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1. Introduction

In the last ten years, robust optimization has become a viable
tool in dealing with optimization under uncertainty. For an excel-
lent overview of the state of the art in that area of research we
refer the reader to the recent book by Ben-Tal et al. [5]. In a dy-
namical setting, an adjustable approach to robust optimization, as
an alternative to multistage stochastic programming, was intro-
duced in [3] and is discussed in detail in [5, Chapter 14]. Although
in various forms robust formulations of multistage problems were
considered in several publications (e.g., [3,6,9,16]), it seems that
a connection between dynamic programming equations and opti-
mization over feasible policies was not clearly stated. Closest to our
derivations may be an approach presented in [10].

We also discuss the adjustable robust approach to multistage
optimization in a framework of risk averse stochastic program-
ming. To this end we use the methodology of coherent risk mea-
sures and conditional risk mappings. The term “risk measure”
could be somewhat misleading. Some authors use the term “ac-
ceptability functionals” (e.g., [11]). Anyway the terminology of
“risk measures” became standard, so we will follow it here. Axioms
of coherent risk measures were introduced in [2] and their theory
is thoroughly developed in [7]; conditional risk mappings were dis-
cussed in [13,8,16]. In particular, we show how dynamic program-
ming equations can be naturally written for adjustable multistage
robust optimization. We discuss as an example robust formulation
of the classical inventory model and show that, like in the risk neu-
tral case (see, e.g., [19]), a basestock policy is optimal.
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This paper is organized as follows. In the next section we give
a general definition of a class of robust multistage problems and
show how dynamic programming equations can be written for
such problems. It seems that in all generality, when the uncertainty
set is not necessarily the direct (Cartesian) product of stagewise
uncertainty sets, these dynamic programming equations have not
been explicitly written out before. In Section 3 we show that
similar results can be derived in a general framework of dynamic
risk measures. The main point of that section is Eq. (3.7) (see also
(3.8)) which states that the composition of sup-risk measures is
again the corresponding sup-risk measure. Although the material
of Section 2 can be considered from the point of view of Section 3,
there are two reasons for writing it out explicitly. First, Section 2
is self-contained with a rather elementary presentation, while
derivations of Section 3 are indirect and based on sophisticated
concepts from probability theory and functional analysis. Second,
and maybe more importantly, by the nature of the material the
essential sup-measures considered in Section 3 are defined up to
sets of measure zero which is unnatural from the robustness point
of view. Finally, in Section 4 we discuss an example of a dynamic
inventory model.

2. Multistage robust optimization

Consider the following robust formulation of the multistage
problem:

Min sup  [fitx1) +Ho(x2, &) + -+ fr (xr, &r)]
X1X2()5 X7 () (... E7)E€D (2.1)
s.t. X1 € X1, X € X¢(Xe—1,&), t=2,...,T.

Here & € R%, t = 2,...,T, are data vectors (uncertainty para-
meters), ® C R x ... x RY is the uncertainty set, f; : R" — R
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and f; : R"™ x R — R, t = 2,...,T, are objective functions,
and X; C R™ and X; : R%1 x R% = R™ are multifunctions
(point-to-set mappings) representing feasibility sets. We denote
by & = (&, . .., &) the history of the data process up to time t =
2,...,T. The optimization (minimization) in (2.1) is performed
over feasible policies (also called decision rules). Recall that a
policy is a sequence of functions xy, x2(§[2)), . . ., Xr(§r7), which is
feasible if

X1 € X1, Xe (§1e) € Xe(Xe—1(Epe—11)5 &0),
V&,....&eD, t=2,...,T.

For t > 2 the decisions x; = x(&p;)) are functions of the data
process, up to time t, i.e., are of a wait-and-see type called
adjustable in robust optimization (cf. [5]). For t = 1 the notation
x1(&p1)) stands for deterministic vector x; € R™.

Let us consider the following construction. Denote by Z;, t =
2, ..., T, the linear space of bounded real valued functions Z :
R%2 x ... x R* — R, with Z; = R (ie, Z; is the space of
constants). For 1 < s < t < T consider the mapping pys : Z; —
Z, defined as follows:

(2.2)

loes@1(Es) = sup  {Z(E) (& =&}, Z€Z (23)
(&,-.87)€D
In particular, p¢1 : Z; — Rand
pen(Z) = . SUP Z(S[r])- (2.4)
e

Note that the objective function in the right hand side of (2.3)
does not depend on &/ ;,...,&; and the maximization can be
performed over the set ®, (instead of ©), where ©; is the projection
of Donto R%2 x --- x R%, ie,

D = {gm : 3&[;; € D such that &) = “g‘[’t]} .

Fort =T,...,
ming equations:

(2.5)

2, consider the following dynamic program-

Qe (X¢—1, g[r]) = Xt( ) {fr(Xu &) + Q1 (X, S[t])} (2.6)
where
Qri1(xe, &) = pt+l|t[Qt+l(xta f[t+1])]» (2.7)

with @r41(-, -) = 0by definition. At the first stage we need to solve
the problem

Min fl(X1) + @2()(1). (28)
X1€X1

We are going to establish a connection between these dynamic
equations and the multistage robust problem (2.1). The mapping
Pe+1;e in the right hand side of (2.7) is applied to the function
Q¢y1(x¢, -) for given (fixed) x;. That is, the cost-to-go functions,
defined in (2.7), can be written as

{Qt+l(xtv E[,Hq]) : éf[/t] = S[t]} : (2.9)

Q1 (X, &) = sup
(&b ED

Of course, in order for the function @1 (x;, &) to be real valued
we need to impose some boundedness conditions ensuring that the
maximum in the right hand side of (2.9) is finite.

It immediately follows from the definition (2.3) thatfor1 < r <
s < t < T, the composite mapping ps; o pys : Z¢ — Z, coincides
with the mapping p¢r : Z; — Z;,i.e,
Ps|r © Prjs = Pt|r- (2.10)

We also will need the following interchangeability property. Let A
and B be two (abstract) nonempty sets,A > x — B(x) C Bbea

point-to-set mapping and h : A x B — R be a real valued function.
Consider the min-max problem

Max inf h(x,y).
XxeA yeB(x)

(2.11)

Let Y be the space of mappings y(-) : A — Bsuch thaty(x) € B(x)
for all x € A, and consider the problem

Min sup h(x, y(x)).
YOEY xeA

(2.12)

Proposition 2.1. Suppose that infycgx) h(x,y) is finite for every
x € A. Then the optimal values of problems (2.11) and (2.12) are
equal to each other. Moreover, y(-) € Y is an optimal solution of
problem (2.12) if

y(x) € arg min h(x,y), Vxe€A. (2.13)
YeB(x)

Proof. For any y(-) € Y we have that h(x, y(x)) > inf,cg h(x,y)
for any x € A, and hence

sup h(x, y(x)) > sup 1nf h(x ¥).
xeA
It follows that the optimal value of problem (2.11) is less than or
equal to the optimal value of problem (2.12).
Conversely, for a chosen e > 0lety(-) € Y be such that

inf)h(x, y) > hx,yx)) —e, x€A. (2.14)

YyEB(x

Such a mapping exists since it is assumed that infyc g h(x, y) is
finite (in particular the set 8 (x) is nonempty) for every x € A. It
follows that

sup inf h(x,y) > suph(x, y(x)) — &, (2.15)
xeA YEBX) xeA
and hence

(2.16)

sup inf h(x,y) > mf sup hx,y(x)) — e.

xeA YEB(X) y(e

Since ¢ > 0Ois arbitrary, it follows that the optimal value of problem

(2.12) is less than or equal to the optimal value of problem (2.11).
Moreover, y(-) is an optimal solution of (2.12) iffe = 0in (2.15).

In turn this holds if ¢ = 0in (2.11),i.e.,if (2.13) holds. O

Suppose for the moment that 8(x) = B for all x € A and that
problem (2.12) attains its maximal value at a constant mapping
y(x) = y.Then

sup mfh(x y) =

xeA YeB

infsup h(x, y).

YEB xen

(2.17)

Moreover, if X € A is an optimal solution of problem (2.11), then
(x,y) is a saddle point of problem (2.11). Conversely, if (x,y) is
a saddle point of problem (2.11), then x is an optimal solution of
problem (2.11) and y(-) = y is an optimal solution of problem
(2.12).

The interchangeability property discussed in the above propo-
sition is not new of course. In different contexts variants of this
property were used by many authors; its origins can be traced to
von Neumann’s minimax theory.

Consider now the multistage problem (2.1). Recall that the
minimization is performed over policies satisfying feasibility con-
straints (2.2). For fixed (feasible) decisions x1, x2(-), ..., Xr_1(-),
let us consider minimization with respect to xr(-). Assuming that
the cost-to-go functions are finite valued, by Proposition 2.1 we can
interchange the corresponding minimization and maximization in
(2.1). This results in the problem
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Min sup
X1:%2()seX1-10) gpy€@

i) + -+ froa(xro1, §r-1) + inf (2.18)

XTE€XT(XT—1,8T

)fT (xr, &)

Qr(xr—1.61)
s.t. X1 € X1, X € X¢(Xe—1,&), t=2,..., T —1.
Performing maximization in (2.18) with respect to & we can write
(2.18) as

Min sup
X1:X2()seX1-10)  fr1ed

fia) + -+ fro1 (1. Er—1) + sup Qr(xr_q. &) | (219

E['”E/'D
[ ——
Qr(xr—1.8[1-1)
s.t. X‘IEX‘], Xtext(xt_l,gt), t:2,...,T—1.
Note that the objective functionin (2.19) does not depend on & and
the maximization can be performed over &r_;; € ©r_; instead of
§in € - NP .
Next we can proceed to minimization in (2.19) with respect to
xr—1(+). Again using the interchangeability property we obtain

Min sup
X1%2()sXT-2()  gp_yyedr_y
fitx) + -+ inf {frq(xrfly Er_1) + Qrxr—1, 2?[1711)}
Xr—1€X7—1(X7—2.67—1)

Qr—1(xr—2.81-1))
s.t. X1 € X1, X € X (X1, &), t=2,...,T—2.
Furthermore, by taking the maximum in the above problem with
respect to £&r_1 we obtain
Min sup

X1,X2()seeXT—2 () E[T—Z]EDT—Z

[ix) + - + froo(Xr—2. Er-2) + Qr_1 (12, &7—2)) ]
s.t. X1 € X1, X € X¢(Xe—1, &), t=2,..., T —2.
Continuing this process backwards in time we derive dynamic
equations (2.6)-(2.7). This gives the following result.

(2.20)

Proposition 2.2. Suppose that the cost-to-go functions in dynamic
equations (2.6)-(2.8) are finite valued. Then the optimal value of
problem (2.1) is equal to the optimal value of problem (2.8). Moreover,
apolicy X; (&), t = 1, ..., T, is optimal for the problem (2.1) if

X (&) € arg {fixe, &) + Qua(xe. &)}

min
Xt €%t (Xe—1(&re—11).6¢)
t=2,...,T, (2.21)
and X is an optimal solution of the first-stage problem (2.8).

Suppose for the moment that the uncertainty set is the direct

product of nonempty sets D, C R%, t = 2,...,T, ie, ® =
Dy x -+ x Dr. In that case the max-mapping pys takes the form
[o21s(D)1(61s7) = sup {2, 6800, 8D)

$5/+1 EIDH,],...,S[/E@t
(2.22)
Consequently, in that case dynamic equations (2.6)-(2.7) become

Qr(Xe—1, &) = inf ){ft(Xt, &) + (Qt+1(xt)},

Xt €%t (X —1,&¢

t=T,...,2, (2.23)
with cost-to-go functions
Qep1(X) = sup  Qryp1(Xe, &cv1) (2.24)

§t+1€Dr41
independent of the data process.

3. Sup-risk measures

In a sense, derivations of Section 2 can be considered in the
framework of dynamical risk measures. In this section we briefly
outline the connection. Consider space Z = L. (£2,%,P) of
essentially bounded measurable functions Z : 2 — R and define

p"*(Z) =esssupZ(w), Z € Z. (3.1)
weR
Recall that
esssup Z(w) = inf{sup 7Z(w): 7 (0) =Z(w) ae. w € Q} .
weR wes
(3.2)

We assume that §2 is a closed subset of R? equipped with its Borel
sigma algebra #, P is a probability measure on (§2, ), and that
the support of P coincides with £2, i.e., for any closed set A C £2,
A # £, we have that P(A) < 1. Unless stated otherwise all
probabilistic statements will be made with respect to the reference
probability measure P.

The function p™* : Z — R is a coherent risk measure (cf. [2]),
i.e., it satisfies the conditions of convexity, monotonicity and
positive homogeneity, and p™*(Z + a) = p™*(Z) + a for any
Z € Zand a € R. We refer to p™® as the sup-risk measure. The
sup-risk measure is law invariant, i.e.,if Z € Z and Z' € Z have
the same probability distribution, then p™*(Z) = p™®*(Z’). It has
the following dual representation (cf. [11, p. 55]):

o) =sup [ @z ), (33)
ceA J 2

where 20 C L{(£2, F, P) is the set of density functions, i.e., ¢ €

L1($2, ¥, P) belongs to 2 iff { (w) > 0 forae.w € £2 and [,

¢ (w)dP(w) = 1. We also can write the dual representation (3.3)

in the form

p"(Z) = sup Eq[Z], (34)
Qe

where Q denotes the set of probability measures on (2, )
absolutely continuous with respect to P. Recall that by the
Radon-Nikodym theorem, Q = {Q : dQ = ¢dP, ¢ € A}.

In [11, p. 54] the sup-risk measure was introduced as a limit
of the average value-at-risk (also called the conditional value-at-
risk [14])

AV@R,(Z) = inf {t + & 'E[Z — t],}
€

as o | 0, and hence was denoted as AV@R,. Note, however, that
for @ € (0, 1), the function AV@R,, (-) is naturally defined on the
space L1(£2, ¥, P) since it is the largest of the spaces L,($2, ¥, P),
p € [1, o0], on which it is real valued and continuous. On the
other hand, the sup-function p™®(-) is naturally defined on the
space L (£2, #, P), on which it is finite valued and continuous,
while it will have +o0 values on L,(§2, ¥, P) space for any p €
[1, +00). Recall that L, (£2, #, P) is the dual of the Banach space
L1($2, F, P).Itfollows, e.g., from the dual representation (3.3), that
pmE Lo (82, F,P) — R is lower semicontinuous in the weak*
topology induced by the space L(§2, , P).

If we view set §2 as an uncertainty set, then the only differ-
ence between p™* and the max-function defined in (2.4) is with
respect to the family of subsets of £2 of measure zero. Of course,
if Z(-) is continuous on §2, then p™*(Z) = sup,., Z(w). The
interchangeability property derived in Proposition 2.1 is similar
and in a sense can be viewed as a particular case of the corre-
sponding interchangeability property of coherent risk measures
(cf. [15], [18, Proposition 6.37]).

In order to extend this to a dynamic (multistage) setting we
need to extend the concept of sup-risk measure to a conditional
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risk mapping. Let ¢ be a sigma subalgebra of ¥ and Z' =
Lo (£2, G, P). A conditional risk mapping is a mapping p : Z —
Z' satisfying conditions of convexity, monotonicity and positive
homogeneity, and such that p(Z +Y) = p(Z) + Y forany Z € Z
and Y € Z’ (cf.[13,16]). In particular, it follows that p(Y) = Y for
anyY € Z'.

It is possible to define a conditional version pl‘;a" 1 Z — Z of
the sup-risk measure in several ways. For example, it can be viewed
as a limit of conditional AV@R, (Z|4) as o | 0(cf.[11,12]). We can
also look at the conditional sup-risk mappings from the following
point of view. Consider a sequence of random variables Y; € Z,i =
1,..., and denote by &, C R’ the support of the distribution of
random vector (Yq, ..., Y;). For the sake of simplicity we consider
here a sequence of random numbers Yy, . . ., Y;; similar derivations
can be performed of course for a sequence of random vectors. Note
that since each Y; is essentially bounded, the set &; is bounded in
R!. Let ; C F be the sigma algebra generated by random vector
(Y1,...,Yy) and let Z, = L. (82, ,P). We have that Z € Z;

iff Z = h(Yq, ..., Y;) for some measurable and bounded function
h(y). Then the conditional sup-risk mapping pzis | @ Z¢ = Z¢-1
can be written as
P (h(Yi.....Y,) = esssup {h(y) : ¥ € &,

=Y, ..., Y1 = Yeq} (3.5)

The “ess sup” in (3.5) is understood with respect to the conditional

distribution of Y; given (Yy, ..., Y1) = (1, ..., ¥e—1). That s,
esssup{h(y) :y € 6., y1 =Yy, ..., ¥e—1 = Yi_1}
=inf{x:Pr(h(Yy,...,Y) >x|Y1=y1,..., Y1

=Yi—1) =0}.
Here tl?e composite mapping pgﬁf‘ler o pgﬁ’}[il 2 Ze —> Zis
can be written as

P17, © Prr_, = esssup {h(y) 1y € &,y

=Yi,..., Y2 =Y}, (3.6)

and hence the following analogue of formula (2.10) obviously
holds:

max max max

Prls © Pris = PriF: (3.7)
max max

In particular, the composite mapping PEIF O O PR, Lt ™

R, where %y := {0}, 2}, is

P, 00 P, L (hCH .
=esssup {h(y) :y € &}. (3.8)

That is, this composite mapping is the sup-risk measure on the
space Z;.

It is possible now to use the general machinery of conditional
risk mappings to write dynamic programming equations for the
multistage problem considered (cf. [16,17], [18, Chapter 6]). The
key observation here is that the composite mapping in the left hand
side of (3.8) coincides with the corresponding sup-risk measure.
Because of that the dynamic programming equations associated
with the conditional sup-risk mappings are the same as the ones
derived in Section 2 up to a change of the “ess sup” operators to
“sup” operators.

B Y[))

4. The inventory model

Consider the following robust formulation of the inventory
model (cf. [4, p. 254]):

T
Min su ¢ (xp — . d
XtZ)’td[T]ED {; (X —yo) + Ye(x r)}

s.t. yt+1=X[—dt,t=1,...,T—1.

(4.1)

Here y; is a given initial inventory level, dy, ..., dr is the demand
process,® C ]Rfr is the uncertainty set, ¢, b, h; are the ordering,
backorder penalty, and holding costs per unit, respectively, at time
t,and

Ye(Xe, de) == be[dy — X ] + he[x, — d; ]y

We assume that by > ¢ > Oand h, > 0,t = 1,...,T, and
that the uncertainty set ® is nonempty and bounded. Recall that
the minimization in (4.1) is performed over feasible policies of the
form xq, X2(d[17), . . ., xr(dir—17). As before, we denote (d, .. ., d;)
by diy. In particular, dir) = (d1, ..., dr).

In accordance with derivations of Section 2, the dynamic
programming equations for this problem can be written as follows.
At the last stage t = T, for given (observed) inventory level yr and
given (observed) demand values (dy, ..., dr_1), we need to solve
the problem

(4.2)
(dy,... dr)ed

Min {CT(XT —yr)+ sup  Yr(xr, dr)} .
XT2YT

The optimal value of problem (4.2) depends on yr and djr_; and
is denoted as Qr(yr, dir—1;). Continuing in this way, fort = T —
1, ..., 2, the corresponding cost-to-go functions Q; (y;, d;—1;) are
given as optimal values of the respective problems:

Min !Ct(xt —¥t) + sup [l/jt(xts d;)
Xt=Yt d. D
i (4.3)

FQu1 (% — dp, diy) = dpp_qy = de—n] -

Finally, at the first stage we need to solve the problem

Min c1(x; —y1) 4+ sup [Y1(x1, d1) + Q (X1 —di, dp)].  (44)
X1y djr)e®

It is straightforward to verify by inductionint = T, ..., that the
cost-to-go functions Q; (y;, dj;—1}) are convex in y;.

Suppose now that the uncertainty set © is given by the direct
product ® = D; x --- x Dr for some nonempty bounded sets
Dy C Ry, t = 1,...,T; for example we can take D; = [a;, b;]
to be intervals. Then the cost-to-go function at the last stage
is

Qr(yr) = inf {CT(XT —yr) + sup ¥r(xr, dr)} . (4.5)
XT2YT dreDr
And hence fort =T — 1, ..., 2 the dynamic programming equa-

tions (4.3) can be written as (cf. [4, p. 254])

QW) = Xtir>l)f’t {Ct(xt —Yt) + sup [¢t(xt» de) + Qe (% — dt)]} .

dreDy
(4.6)

Note that here the cost-to-go function Q;(y,),t = 2,...,T,is
independent of d;_1, and is convex and continuous. Thus it follows
by convexity arguments that a basestock policy X, = X;(dj;—1}) is
optimal (cf. [1]). Recall that a basestock policy is defined as X, :=
max{y;, x; }, where x{ is an optimal solution of

Min {qxt + sup [e(xe, de) + Qepq (X — dt)]} . (4.7)

di €Dy

andy; = X1 —di_1,t =2, ..., T,with y; being given.
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It could be noted that if D; = [a¢, b¢],t = 1, ..., T, are inter-
vals, then by convexity arguments the maximum in (4.6) is attained
either at d; = a; or at d; = b,. Therefore it suffices to consider the
subset of the uncertainty set given by the direct product of sets
{a;, b}, t = 1,..., T. This subset has 2T elements, and hence for
not too large number of stages, say T < 20, itis possible to solve the
corresponding robust inventory model directly. This was the basis
for numerical experiments of [4] (see also [5, Section 15.2.4.1]).

As another example, let the uncertainty set © be given as

Di=(D x--xD)N{deR" :a"d < b},

for some a € RT and b € R. Suppose that the set © is nonempty.
Then the dynamic equations (4.3) take the form

Q:(Ve, dig—1) = inf { ce(x — y¢) + sup
Xe=Yt dreDt,....dreDT
ayDy+--+a;_qd;_q+agde+--+apdr<b

[V (xe, de) + Qegr (% — de, )] ¢ - (4.8)

In that case the cost-to-go function Q; (y;, dj;—1;) depends only
ony, and W;_{ := aydy + --- + a;_1d;_1. In these variables,
Eq. (4.8) can be written as

Q:(Ye, We—1) = inf Jce(x —ye) + sup
Xt=Yt dteDt,....dy€DT
agdg+--+apdp <b—We_q

[Vft(xt» de) + Qi1 (% — de, Weeq + atd[)] . (4.9)

Note that the cost-to-go functions Q; (y,;, W;_1) are defined only for
those W;_ for which the constraints in the maximization problem
in the right hand side of (4.9) are feasible.
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