
volume of the set L; == {z € S : z1 = t}. Then the function A(t) is quasi-concave.

Proof. By convexity of S we have that for any #1,#, € Rand y € [0, 1],

YLy + (A =y)Ly, C Lyty+(1—p)np-
Together with the Brunn-Minkowski inequality this implies

Alyti + (1 —y)r2) = vol(y Ly, + (1 — y)Ly,)
> [y =D 4+ (1 — y)r)V@=D]" !
> min {A(t1), A(#2)},

which completes the proof. O

Lemma 2. Let S be a convex symmetric, with respect to the origin, subset of R" and
P, be the probability measure uniformly distributed on the rectangular set R, =
X [=zi,zi), where z; > 0,i = 1,...,n. Then the function p(z) := P,(S N R;)
is monotonically nonincreasing in each z; € (0, +00).

Proof. Let us fix, say, z; = 1/2,i = 2, ... ,n, and consider p(z) as a function of the
first component z; = z (with some abuse of notation we view now p(z) as a function of
z € R). Observe that p(z) = v(z)/(2z), where v(z) := vol(S N R;). Consider the set
L;:={w e SN R, : wy =1t}, andlet A(r) be the (n — 1)-dimensional volume of L;. We
have then that v(z) = ffz A(t)dt. Also by Lemma 1 the function A(?) is quasi-concave
and is even since S is symmetric. Consequently, A(¢) is monotonically nonincreasing
on (0, +00). It follows that the function v(-) is Lipschitz continuous on (0, +00), and
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hence p(-) is Lipschitz continuous on any interval [«, 8] C (0, 400). Consequently,
o () is almost everywhere differentiable on [«, 8] and

5 s
o)~ p@) = [ par=1 [T

o

Therefore, it suffices to show that p’(z) is less than or equal to zero for every z > 0
where 0'(z) exists, or, equivalently, that

V'(2) <v(2)/z (6)

for every z > 0 where v'(z) exists.

We have that v(-) is differentiable at z iff A(:) is continuous at z, in which case
v'(z) = 2X\(z). Moreover, since A(-) is monotonically nonincreasing on (0, +00), it
follows that for z > 0,

v(z) = /z Alt)dt = Z/Z A)dt = 2z0(2).
0

—Z
Consequently, (6) holds, and hence the proof is complete. O

Proof of Theorem 1. By Proposition 1 it suffices to consider optimization problem (1)
with respect to even (symmetric) uniform distributions only. Together with Lemma 2
this implies that the assertion of Theorem 1 holds in case g(-) := lg(-), where S is a
convex symmetric set.

Now, since g(-) is bounded, we can assume without loss of generality that 0 <
g(w) < c for some ¢ > 0 and every w € E. We have that if R := X{_,[—b;, b;j] is a
symmetric rectangular subset of R” and p is the uniform distribution on R, then

E, lg(W)] = K/ g(w)dw =« /C 9 (t)dt
R 0

where k := (I—[?:l(Zb,-))_1 and ¥ (¢) is volume of the set S; := {w € R : g(w) > t}.
Since g(-) is quasi-convex and even, we have that for every ¢ the set S; is convex and
symmetric. It remains to note that k9 (¢) = ©(S;) where w is the uniform measure on
the set R, and to apply the asserted result for the indicator function 1L, (-). O

Note that Khintchine’s family of distributions considered in Theorem 1 includes the
corresponding family of even unimodal distributions. For the family P = Fg of even
unimodal distributions and g(-) := lg(-), with S being a convex symmetric set, the
result of Theorem 1 was first proved by Barmish and Lagoa [1], where it was called
the “Uniformity Principle”. The original proof in [1] is quite complicated. Simplified
derivations of the Uniformity Principle are discussed in [7-9].
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