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ON UNIQUENESS OF LAGRANGE MULTIPLIERS IN
OPTIMIZATION PROBLEMS SUBJECT TO CONE CONSTRAINTS*
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Abstract. In this paper we study uniqueness of Lagrange multipliers in optimization problems
subject to cone constraints. The main tool in our investigation of this question will be a calculus
of dual (polar) cones. We give sufficient and in some cases necessary conditions for uniqueness of
Lagrange multipliers in general Banach spaces. General results are then applied to two particular
examples of the semidefinite and semi-infinite programming problems, respectively.
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1. Introduction. Consider the following optimization problem:

(1.1) mi)r(l f(z) subject to g(z) € K.

€
Here X and Y are (real) Banach spaces, f: X — R and g : X — Y are continuously
differentiable functions, K C Y is a convex closed cone, and

Lz, A) = f(z) + (A, g(2))

is the Lagrangian function. The first-order necessary conditions for a feasible point
Zo to be a locally optimal solution of the above problem can be written as follows (see
[6, 9, 10]). Under a constraint qualification there exists A € K~ such that

(1.2) Dy L(z,A) = 0,
(1.3) (A, g(z0)) = 0.

In this paper we discuss uniqueness of Lagrange multipliers satisfying the first-
order necessary conditions. The question of uniqueness of Lagrange multipliers arises
naturally, for example, in sensitivity analysis of optimization problems (see, e.g., |7,
13]) and in convergence analysis of Newton type optimization algorithms (cf. [2]).
In case the space Y is finite dimensional and the cone K is polyhedral, there are
reasonably simple necessary and sufficient conditions ensuring uniqueness of Lagrange
multipliers [5]. The situation is considerably more subtle in the general case of cone
constraints.

The main tool in our investigation of this question will be a calculus of dual cones.
For the reader’s convenience and in order to make the paper self contained we describe
in the remainder of this section a few required facts from the theory of dual cones. We
view the Banach space Y and its dual Y* as paired spaces. By («,y) we denote the
value a(y) of a continuous linear functional a € Y*. We consider (-,-) as a bilinear
form on Y* XY and equip Y and Y* with a pair of compatible topologies. That is, for

* Received by the editors January 11, 1995; accepted for publication (in revised form) September
26, 1995.

http://www.siam.org/journals/siopt/7-2/27978.html

T School of Industrial and Systems Engineering, Georgia Institute of Technology, Atlanta, GA
30332-0205 (ashapiro@isye.gatech.edu).

508
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every a € Y* the linear functional (¢, -) is continuous in the considered topology of Y,
and all continuous linear functionals on Y can be represented in such form. Similarly,
all linear, continuous in the considered topology of Y* functionals can be represented
in the form (-,v) for some v € Y. The pair of compatible topologies that we use in
this paper will be the norm topology of ¥ and the weak star topology (w*-topology)
of Y*.

For a cone C' C Y, its polar (negative dual) cone C'~ is defined as follows:

C={aeY": {(a,y) <0 forally € C}.
Similarly, for a cone ¥ C Y*, its polar cone is given by
YT ={yeY: (oy) <0 foralla € ¥}.

Note that the polar cones C~ and ¥~ are always convex and closed in the considered
compatible topologies; i.e., C'~ is closed in the w*-topology of Y* and ¥~ is closed in
the norm topology of Y. If C' is a linear space, then C~ coincides with the orthogonal
complement C+ of C. In particular, if A € Y*, then [\]~ = [A\]* = Ker)\, where Ker\
is the null space of A and [A] denotes the (one-dimensional) space generated by A.

It follows from the Hahn—Banach theorem that if the cone C' C Y is convex, then
(C7)~ = cl{C}, where cl{C} denotes the topological closure, in the norm topology
of Y, of the cone C (e.g., [1, Chapter 1, section 5]). Similarly, if the cone ¥ C Y* is
convex, then (X7)~ = cI"*{X}, where cI*{X} denotes the topological closure of 3 in
the w*-topology of Y*. Note that if the space Y is reflexive and X is convex, then
c"{X} = c{Z}.

It is straightforward to verify (cf. [1]) that if C; and Cs are two cones in Y or in
Y*, then

(1.4) (CL+Cy)~ =Cr NGy

It follows from (1.4) that the polar of the cone C; N Cy coincides with the polar of
(C1 4 C3)~. Consequently, if the cones C; and Cs are convex, then the polar cone of
C{ N C5 is given by the topological closure of the cone Cy1 + Cy. Denote K; = Cy
and Ky = Cy . It follows that (K; N K3)~ coincides with the topological closure of
the cone K; + K, . Since any convex closed cone can be represented as the polar
cone, we obtain that if K; and K5 are two convex cones in Y or Y*, closed in the
respective compatible topology, then

K] + Ky} Ky, Ky CY,

(1.5) (KiNKz)™ = { MK + Ky} i Ky, Ky C Y™

(See, e.g., [3] for details.)

Now let S be a convex set in ¥ or Y* and v € S. We denote by R(S,v) the
radial cone of S at v. That is, R(S,v) is the cone generated by the set S — v or
(equivalently) is the set formed by such vectors u that v + tu € S for some ¢ > 0.
If S is a convex cone, then R(S,v) = S + [v], where [v] denotes the one-dimensional
linear space generated by vector v. The topological closure in the norm topology of
R(S,v) is called the tangent cone to S at v and denoted T'(S,v). When S C Y*, we
also consider T™*(S,v) = cI*{R(S,v)}. Since the radial cone of a convex set is convex,
we have that if YV is reflexive, then T*(S,v) = T(S,v). If S is a convex cone closed in
the respective compatible topology, we have that

T*(S,v)” =T(S,v)” =R(S,v)” = (S+[v))~ =S~ Nv]*.
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Let A: X — Y be a continuous linear operator. Its adjoint operator A* : Y* —
X* is defined by the relation

(A" N\, z) = (MAz) forall z € X and A € Y™.

Note that it follows from the above definition that A*A = 0 iff (A, Az) = 0 for all
x € X. Therefore KerA* = (AX)*.

For a convex set S C Y we denote by int(S), lin(S), and ri(S) its interior, the
linear space generated by S, and its relative interior, respectively. That is, lin(S) is
the intersection of all linear subspaces which contain S and ri(S) is the interior of S
relative to lin(9); i.e., y € ri(S) iff y € S and there is a neighborhood N (in the norm
topology of Y') of y such that N Nlin(S) C S.

PRrROPOSITION 1.1. Let Y be a normed space, C C 'Y be a conver cone with a
nonempty interior, and L be a linear subspace of Y. Then cl{L+C} =Y if and only
if LNint(C) # 0.

Proof. Suppose that LNint(C) # (). This means that there exist y € L and a ball
B C Y of radius r > 0 and centered at zero such that y + B C C. We have then that
B=(-y)+y+B CL+C, andsince L+ C is a cone, it follows that tB C L+ C' for
any t > 0. This implies that L+ C =Y.

Conversely, suppose that L Nint(C') = (). Then by a separation theorem (e.g.,
p. 163]) there exists a € Y*, a # 0 such that (a,y) =0 for any y € L and («,y) <
for any y € C. It follows that a € (L + C')~ and hence cl{L + C} C {y: (o, y)
£Y. O

4,

2. Basic results. Let \j € K~ be a Lagrange multiplier satisfying optimality
conditions (1.2) and (1.3). In this section we discuss general conditions for uniqueness
of this Lagrange multiplier. Consider the set

C={rAe K™ :(\g(xg)) =0}.

Note that C' is a convex cone, closed in the w*-topology of Y*, and that \y € C.
Moreover, by (1.5), C~ = cl{ K + [g(x0)]} and hence C~ = T(K, g(xo)).
PROPOSITION 2.1. The Lagrange multiplier Ao is unique if and only if

(2.1) R(C, o) N [Dg(0) X]* = {0}.

Proof. Consider a vector A € K~ and let p = A — A\g. We have that )\ satisfies
(1.2) iff [Dg(zo)]*pe = 0, and A satisfies (1.3) iff Ao + 4 € C. Therefore A can be a
Lagrange multiplier different from A iff there exists a nonzero vector p € Y* such
that u € [Dg(zo)X]* and p € R(C, o). 0

In the following theorem we give sufficient, and in some cases necessary, conditions
for uniqueness of Ao which can be viewed as dual to (2.1).

THEOREM 2.2. The following condition is sufficient for uniqueness of \o:

(2.2) c{Dg(z0)X + T(K,g(xo)) NKerAg} =Y.

If R(C, No) = T*(C, A\o), then condition (2.2) is also necessary.
Proof. Consider the cone

Q = Dyg(x0)X + T(K, g(xo)) N KerAo.
Its polar cone is given by

Q™ =[Dg(x0)X]” N[T(K, g(xo)) N KerAg] ™.
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Moreover, we have that [Dg(z¢)X]™ = [Dg(z0)X]* and, by (1.5),
[T(K, g(x0)) NKerAo] ™ = cI'{[T'(K, g(0))]™ + [Ao]} = I'{C + [Ao]} = T7(C, Ao).
Therefore,
(2.3) Q™ = [Dg(z0) Xt NT*(C, \o).

Suppose now that condition (2.2) holds. Then @~ = {0} and since R(C, X\g) C
T*(C, X\p), condition (2.1) follows from (2.3). Moreover, if R(C, \g) = T*(C, Ag), then
by (2.3) condition (2.1) is equivalent to @~ = {0}, which in turn is equivalent to
(2.2). O

Consider now the cone Ko = KNKer)g. We have that T'(Ky, g(zo)) C T(K, g(x0))N
Ker)g and hence it follows from Theorem 2.2 that the condition

(2.4) Dg(z0)X 4+ T(Ko,g(z0)) =Y

is sufficient for uniqueness of Ag. Condition (2.4) is equivalent to a constraint qualifi-
cation, with respect to the cone Kjy, in the sense of Robinson [11]. Its sufficiency for
uniqueness of Ag was discussed in [12]. If the space Y is finite dimensional and the
cone K is polyhedral, the condition (2.4) is also necessary (cf. [5]).

Let us remark that since [Dg(x¢)X]* = Ker[Dg(x()]*, condition (2.1) is equiva-
lent to

(2.5) {1 € R(C, o) : [Dyg(o)]*p = 0} = {0}.

Similarly and because of (2.3), condition (2.2) is equivalent to
(2.6) {n € T"(C, M) : [Dg(o)]"p = 0} = {0}

In some applications it will be convenient to formulate the sufficient condition
(2.2) of Theorem 2.2 in the following form.

PROPOSITION 2.3. Let L be a linear space generated by the cone T = T(K, g(x0))N
Ker\g and suppose that T has a nonempty relative interior (relative to L). Then con-
dition (2.2) holds if the following two conditions are satisfied:

(i) c{Dg(x0)X + L} =Y, and

(ii) there emwists a vector h € X such that Dg(xzo)h € ri(T).

Conversely, if condition (2.2) holds and £ C Dg(x¢)X + T, then conditions (i) and
(ii) follow.

Proof. Suppose that the above conditions (i) and (ii) are satisfied. By Proposition
1.1 it follows from condition (ii) that £ C Dg(xo)X + 7. Together with condition (i)
this implies that cl{Dg(z¢)X + 7} =Y, meaning that condition (2.2) holds.

Conversely, let us suppose that condition (2.2) holds. Since cl{Dg(zo)X +7} C
cl{Dg(x¢)X + L}, condition (i) then follows. Also, we have that £ C Dg(z¢)X + T
and, since 7 C L, we obtain that L = M + 7, where M = L N Dg(z¢)X. By
Proposition 1.1, condition (ii) then follows. O

By Theorem 2.2 we obtain then that conditions (i) and (ii) of Proposition 2.3 are
sufficient for uniqueness of Ag. Note that if Dg(xzo)X +7 is closed, then the condition
L C Dg(xo)X + T follows from condition (2.2). In that case conditions (i) and (ii)
are equivalent to condition (2.2).
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3. Examples and applications. In this section we discuss two examples of
semidefinite and semi-infinite programming. Let us start with the example of semidef-
inite programming. Let X = R™ and Y = §,,, where S,, denotes the space of an n xn
symmetric matrix. We equip R” with the standard scalar product z -y = > 1" | z;y;
and §,, with the scalar product A*B = trAB for any A, B € S,,. The spaces X and
Y can be then identified with their duals X* and Y™, respectively. In the space S,
we consider the cone K of positive semidefinite matrices, i.e., K ={A €S, : A = 0}.
The cone K is convex and closed and its polar cone K~ is formed by negative semidef-
inite matrices, i.e., K~ = {Q € S, : Q < 0}. In what follows we denote by ET the
transpose of a matrix F.

Let f : R™ — R and G : R™ — &, be continuously differentiable functions,
L(z,A) = f(x) + A*G(z), and let zp € R™ be a point satisfying the corresponding
first-order optimality conditions. That is, G(z¢) € K and there exists a matrix
Ao € K~ such that

(3.1) D, L(zo,Ao) =0,
(32) Ao[G(z0)] = 0.

Note that since G(xg) = 0 and Ay < 0, condition (3.2) is equivalent to the comple-
mentarity condition Ag*G(xg) = 0.

Let r = rankG(zo) and let E be an n x (n — r) matrix of full column rank n —r
such that G(z¢)E = 0. Then it is not difficult to show (cf. [15]) that the tangent cone
to K at G(xo) can be written in the form

(3.3) T(K,G(x0) ={Z €S, : ETZE » 0}.

We also have that the cone C' = {A € K~ : A*G(z) = 0} is given by
(3.4) C={EGET:0¢S,_,, =<0}

We say that the strict complementarity condition holds if

(3.5) rank Ao + rankG(zo) = n.

The Lagrange multipliers matrix Ay belongs to the cone C' and hence can be rep-
resented in the form Ay = EOQ¢ET for some (n — r) x (n — r) symmetric, negative
semidefinite matrix ©g. The strict complementarity condition (3.5) means that the
matrix Og is nonsingular and hence is negative definite.

Under the strict complementarity condition the radial cone R(C, Ag) coincides
with the tangent cone T(C,Ap) and is given by the linear space {2 € S, : Q =
EOET :© € S,,_,}. Furthermore,

R(C,Ag)™ = R(C, Ag)* = T(K,G(x0)) NKerAg = LT (K, G(x0)),
where
LT(K,G(z0) ={Z €S, : EYZE =0}

is the lineality space of the cone T(K, G(x¢)). Therefore we obtain from Theorem 2.2
that, under the strict complementarity condition, the Lagrange multipliers matrix Ag
is unique iff

(3.6) DG(x0)R™ 4+ LT(K,G(x0)) = Sp.
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Equation (3.6) represents a necessary and sufficient condition for a transversality
relation between the mapping G and the manifold of symmetric n X n matrices of
rank r (cf. [15]). It can be written in an equivalent form as follows. The adjoint
[DG(x0)]* : S, — R™ of DG(x0) is given by

[DG(x0)]" 2 = (2G1(x0), ..., QG (x0)), QE Sy,

where G;(xog) = 0G(xg)/0x; are the n x n partial derivatives matrices of G(z) at
x = xo. Therefore, by using (2.6), we have that (3.6) is equivalent to the condition that
the m-dimensional vectors v;; = (e] G1(zo)ej,...,el Gm(xo)e;), 1 <i < j<n-—r,
are linearly independent. Here eq, ..., e,_, are the column vectors of the matrix E.

Suppose now that rank©®y = ¢ < n —r. Let ©g = V&,V be the spectral
decomposition of Oy; i.e., V is an (n —r) x ¢ matrix such that VIV = I, and @ is a
g X q negative definite (diagonal) matrix. Let U be an orthogonal complement of V',
ie., Uisan (n—r)x (n—r—q) matrix such that U7V =0 and UTU = I,,_,_,, and
consider the matrices Fy = EV and Ey = EU and the cone 7 = T'(K, G(x¢)) NKerAy.
We have then that

T={Z€cS,:E"ZFE -0, EI ZE, = 0}.

Note that the column space generated by the n x (n — r) matrix [E7, F»] is the same
as the column space generated by the matrix E. Therefore we can write the cone 7
in the form

T={2Z€S,:ElZE, =0, E[ ZE, =0, E{ ZE, = 0}.
The linear space L, generated by the cone 7, is then given by
L={Z¢cS,:EIZE, =0, El ZE, =0}
and the relative interior of 7 is
1i(7)={2€S,:EZE, =0, E{ ZEy =0, E ZF5 = 0}.

We now can employ conditions (i) and (ii) of Proposition 2.3 in order to de-
rive sufficient conditions for uniqueness of the Lagrange multipliers matrix Ag. Let

€1,...,€n—r be the column vectors of the matrix [E1, Esl; i.e., €1,...,&q are the col-
umn vectors of E; and €g441,...,€y_, are the column vectors of E,, and consider
the m-dimensional vectors v;; = (el G1(%0)€;, ..., &; Gm(20)€;), i,j = 1,....,n—r.

Then, in the present situation, conditions (i) and (ii) are equivalent to the following
conditions and hence, by Theorem 2.2, are sufficient for uniqueness of Ag.
PRrOPOSITION 3.1. The following two conditions are sufficient for uniqueness of
the Lagrange multipliers matriz Ag.
(i") Vectors vyj, (i,7) € Z, where

T=A(,4):4,5=1,...,q, 1 <jyU{(i,j):i=1,...,q, j=q+1,...,n—r},
are linearly independent.

(ii") There exists a vector h € R™ such that h-v;; =0, (i,7) € Z, and

(3.7) > B3 Gi(wo) Bz > 0.
k=1
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In a sense conditions (i) and (ii’) can be viewed as an analog of the strong
Mangasarian—Fromovitz constraint qualification used in [5] for nonlinear programming
problems.

Let us discuss now the example of semi-infinite programming. Consider the fol-
lowing optimization problem:

(3.8) xrgﬂlg}ﬂ f(z) subject to h(z,t) <0, t €T,

where f : R™ — R, h: R™ x T — R and T is a compact metric space. We assume
that f(-) and h(-,t) for all ¢ € T' are continuously differentiable and that h(x,t) and
Vh(z,t) are continuous on R™ x T. (The gradient Vh(x,t) is taken with respect
to x.)

In order to formulate the inequality constraints of the semi-infinite program (3.8)
in a form of cone constraints, we proceed as follows. Consider the space C(T) of
continuous functions y : T' — R, equipped with the sup-norm ||y|| = sup,cr |y(¢)|, and
the cone

K={yeCT):yt) <0,teT}

formed by nonpositive valued continuous functions. Consider also the mapping g :
R™ — C(T) taking a point € R™ into the function y = g(x), y(-) = h(z,-). Then
the feasible set of the program (3.8) can be defined by the cone constraint g(x) € K.
Note that under the above assumptions the mapping g is continuously differentiable
and [Dg(z)v](-) =v - Vh(z,-).

The dual space Y* of the Banach space Y = C(T) is the space of finite signed
measures on (T, 8B), where B is the Borel o-algebra of T', with the norm given by
the total variation of the corresponding measure, and (A, y) = [, y(t)A(dt), A € Y™,
y € Y. The polar cone K~ of the cone K is formed by the set of (nonnegative) Borel
measures on 1. For a feasible point z (satisfying g(z) € K), denote by A(z) the set

Alx)={teT: h(z,t) =0}

of active-at-z constraints. Then the tangent cone to K at g(z) can be written in the
form (e.g., [14])

(3.9) T(K,g(x)) ={y € C(T) : y(t) <0 forallt € A(z)}.

Let zp be a locally optimal solution of (3.8). Suppose that there exists a vector
v € R™ such that

(3.10) v Vh(zg,t) <0 forall ¢ € A(z).

In case the set T is finite, this is the Mangasarian—Fromovitz constraint qualification
[8]. In the case of semi-infinite programming this condition is equivalent (e.g., [14])
to regularity of xg (with respect to the mapping g and the cone K) in the sense of
Robinson [10].

Under the constraint qualification (3.10), x¢ corresponds with a Lagrange mul-
tiplier € K, satisfying the first-order optimality conditions, and the set of such
Lagrange multipliers is bounded in the norm topology of Y* (e.g., [9]). In the present
case of semi-infinite programming, ;1 € K~ is a measure and the first-order optimality
conditions (1.2) and (1.3) take the form

(3.11) Vf(xo)—i—/TVh(xo,t)u(dt):O,
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and the support of the measure p is contained in the set A(xzg). Moreover, the measure
u can be chosen to be a discrete measure. That is, there are points ¢; € A(xg) and
numbers A; > 0, ¢ = 1,...,n such that u = >°I" | \;6(¢;), where §(t) denotes the
measure of mass one at the point ¢t. The optimality condition (3.11) then takes the
form

(3.12) Vf(a?o) + zn: )\1Vh($(}0, ti) =0.

i=1

It is not difficult to show that if a measure p is not discrete, then it cannot be an
extreme point of the set of Lagrange multipliers measures and hence cannot be unique
(e.g., [14, p. 750]). Therefore, we assume subsequently that p = > | \;6(¢;) is a
discrete measure satisfying the first-order optimality conditions.

The cone T = T(K, g(xo)) N Ker 1 can be written here in the form

(313) T ={yeC(T):y(t) <0 forallt e A(xg), y(t;) =0,i=1,...,n}.
The linear space £ generated by the cone 7 is given then by
L={yelC(T):y(t;)=0,i=1,...,n}.

Let us observe that it is possible that the relative interior of the cone 7 (relative to
the space £) is empty. This can happen if the points t1, ..., %, are not isolated points
of the set A(x). Consider, for example, T' = [0, 1] and let h(xo,t) = 0 for all ¢t € [0, 1];
ie., A(zg) =[0,1], and let t; = 1/2, n = 1. Then it is not difficult to see that for any
function y(-) in 7, one can find a function g(-) in £, arbitrarily close to y(-) in the
sup-norm topology and such that §(t) > 0 for some ¢ sufficiently close to 1/2.

This shows that in general we cannot apply here the sufficient conditions of Propo-
sition 2.3. Therefore we work directly with condition (2.2) of Theorem 2.2.

PROPOSITION 3.2. The following two conditions are necessary and sufficient for
uniqueness of the Lagrange multipliers measure pp =Y 1 ; \i6(t;).

(i) The gradient vectors Vh(xg,t;), i =1,...,n are linearly independent.

(ii"”) For any neighborhood N of the set {t1,...,t,} there exists v € R™ such that

(3.14) v~Vh(x0,ti) :0, 1= 1,...,n,
(3.15) v-Vh(zg,t) <0, t € A(zg)\ N.

Proof. Let us first show that if the set of Lagrange multipliers measures is not
a singleton, then it contains at least two different discrete measures. We argue as
follows. Consider the set I' of measures v € K, whose support is contained in the
set A(zg) and such that ||v||* <1 and

(3.16) oV f(z0) + / Vh(zo,t)7(dt) = 0

for some ¢ > 0. Here || - |* denotes the total variation norm on the space Y*. For a
nonnegative measure v € K, we have that ||y||* = v(T). Clearly, if v € T and the
corresponding coefficient ¢ in (3.16) is not zero, then ¢~'v is a Lagrange multipliers
measure. Conversely, if A is a nonzero Lagrange multipliers measure, then \/||A||* € T".
It is not difficult to see that I' is convex, bounded and closed in the w*-topology subset
of Y*, and hence is w*-compact. By the Krein—Millman theorem it follows then that I"
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coincides with the closure (in the w*-topology) of the convex hull of its extreme points.
In order to complete the arguments it will be sufficient to show now that if a measure
is an extreme point of I, then it is discrete. Consider a nondiscrete, nonzero measure
ve€TI'. Then v = v + -+ + V2, where v;, ¢ = 1,...,m + 2 are positive measures
with disjoint supports. Consider vectors b; = [ Vh(zo,t)vi(dt), i = 1,...,m + 2.
By dimensionality arguments there exist numbers a;, ¢ = 1,...,m + 2, not all of
them zeros, such that |a;| < 1, S27"*% a;b; = 0 and 327"+ a;;(T) = 0. Consider the
measures 7' = S.7H(1 — a;)y and 47 = Y721 + a;)yi. Clearly 4/,7” € T and
v = (¥ +4")/2. Therefore vy cannot be an extreme point of T

Suppose that conditions (i) and (ii”) hold. Because of the above arguments, in
order to verify uniqueness of p it will be sufficient to show that if a € [Dg(xo)R™+7 ]~
and « is discrete, then a = 0. Let o € [Dg(z9)R™ + 7]~ be a discrete measure and
let S be a finite subset of T' containing the support of « and the set {t1,...,t,}. We
can write then o = ), - g a(t)6(t), where a(t) is a nonnegative valued function on the
set S. Consider a function z € C(T'). Because of the condition (i), there exists a
vector u € R™ such that u - Vh(zo,t;) = 2(t;), ¢ = 1,...,n. Choose a neighborhood
N of the set {t1,...,t,} which does not contain other points of the set S. Then,
because of the assumption (ii”), there exists a vector v satisfying condition (3.14) and
such that v - Vh(zg,t) < —c for all t € S\ {t1,...,t,} and some ¢ > 0. Let 7 be
a positive number and consider the function a(t) = (u — 7v) - Vh(xo,t). Note that
a € Dg(xo)R™, and it follows from (3.14) that a(t;) = 2(¢;), i = 1,...,n. Moreover,
we can choose T large enough such that a(t) > z(¢) for all ¢ € S\ {¢t1,...,t,}. It
follows then from the representation (3.13) of the cone 7 that there exists y € 7 such
that a(t) + y(t) = z(t) for all t € S. Since [ z(t)a(dt) = >, cq a(t)z(t) and z(t) is
an arbitrary function, it follows that «(t) = 0 for all ¢t € S and hence o = 0.

Now let us show that in the present situation the condition (2.2) is necessary, as
well as sufficient, for uniqueness of the Lagrange multipliers measure p. In order to
show that condition (2.2) is necessary we have to verify that R(C, u) = T*(C, ). For
a set A € B, denote by Z(A) the set of (nonnegative) Borel measures whose support
is contained in the set A. We have that C' = Z(A(xo)) and

(3.17) R(Cyp) ={a €Y :a=a1 —as, a1 € Z(A(x0)), az € Z({t1,...,ta})}.

Consider a signed measure 8 € Y*\ R(C, ). Let 3 = 3+ — 3~ be the Jordan decom-
position of 3; i.e., 7 and 3~ are (nonnegative) Borel measures with disjoint supports
Ty and T, respectively. Since 8 ¢ R(C, u), we have that Ty ¢ {t1,...,¢,}. Conse-
quently there is a nonzero function y € K whose support has empty intersection with
the set {t1,...,t,} and such that [.y(t)8(dt) < 0. It follows from the representation
of R(C,p) given in (3.17) that for any a € R(C, u), [, y(t)a(dt) > 0 and hence we
can separate 3 from R(C, u) by the linear functional (-,y). This shows that R(C, p)
is closed in the w*-topology of Y* and hence R(C, u) = T*(C, p).

Suppose now that condition (2.2) holds. Since 7 C L, condition (2.2) implies
that Dg(xo)R™ + L is dense in C(T). Therefore £+ NKer[Dg(zo)]* = {0} and hence
condition (i”) follows. Furthermore, consider a function z € C(T) such that z(¢;) = 0,
i=1,...,n,and z(t) >0 for all t € T\ {t1,...,t,}. Let N be an open neighborhood
of the set {t1,...,t,}. Then the set A(zg)\ N is compact and hence there exists € > 0
such that z(t) > ¢ for all t € A(xzg) \ N. It follows then from condition (2.2) that
there exists a function a(t) = w - Vh(zo,t) such that a(t) > ¢/2 for all t € A(zg) \ N
and a(t;), i = 1,...,n, are arbitrarily close to zero. Because of the condition (i”), we
can find a vector u € R™ such that u - Vh(xo,t;) = a(t;), i = 1,...,n. We obtain
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then that (w — u) - Vh(zo,t;) = 0, i = 1,...,n. Moreover, for a(t;), i = 1,...,n
sufficiently close to zero, we can choose such u that (w—u)-Vh(zo,t) > ¢/3 for all t €
A(z) \ N. Vector v = u —w then satisfies (3.14) and (3.15) and hence condition (ii”)
follows. 0

Note that the Mangasarian—Fromovitz constraint qualification (3.10) is not as-
sumed in Proposition 3.2. We only assume existence of a discrete Lagrange multipliers
measure 4.

Vector v in the condition (ii”) of Proposition 3.2 generally depends on the neigh-
borhood N. Tt is natural then to ask whether condition (ii”) can be replaced by the
following stronger condition.

(ii"””) There exists v € R™ such that

(3.18) v-Vh(xg,t;) =0, i=1,...,n,
(3.19) ’U'Vh(.’L‘Q,t) <0, te A(l‘o)\{tl,...,tn}.

It is not difficult to see that if the set of active constraints A(zg) is finite, then
conditions (ii”) and (ii"”’) are equivalent. As the following example shows, however,
in general condition (ii"”’) is not necessary for uniqueness of the Lagrange multipliers
measure L.

Ezample 3.1. Let T = [0, 4] and consider h : R? x [0,4] — R of the form h(x,t) =

xz101(t) + z2a2(t) + x3a3(t), with the functions a;(t) defined as follows:

t2, t € [0,1],
a;(t)=< 1.5—-05¢t, te[l,3],
0, t € [3,4],

—t, telo,1],
ax(t) = { t—2, te %1,4},
and a3(t) =1 for t € [0,4]. Also let f(z) be a linear function with V f(x) = (0,0, —1).
We have then that at g = 0, V f(zo) + Vh(z,0) = 0 and A(xg) = [0,4]. Therefore
the first-order optimality conditions hold at zy = 0, with the Lagrange multipliers
measure pu = 6(t1), t; = 0, and hence, since the considered program is convex, xo = 0
is the optimal solution of the considered program. We also have that for v = (0,0, —1)
and all ¢t € [0,4], v- Vh(xg,t) = —1 and hence condition (3.10) is satisfied.

Let us observe now that condition (ii"”’) does not hold here. Indeed, suppose there
is a vector v = (vq,ve,v3) satisfying (3.18) and (3.19). It follows then from (3.18)
that v3 = 0 and from (3.19) that v < 0. We obtain that v - Vhi(x0,0) = 0 and
O[v - Vh(zg,0)]/0t > 0. Therefore v - Vh(zo,t) is positive for sufficiently small ¢ > 0,
which of course contradicts (3.19).

On the other hand, it is not difficult to verify that conditions (i) and (ii”) of
Proposition 3.2 are satisfied here and hence p is unique. This demonstrates that
conditions (ii”) and (ii”’) are not equivalent and condition (ii"”’) is not necessary for
uniqueness of p.
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