Math. Program., Ser. B (2008) 112:183-220
DOI 10.1007/s10107-006-0090-4

FULL LENGTH PAPER

Stochastic programming approach to optimization
under uncertainty

Alexander Shapiro

Received: 31 January 2006 / Accepted: 16 September 2006 / Published online: 13 January 2007
© Springer-Verlag 2007

Abstract In this paper we discuss computational complexity and risk averse
approaches to two and multistage stochastic programming problems. We argue
that two stage (say linear) stochastic programming problems can be solved with
a reasonable accuracy by Monte Carlo sampling techniques while there are
indications that complexity of multistage programs grows fast with increase of
the number of stages. We discuss an extension of coherent risk measures to a
multistage setting and, in particular, dynamic programming equations for such
problems.
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1 Introduction

In many situations there is a need to make, hopefully an optimal, decision under
conditions of uncertainty. Everybody would agree with this statement. There
is a disagreement, however, with how to deal with such situations. Uncertainty
can come in many different forms, and hence there are various ways how it can
be modelled. In a mathematical approach one formulates an objective function
f :R" R which should be optimized (say minimized) subject to speci ed
constraints. That is, one formulates a mathematical programming problem:
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I)\(/Ii)rg f (), (1.2)

where the feasible setX  R" is typically de ned by a ( nite or even in nite)
number of constraints, sayX = {x R":gi(x) 0,i I} (the notation “:="
means “equal by de nition”). Inevitably the objective and constraint functions
depend on parameters, which we denote by vectort  RY. That is, f (x, &) and
g(x,&),i I, can be viewed as functions of the decision vectorx R" and
parameter vector¢  RY.

Typically the parameter vector ¢ is subject to an error (say a round-off error)
or, even worse, is uncertain. In such cases xing parameters to a nominal value
& = & and then solving the corresponding optimization problem, could lead to
a poor solution. Let us note at this point that it is possible to reformulate prob-
lem (1.1) as an unconstrained problem by introducing penalties for violating
the constraints. For example, we can de ne the extended real valued function
f(x,&) = fx, & if x {x:gix& O0,i I}andf(x,&) =+ otherwise,
and then rewrite the corresponding optimization problem as the unconstrained
problem: B

Min f (X, &). 1.2)
x RN

The reader should be warned that, although convenient from a mathematical
point of view, such reformulation may disguise an essential difference between
the objective and constraint functions. In some cases even small perturbations
of the nominal values of the parameters may result in a severe infeasibility of
an optimal solution x of the nominal problem. When satisfying the feasibility
constraints is important, and often this is the case, such “nonrobustness” with
respect to constraint violations can make the nominal solution useless, or even
worse, misleading. This observation could be considered as a starting point for
the robust approach to mathematical programming where the nominal problem
is replaced by a “worst case” problem. We refer to Ben-Tal and Nemirovski [ 5]
for a thorough discussion of the robust approach.

In this paper we consider an alternative approach of stochastic optimization.
We view the uncertain parameter vector & as arandom vector having probabil-
ity distribution P supported on a (closed) setZ  RY. We then formulate the
following stochastic programming problem:

Mi)r(] E[f (x,8)], (1.3)

where the expectation E[f (x,£)] = fsf(x,s)dP(g) is taken with respect to the
probability distribution P. For the moment we assume that the feasible seiX
is a well de ned (deterministic) set. While making modelling in the form of
optimization problem ( 1.3), we need to answer two basic questions:

(i) Whether the optimization problem ( 1.3) makes sense?
(i) Could it be solved (numerically)?

These two questions cannot be separated since even if we are satis ed with the
modelling part of the procedure, but the resulting optimization problem cannot
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be solved in a reasonable time with a reasonable accuracy, usefulness of such
model could be questionable.

An answer to both questions is not obvious, and of course should depend on
a class of considered problems. With respect to the question (i), two additional
questions come to mind, namely:

(i) How do we know the probability distribution P?
(i ) Why do we optimize the expectedvalue of the objective function, i.e., why
do we optimize on average?

Without specifying the probability distribution P, we even cannot formulate
the problem mathematically. In some cases the relevant probability distribu-
tion can be estimated with a reasonable accuracy from an available historical
data. However, in many cases it either could change with time or is based on
a subjective judgement. The optimization of the expected value could be justi-
ed by an application of the Law of Large Numbers (LLN). That is, if we are
supposed to solve the same problem, under the same probability distribution,
many times, then formulation (1.3) gives a best possible solutionon average If,
however, in the process we lose our investment and are forced out of business,
it would not help that our decisions were optimal on average.

With respect to the second question (i) of solving problem (1.3) numerically,
let us observe that just evaluation of the objective function of that problem,
at a considered pointx X, requires calculation of the corresponding integral
fEf(x,s)dP(g). Only in rather simple cases this integral can be written in a
closed form. For continuous distributions, typically, this integral cannot be eval-
uated numerically with high accuracy already, say, for the number of random
variablesd > 4 (see, e.g., Niederreiter B6]).

The above discussion raises the question of whether the stochastic pro-
gramming is a viable technique, moreover so in view of competing alternative
approaches. In the remainder of this paper we will try to address the above ques-
tions. The reader could make his/her own conclusions whether the suggested
answers are satisfactory.

2 Two-stage stochastic programming

In this section we discuss the two-stage stochastic programming approach. That
is, it is assumed that two types of decision vectorsx R™ andy R™ are
involved. A decision about vector x has to be made ‘here-and-now before a
realization® of the corresponding random data vector € becomes known. After

a realization of & becomes available, an optimal decision abouty is made by
solving the corresponding optimization problem:

Mi 2.1
, 919@ gx,y,£), (2.1)

1 We denote by the same symbol random vector and its particular realization, which one of these
two meanings will be used in a particular situation will be clear from the context
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where G : Rt x & = R is a multifunction de ning the corresponding feasible
setandg: R x R x & R. The second stage optimization problem @.1)
depends on the rst stage decision vectorx and data (parameter) vector &. At
the rst stage, one is supposed to optimize the expected value of the second
stage problem, i.e., to solve the optimization problem:

I)\(/Ii>r<1 {f0) = E[F(x, &)1}, (2.2)

where X is a subset ofR" and F(x, &) denotes the optimal value of problem
(2.1). (We assume that the setX is nonempty and closed.) For example? the
above problem (2.1)—(2.2) becomes a two-stage stochastitinear program (with
recourse) if

X ={X:Ax+b 0}, gxv,&:= ¢x+ g,y and
G, &) ={y:Tx+ Wy+ h 0}, (2.3)

and the data vector & is formed from some (all) elements of vectors g and
h and matrices T and W. The concept of two-stage stochastic programming
was introduced in Beale [4] and Dantzig [11], and was discussed in numerous
publications (see, e.g., monographs, 26,45,53]).

Let us remark that there is an additional dif culty here as compared with
formulation ( 1.3). That is, the function F(x, &) is not given explicitly and might
be not nite valued. Ifforsome x X and&¢ & the optimization problem ( 2.1)
is unbounded from below, then F(x,&) :=S . This is a somewhat pathological
situation meaning that for some feasiblex and a possible realization of the data,
one can improve the value of the second stage problem inde nitely. We assume
that at the modelling stage, one makes sure that this does not happen, i.e.,
F(x,6) >S forall (x,&) X x &.lItalso might happen that the second stage
problem is infeasible, i.e.,G(x,£) = . In that case we de ne F(x,&) = +
We have that if, for some x X, the second stage problem is infeasible with
positive probability, then E[F(x,£)] =+  and suchx cannot be a solution of
the rst stage problem. Therefore, de-facto the rst stage problem ( 2.2) should
be solved over suchx X that F(x,£) < +  with probability one (w.p.1). It
is said that the two-stage problem hasrelatively complete recoursef for every
x X the feasible setG(x, &), of the second-stage problem, is nonempty w.p.1,
i.e.,, G(x,€) = for almost every (a.e.) ¢ Z. Of course, even in the case of
relatively complete recourse it might happen that E[F(x,£)] =+ , for some
x X, if the probability distribution of F(x, &) has suf ciently heavy tails.

A standard approach to solving the two stage problem (2.1)—(2.2) is by con-
structing scenarios. That is, one generates a nite number of pointsg, &,
k = 1,...,K, called scenarios and assigns to eacl§x a positive weight pyx such
that Zl'lepk = 1. The generated set{&y,...,&k} of scenarios, with the cor-
responding probabilities p4,...,pk, can be viewed as a representation of the

2 By c,x we denote the standard scalar product of two vectors.
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underlying probability distribution. With respect to this distribution we can
write the expected value function f(x) = E[F(x,£)] as the nite summation
f(x) = 25:1 pkF (X, &). By making one copy yy of the second stage decision
vector for every scenario &, i.e., by consideringyx = y(k), k = 1,...,K, as
a function of scenarios, we can write the two-stage problem £.1)—(2.2) as one
large optimization problem:

Min > ke 1 PRI, Vi, £

XY1seens

(2.4)
st x X, ¥k GXé&), k=1,...,K.

In particular, in the linear case (2.3 this becomes the linear programming
problem:

Min ¢, x + K )
XYL YK k=1 Px G Y (2.5)

st. Ax+b O, Tgx+ Wiyk+ he 0, k=1,...,K,

where & = (Qk, Tk, Wk, hy), k = 1,...,K, are the corresponding scenarios.
Over the years a considerable effort went into developing algorithms exploiting
a speci c¢ structure of problems of the type (2.4), and especially linear problems
(2.5) (see, e.g., p4] for a recent survey of such decomposition type algorithms).

If we view the generated scenarios (together with the corresponding
weights/probabilities) as an approximation of the “true” probability distribu-
tion of the random data vector &, the natural question is whether by solving the
corresponding problem (2.4) we can solve the “true” two-stage problem with a
reasonable accuracy in a reasonable time. Modern computers coupled with
good algorithms can solve linear programming problems of the form (2.5) with
millions of variables and constraints. Yet, the number of scenarios needed to
approximate the underlying probability distribution with a reasonable accuracy
typically grows exponentially with increase of the number of random parame-
ters. This poses serious doubts whether an answer to the question (ii), formu-
lated in the Introduction, could be positive even for moderate size two stage
linear stochastic programs. This is what we are going to discuss next.

3 Complexity of two-stage stochastic programs

Suppose for the moment that componentsé;, i = 1,...,d, of the random data
vector ¢ RY are independently distributed. Suppose, further, that we use
r points for discretization of the (marginal) probability distribution of each
component &. Then the resulting number of scenarios isK = r9, i.e., it grows
exponentially with increase of the number of random parameters. Already with,
say,r = 4 andd = 20 we will have an astronomically large number of scenar-
ios 40 10'2. In such situations it seems hopeless just to calculate with a
high accuracy the valuef (x) = E[F (X, )] of the objective function at a given
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point x X, much less to solve the corresponding optimization problem? And,
indeed, itis shown in Dyer and Stougie [15] that, under the assumption that the
stochastic parameters are independently distributed, two-stage linear stochastic
programming problems are gP-hard.

Quite often in applications it does not make much sense to try to solve the
corresponding stochastic problem with a high accuracy, say of order 192 or
104, since the involved inaccuracies resulting from inexact modelling, distri-
bution approximations etc. could be far bigger. Therefore, we approach now
the problem from the point of view of Monte Carlo sampling techniques. Sup-
pose that we can generate a random samplé?l, ... N of N realizations of the
random vector &, i.e., each¢!,j = 1,...,N, has the same probability distribu-
tion as &£. While making the following theoretical analysis we assume thaté/,
j=1,...,N, are distributed independently,* i.e., the sample is iid. Consider the
corresponding so-called sample average functiorfy (X) := NSlzj'\il F(x, &).
The function fy (x) depends on the generated random sample and therefore is
random. For any xed x X, we have thatfy(x) is an unbiased estimator of
the expectation f (x), i.e., E[fn ()] = f(x), and by the LLN that fy (x) converges
to f(x) w.p.1 asN . This motivates to introduce the following, so-called
sample average approximatior(SAA), problem:

N
l)\(/li)rg fn (X) = NSlZl:F(x,sj) . (3.1)
J:

Note that once the sample is generated, problem §8.1) becomes a problem
of the form ( 2.4) with scenarios&!,j = 1,...,N, each taken with equal proba-
bility p; = NS j=1,...,N. Note also that the sample average approximation
method is not an algorithm, one still has to solve the obtained optimization
problem (3.1) by applying an appropriate numerical procedure. It is dif cult to
point out who was the rst to suggest the SAA approach to solving stochastic
problems. The idea of this method is quite simple and it was discovered and
rediscovered by several authors under different names in different contexts.

It is possible to show that, under mild regularity conditions, the optimal
value vy and an optimal solution xy of the SAA problem ( 3.1) converge w.p.1
asN to their counterparts® v and S of the “true” problem ( 2.2). How-
ever, the convergence could be slow. By the Central Limit Theorem (CLT), for

3 Of course, in some very speci ¢ situations it is possible to calculateE[F (X, )] in a closed form.
Alsoiif F(x,£) is decomposable into the sumy-2 | Fi(x, &), then E[F (x,§)] = >4 | E[Fi(x, &)] and
hence the problem is reduced to calculations of one dimensional integrals. This happens in the case
of the so-called simple recourse.

4 In practical applications, in order to speed up the convergence, it is often advantageous to
use Quasi-Monte Carlo techniques where the generatedt! are not independently distributed (cf.,
[24,28,42).

5 We denote by S the set of optimal solutions of the true problem (2.2). If S ={x }is asingleton,
then xy converges tox w.p.1 under mild regularity conditions.
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a xed point x X, we have thatN/2[fy (x) S f(x)] converges in distribution

to normal NV (0,052(x)), where o2(x) := Var[F(x,&)]. That s, fy (x) converges to
f(x) at a rate of Op(NSY/2). Itis possible to show that

VN = >r<nisan (X) + 0p (NSl/Z), (3.2)

provided that the set X is compact, [60]. In particular, if S = {x }is singleton,
then vy converges tov at the same rate asfy (x ) converges tof (x ). Itis also
not dif cult to verify that v E[vn], i.e., vy is a downward biased estimator
of v.If S = {x} is singleton, then the (negative) biasE[vy] S v tends to
zero typically at a rate of O(NS1), while if the true problem has more than one

optimal solution, then this bias is typically of order O(N>1/2) (see, e.g., 4] for

a further discussion of statistical properties of the SAA estimators).

Although the rate of convergence of the SAA estimators can be enhanced,
sometimes signi cantly, by various variance reduction techniques, the Monte
Carlo approach does not allow to estimate the expectationf (x) with a high
accuracy. Therefore, it is somewhat surprising that the SAA approach could be
quite ef cient in solving a certain class of stochastic programming problems.

For ¢ 0Owe saythata pointx X is ane-optimal solution of problem ( 2.2)
iff(x) v +e¢ie,x X,,where

X, ={x X:f) v +e} and v = )}n)f( f(X). (3.3)
Note that the level set X, is nonempty for any ¢ > 0. Suppose that we solve
the SAA problem ( 3.1) with an accuracys [ 0,¢). We ask now the question of
how large should be the sample sizeN in order for a §-optimal solution xy of
the SAA problem ( 3.1) to be an s-optimal solution of the true problem ( 2.2).
Since the sample is random, we could answer this question only with a certain
con dence, say with probability at least 1 S «, where « (0, 1) is a chosen
constant called signi cance level.

Let us make the following assumptions.

(A1) The expected value function f (x) is well de ned and nite valued for all
x X.

(A2) There is a constant ¢ > 0 such that for any x,x X, 'Ehe moment gen-
erating functionv6 My x (t) of the random variable Yxx S E[Yxx], where
Yxx = F(X,§) S F(x,§), satis es:

Myx (1) exp(%oztz), t R (3.4)

(A3) There exists a (measurable) function « : = R+ such that its moment
generating function M, (t) is nite valued for all tin a neighborhood of
0, and

6 The moment generating function of a random variable Y is My (t) := E[exp(tY)].
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IFx,&)SF(x,8&)| @& xSx , xx X, & &. (3.5)

The above assumption (A3) implies that the expectation E[« (§)] is nite and the

function f (x) is Lipschitz continuous on X with Lipschitz constant L = E[« (§)].
It follows that the optimal value v of the true problem (2.2 is nite, pro-

vided the setX is bounded (recall that it was assumed thatX is nonempty and
closed). Moreover, by Cramér’s Large Deviation Theorem we have that for any
L > E[«(&)] there exists a positive constantd = B(L ) such that

N
Prob (NSlzK(gi) > L ) exp(SNB). (3.6)

=1

By using theory of Large Deviations it is possible to prove the following result
(cf., [27,64,68)).

Theorem 1 Suppose that assumptiongAl1)—(A3) hold, the set X has a Pnite
diameter D := sup,, x XxSx andlete > 0,8 [0,6), (0,1),L > E[k(&)]
and 8 = B(L ) be the corresponding constants. Then for the sample size N
satisfying’

Sl ) wIVm)] o

we have with probability at leastl S « that the following holds: “any §-optimal
solution of the SAA problem (3.1) is an e-optimal solution of the true problem
(2.2".

Remark 1 If in condition ( 3.4) of assumption (A2), instead for all t R, the
corresponding inequality is satis ed for all tin a nite interval [Sa,a], where
a > 0 is a given constant, then the estimate 8.7) still holds provided that
eSs ac?

Remark 2 If the set X is nite, then, under assumptions (A1) and (A2), an
estimate of the required sample size can be written as

2° g ('X—') , (3.8)

€582 o
where [X | denotes the cardinality (number of elements) of the setX (cf., [27]).

Remark 3 If the Lipschitz constant « (&) in (3.5 can be taken independent of
£,i.e,k(€) L,then|F(x,&)SF(x,£)| LD foranyx,x X and¢é &.We

7 By O(1) we denote a generic constant independent of the data, andx b := max{a, b}.
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have then that the assumption (A2) holds automatically and an estimate of the
required sample size takes the form:

O(1LD \? O(1)LD 1
( -3 ) |:nlog( -3 >+log(a)]. 3.9
If,for & =, the function F(-, &) is Lipschitz continuous, then it is differentiable
at every x except for x in a set 7 of Lebesgue measure zero and if, more-
over, the set X is convex, the Lipschitz constantx (¢) can be estimated by the
maximum of  yF(x,&) taken over x X \ T:. Consequently, we can take
L = supy x\1,,e & xF(X§) , provided that this constant s nite.

Remark 4 It was assumed in Theorem1 that the set X has a nite diameter,
i.e., that X is bounded. For convex problems this assumption can be relaxed.
We say that the problem isconvexif the set X is convex and the functionF(-, &)
is convex for every ¢ = and real valued on a neighborhood of X. Then it
follows that the expected value function f (x) is also convex. Assume that the
optimal value v of the true problem (2.2) is nite and for some a > ¢ the
level set X,, de ned in (3.3), has a nite diameter D,. Note that the set X,
of e-optimal solutions of the true problem ( 2.2), remains the same if the fea-
sible set X is replaced by its subsetX,. Let N be an integer satisfying the
inequality (3.7) with D replaced by D ,. Then by Theorem 1 we have that, with
probability at least 1 S «, all s-optimal solutions of the reduced SAA prob-
lem, where the setX is replaced by X, are e-optimal solutions of the problem
(2.2). Let us observe now that in this case the set of§-optimal solutions of
the reduced SAA problem coincides with the set of §-optimal solutions of the
original SAA problem. Indeed, suppose that the original SAA problem has a
s-optimal solution x X\ X,.Let X argminy x, fn(X), such a minimizer
does exist sinceX , is compact andfy (x) is real valued convex and hence con-
tinuous. Thenx X, andfy(x ) fn(X) + 8. By convexity of fy (x) it follows
that fy (x)  max {fn (X), fn (x )} for all x on the segment joining X and x . This
segment has a common poin with the set X, \ X, . We obtainthat x X\ X,
is as-optimal solutions of the reduced SAA problem, a contradiction.

That is, with such sample sizeN we are guaranteed with probability at least
1S « that any §-optimal solution of the SAA problem ( 3.1) is an s-optimal
solution of the true problem ( 2.2). Also assumptions (A2) and (A3) could be
veri ed for x,x inthe set X, only.

Remark 5 Suppose that the setS , of optimal solutions of the true problem, is
nonempty and closed. Then it suf ces in the assumption (A2) to verify condi-
tion (3.4) only for every x X \ X, and somex S, which may depend on
x (cf., [64, p. 372]). For example, it suf ces to verify (3.4) for every x X\ X,
andx argmin, s xSz . (Of course, if the set X \ X, isempty,i.e,. X X,
then any point of X is ane-optimal solution of the true problem.) If, moreover,
k(£) L, then for such x and x we have |[F(x,£) S F(x,&)| LD, where
D = supy x\x, dist(x,S ). Suppose, further, that the problem is convex. Then
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(see Remark 4), for any a > ¢, we can useX, instead of X and to write the
following estimate of the required sample size:

— 2
O(1)LDa, O(LD , 1

where D, is the diameter of X, and Da, := supy x_\x_ dist(x,S ).

Remark 6 In some cases the convergence of optimal solutions of SAA prob-
lems is nite in the sense that w.p.1 for N large enough every optimal solution
xn Of the SAA problem is an exact optimal solution of the true problem and,
moreover, the probability of this event tends to one exponentially fast. This
happens if the problem is convex and the true problem has sharp optimal solu-
tion x X,ie,f(x) f(x)+cxSx forsomec>Oandallx X (cf,
[61,62,70).

Remark 7 Suppose thatx(¢) L, the problem is convex and the setS , of
optimal solutions of the true problem, is nonempty and bounded. Then for any
a> 0ande (0,a), we can use the estimate 8.10. Suppose further that for
somey 1,c> 0anda > 0, the following growth condition holds

f(x) v +c[distx,S)]”, x Xgz. (3.11)
It follows from ( 3.1]) thatforany a aandx X, the inequality dist(x,S )
(a/c)Y” holds. Consequently, for anye  (0,a), by taking a := min{2¢,a} and
8 [ 0,e/2] we obtain from ( 3.10) the following estimate of the required sample

size )
oL O()LD , 1
Note that if S = {x } is a singleton, then it follows from (3.11) that D,

2(a/c)Y7. In particular, if y = 1andS = {x }is a singleton, thenD, can be
bounded by 4c>1¢ and hence we obtain the following estimate

N  O(1)cS2L2 [n log (O(l)célL) + log (aél)] , (3.13)

which does not depend one. This, of course, is in accordance with Remark6.
For y = 2 condition (3.11) is called the “second-order” or “quadratic” growth
condition. Under the quadratic growth condition the rstterm in the right hand
side of (3.12 becomes of ordercS1eS1L 2,

Similar analysis can be performed without the condition «(¢§) L, if instead
we assume that the estimate 8.4) holds with o2 being proportionalto xS x 2.
For example, if F(x,£) S F(x,&) has a normal distribution, then o2 is equal
to the variance of F(x,£) S F(x,£), and hence by 8.5 we have that o2
Var[x(£)] xS x 2.
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Typically, the above estimates of the sample sizeN are far too conservative
for actual calculations. For practical applications there are techniques which
allow to estimate (statistically) the error of a considered feasible solution X for
a chosen sample sizeN (see [31,37]). The intrinsic value of these estimates is
theoretical. In a sense, the above estimates of the sample size give an estimate
of complexity of a considered class two-stage problems. For decomposition type
algorithms the total number of iterations, required to solve the SAA problem,
typically is independent of the sample sizeN (this is an empirical observation)
and the computational effort at every iteration is proportional to N. Anyway
size of the SAA problem ( 3.1), formulated in the form ( 2.4), grows linearly with
increase of N. Consequently, e.g., in the case of linear two-stage problems, one
can apply known complexity analysis to the obtained SAA problem.

Let us discuss now implications of the estimate 8.7), where we take, for
example,§ [ 0,e/2]. The right hand side of (3.7) is proportional to ¢2/g2.
Assumption (A2) requires for the probability distribution of the random var-
iable Yyx = F(Xx,&) S F(x, &) to have suf ciently light tails. In particular, if
Yxx has a normal distribution, then actually equality in (3.4) holds with o2
being the variance of Yy . In a sense, the constani-2 in (3.4) can be viewed as
a bound re ecting variability of the random variables Yy, for x,x  X. Nat-
urally, larger variability of the data should result in more dif culty in solving
the problem. In order to see this, consider a simple case when the feasible set
X consists of just two elements, i.e.X = {xq,x2} with f(x2) S f(xq) > ¢ > 0.
By solving the corresponding SAA problem we make the (correct) decision
that x4 is the e-optimal solution if fy(x2) S fy(x1) > 0. If the random vari-
able F(x2,&) S F(x1,£) has a normal distribution with mean p = f(x2) S f(xq)
and variance o2, then fy(x2) S fn(X1)  N(u,02/N) and the probability of
the event “fy (x2) S fn(x1) > 0” (i.e., of the correct decision) is @ (1 N/o),
where @(z) is the cumulative distribution function of A/(0, 1). We have that
@ N/o) < @(u N/o), and in order to make the probability of the incor-
rect decision less thana we have to take the sample sizeN > z202/¢2, where
Zy = @51(1S ). Even if F(x2,&) S F(xq,£) is not normally distributed, the
sample size of ordero2/¢2 could be justi ed asymptotically, say by applying
the CLT. It also could be mentioned that if F(x2,&) S F(xq,&) has a normal
distribution (with known variance), then the uniformly most powerful test for
testingHo : . OversusHga : 1 > 0is of the form: “reject Hg if fy (x2) S fiy (X1)
is bigger than a speci ed critical value” (this is a consequence of the Neyman—
Pearson Lemma, see, e.g.d, Sect. 8.3]). In other words, in such situations if we
only have an access to a random sample, then solving the corresponding SAA
problem is in a sense a best way to proceed.

The estimate (3.7) suggests complexity of ordero2/2 with respect to the
desirable accuracy. This is in a sharp contrast with deterministic (convex) opti-
mization where complexity usually is bounded in terms of log(e>1). In view
of the above discussion it should be not surprising that (even linear) two stage
stochastic programs usually cannot be solved with a high accuracy. On the other
hand, the estimate 3.7) dependslinearly on the dimension n of the rst stage
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decision vector. It also depends linearly onlog(>1). This means that by increas-
ing con dence, say, from 99 to 99.9% we need to increase the sample size by
the factor of log 100 4.6 at most.

This suggests that by using Monte Carlo sampling techniques one can solve
two-stage stochastic programs with a reasonable accuracy, say with relative
accuracy of 1% or 2%, in a reasonable time, provided that: (a) its variability is
not too large, (b) it has relatively complete recourse, and (c) the correspond-
ing SAA problem can be solved ef ciently. And, indeed, this was veri ed in
numerical experiments with two-stage problems having a linear second stage
recourse (cf., [30,31,44,58,72)). Also it was demonstrated in theoretical studies
and numerical experiments that Quasi-Monte Carlo techniques could signi -
cantly improve the accuracy of the SAA method (see, e.g., B6] for a general
discussion of Quasi-Monte Carlo methods and P4,28,42] for stochastic pro-
gramming applications).

The following example (taken from [ 67]) shows that the estimate (3.7) of the
sample size cannot be signi cantly improved for the class of convex stochastic
programs.

Example 1 Consider problem (2.2) with F(x,&) := x 2™ S 2m &,x , where
m is a positive integer, andX = {x R": x 1}. Suppose, further, that
the random vector & has the normal distribution A (0,021y), where 62 is a
positive constant and I, is the n x n identity matrix, i.e., components & of &
are independent andg  AN(0,02),i = 1,...,n. It follows that f(x) = x 2™,
and hence fore [ 0,]] the set of s-optimal solutions of the true problem
(2.2 is{x: x 2™ ¢} Now let £%,...,£N be an iid random sample of & and
&n = (E1+---+ £EN)/N. The corresponding sample average function is

fnO) = x2S 2m &y, X, (3.14)

and the optimal solution xy of the SAA problem is xy = S_N érgN , Where

r= [ %’ if EN 1,
1, if & > 1.

It follows that, for ¢ (0,1), the optimal solution of the corresponding SAA
problem is an e-optimal solution of the true problem iff & “ &, where
v = 520 We have thatéy  A(0,02N®1y), and henceN &y 2/02 has a
chi-square distribution with n degrees of freedom. Consequently, the probabil-
itythat &y ¥ > e is equal to the probability Prob (x2 > Ne?"/o?). Moreover,
E[x2] = n and the probability Prob(x2 > n) increases and tends to 12 asn
increases. Consequently, fore  (0,0.3 ande (0, 1), for example, the sample
sizeN should satisfy
no2

N>82T

(3.15)

in order to have the property: “with probability 1 S « an (exact) optimal solution
of the SAA problem is an ¢-optimal solution of the true problem”. Compared
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with (3.7), the lower bound (3.15) also grows linearly in n and is proportional to
o?/£%/V . It remains to note that the constant v decreases to one asn increases.

Note that in this example the growth condition ( 3.11) holds with y = 2m,
and the power constant of ¢ in the estimate (3.15 is in accordance with the
estimate (3.12.

Of course, in this example the “true” optimal solution is X = 0, and one
does not need sampling in order to solve this problem. Note, however, that
the sample average functionfy (x) here depends on the random sample only
through the data average vectoréy . Therefore, any numerical procedure based
on averaging a generated random sample, will need a sample of sizZd satisfying
the estimate (3.15 in order to produce an e-optimal solution.

It follows from assumption (Al) that forany x X the optimal value F(x, &)
of the second stage problem is nite fora.e.¢ Z,i.e., thatthe considered two-
stage problem has relatively complete recourse. This assumption was essential
in the above analysis. Of course, one can make sure at the modelling stage that
the relatively complete recourse holds. For example, suppose that the feasible
set of the second stage problem is given in the form

Gx&={y R™:Gxy,& C}, (3.16)

where G : Rt x R x & RMandC R™is a closed convex cone with a
nonempty interior. Let ebe an interior point of C andx > 0 be a constant, and
consider the following modi cation of the second stage problem (2.1):

Min X,y,&) + mt
y R"2,t R gy, 8 (3.17)
st Gy &) +te C,t O

This modi cation makes the second stage problem always feasible (just take
t > 0 large enough such thate + t51G(x,y,£)  C). By taking the penalty
parameter 7 suf ciently large, one may hope that solving the modi ed two-
stage problem, with the second stage problem 2.1) replaced by (3.17), will lead
to “nearly feasible and nearly optimal” solution of the original two-stage prob-
lem (2.1)—(2.2). Note, however, that the variance of the optimal value F, (x, &)
of the second stage problem .17 grows with increase of = in a way more or
less proportional® to 7. Therefore, for large values of the penalty parameter
7 one may need an unrealistically large sample sizeN in order to solve the
corresponding modi ed problem with a reasonable accuracy.

In general, the considered approach of two-stage stochastic programming
with recourse is not suitable to handle situations where certain events can hap-
pen with very small probabilities but with huge costs. It does not make much

8 If a random variable Y can take two values, saya and b with respective probabilities 1 S p and
p, then for small p > 0 and large b such that the expected valueE[Y] = (1S p)a+ pb remains
constant, the variance ofY grows asymptotically proportionally to b.
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sense to mix such catastrophic events with regular events trying to optimize the
cost on average.

4 Risk averse approach

In this section we discuss questions () and (i ) posed in the Introduction.
Suppose that we do not know the corresponding probability distribution P
exactly, but we could reasonably identify a relevant family A of probability
distributions. Then we can reformulate problem (2.2) as the following minimax
stochastic program:

Min [f(x) = sup Ep[F(X,é)]] , 4.1)
x X P A

by hedging against a worst possible distribution (e.g., 13,19,22,63,75]). For
example, it could be easier to evaluate some momentE£p[vyi(£)],i = 1,...,m,
of &, than its complete distribution. This corresponds to the so-called Problem
of Moments, where the set.A is de ned by specifying equality and/or inequality
type constraints on these moments. Usually such moment constraints lead to
extreme (worst case) distributions having a nite support of at most m + 1
points, and from a practical point of view could be too loose. For some other
approaches to minimax stochastic programming see, e.g.6p,69].

As far as question (i ) is concerned one can try to reach a compromise
between optimizing the objective on average and at the same time reducing its
variability. That is, consider the following mean-risk averse problem:

Min {f () = p[F(x. )]}, (4.2)

where p[Z] := E[Z]+ AD[Z], » Ois a weight parameter andD[Z] is a mea-
sure of dispersion (variability) of random variable Z = Z(¢) (cf., [38]). It seems
natural to use variance Var[Z] or standard deviation Var[Z] as the disper-
sion measureD[Z]. Such choice of the dispersion measure was suggested by
Markowitz [ 32], more than 50 years ago, and was extensively used for portfolio
selections. As the following example shows, however, there is a certain problem
with using the corresponding risk measure for stochastic programming.

Example 2 Suppose that the spaceZ = {&1,&2} consists of two points with
associated probabilitiesp and 1S p, for somep (0, 1). Consider dispersion
measureD[Z], de ned on the space of functions (randomvariables)Z : & R,
either of the form D[Z] := Var[Z] or D[Z] := Var[Z], and the corresponding
o[Z] := E[Z]+ AD[Z]. Consider functionsZ1,Z,: & Rdened Z1(¢;) =S a
andZ1(&2) = 0,whereais some positive number,andZ2(&1) = Z2(&2) = 0. Now,
for D[Z] := Var[Z], we have thatp[Z,] = Oandp[Z1] = S pa+ 2a,/p(1S p).
It follows that for any A > 0 andp < (1+ A52)S1 we have that p[Z1] > p[Z>].
Similarly, for D[Z] := Var[Z] we have that p[Z1] > p[Z2] if a > 251 and
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p < [1S (ra)S1]SL. Thatis, although Z > dominates Z ; in the sense thatZ »(£)
Z (&) for everypossible realization of ¢ =, we have here thatp[Z1] > p[Z2].
Consider now an optimization problem of the form ( 4.2) with

X = {X = (X1,X2) R? : X1+ X2=1,%x1 0, X2 0}

and F(x,&) := X1Z1(§) + x2Z2(£). Let X :== (1,0) and x := (0,1). Note that
the set X is formed by vectorstx + (1S t)x , t [ 0,1]. We have here that
F(x,&) = x1Z1(§), and henceF(x, &) is dominated by F(x,&) for any x = X.
And yet X is not an optimal solution of the corresponding optimization (mini-

mization) problem since p[F(X,&)] = p[Z1] is greater than p[F(x ,&)] = p[Z2].

It turns our that there is a duality relation between the minimax ( 4.1) and
risk averse (4.2) formulations of stochastic programs. We view now risk measure
p[Z] as a mapping assigning to a (measurable) functiorZ : Z R areal hum-
ber. For technical reasons we need to de ne a space of function& (&) for which
pl[Z] is de ned. We assume that there is a reference probability measure (dis-
tribution) Pon & andforp [ 1,+ ) consider the spacez = Lp(&,F,P) of
random variables Z (¢) having nite p-th order moments.® Consider the follow-
ing conditions (axioms) associated with a risk measure (function)p : Z  R.

(C1) Convexity:

pl@Zi+ (1S a)Zy)  ap(Zy)
+(1S a)p(Zy) forall Z,Z, Z and « [0,1].

(C2) Monotonicity:191f Z1,Z> ZandZs Zi,thenp(Zo) p(Z1).
(C3) Translation Equivariance:Ifa RandZ Z,thenp(Z+a) = p(Z)+ a
(C4) Positive homogeneity If « > 0andZ Z, then p(aZ) = ap(2).

The above axioms were introduced and risk measures satisfying these axioms
were called coherent risk measuresn the pioneering paper by Artzner et al
[2] (for a discussion of a relation between axiomatics of risk and dispersion
measures see$0,51]).

Recall that with Banach spaceZ := L (&, F,P) is associated its dual space
Z = Lq(&,F,P),whereq (1,+] issuchthatl/p+ 1/q = 1, with the
corresponding scalar product

6z = /Z(S):(é)dP(s), z 2z z.

=

9 Here (2, F,P) is viewed as a probability space. IfZ is a subset ofRY, then we assume that the
sigma algebraF is formed by Borel subsets of Z. The spacel p(&, F,P) consists from classes of
F-measurable functionsZ : £ R suchthatEp|Z|P <+ , which can differ from each other on
a set of P-measure zero.

10 The notation Z, Z; meansthatZ,(¢) Zq(¢)forall & Z. Since we deal here withZ 1 (£)
and Z (&) viewed as random variables de ned on the probability space(&, F,P), we can relax this
torequiring Zo(§) Zq1(§)toholdforae & £Z.
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Note that ¢(¢)dP (&) can be considered as a probability measure (distribution)
on (&, F), provided that ¢(-) is aprobability density function, i.e., ¢(¢) 0 for
all§ & and [;¢dP = 1.Inthat case we write ¢,Z = E,[Z], viewing this
scalar product as the expectation ofZ with respect to the probability density ¢.
The following duality result is a consequence of the Fenchel-Moreau Theorem.
With various degrees of generality it was obtained in [2,10,12,21,43,50,56).

Theorem 2 Let Z = Lo(&,F,P), Z2 = Lq(&,F,P),withp [1,+ ), and
p:Z Rbearisk measure. Therp is a coherent risk measuréi.e., satisfy con-
ditions (C1)—(C4)) if and only if there exists a convex sed  Z of probability
density functions such that

plZ]= swpE([Z], Z Z. (4.3)
¢ A

The representation (4.3) shows that for coherent risk measures, in a sense,
formulations (4.1) and (4.2) are dual to each other.

Let us make the following observations. It is possible to show that convexity
assumption (C1) and monotonicity assumption (C2) imply that the (real val-
ued) function p is continuous in the norm topology of L (&, F,P) (cf., [56]).
The monotonicity assumption (condition (C2)) is important in several respects.
If it does not hold, then we may end up, while solving (4.2), in a situation
where F(x2,&)  F(xq,&) for all possible realizations of &, and yet we prefer
decision xz to x; (see Example2). Also, conditions (C1) and (C2) imply that if
F(-,&) is convex for every ¢ &, then the corresponding composite function
f(xX) = p[F(x,&)] is also convex. For this, convexity preserving, property to hold
the condition of monotonicity is essential.

Remark 8 We can de ne the space Z to be the space of all bounded mea-
surable functions Z : Z R, and to pair this space with the spaceZ of

all signed nite Borel measures on & with the corresponding scalar product
wZ = [ZEduE),n Z,Z Z. Then the result of Theorem 2 holds
with A Z being a (convex) set of probability measures and the expectation
E.[Z], in the right hand side of (4.3), is taken with respect to probability mea-

sure . A. Suppose, further, that the setZ  RY is compact and let us take
A to be the set of all probability measures on =. Then the maximum of E,[Z],

over u A, is attained ata measure of massone atapoindh =. Thatis, in that

case the representation @.3) takes the form p[Z] = sup, g Z(a), and problem

(4.2) can be written as the min-max optimization problem:

Min [f(x) = sup[F(x,a)]}, (4.4)
X X az

Incasethe set& = {&,...,&}Iis nite,we canviewafunction Z : & Ras
avector (Z(£1),...,Z(k))  RK. Moreover, if & is equipped with sigma alge-
bra F of all subsets of Z, then we can identify L ,(Z, 7, P) with RX, equipped
with the corresponding £p-norm. Let F(x, £) be the optimal value of the second
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stage problem (2.1). Suppose thatF(x, &) is nite forevery x X and¢ &,
i.e., the problem has relatively complete recourse. Then the functionp[F (X, &)]
is well de ned and problem (4.2) can be considered as a two-stage risk averse
stochastic problem. By making one copy of the second stage decision vector for
every scenario&g (compare with (2.4)), we can write this two-stage problem in
the form:

x,yl\l/!.i.r]yK o [(9(%, Y1, 61), ..., 9(X, Yk, €k)) ]

(4.5)
st. x X,y GXé&), k=1,...,K.

In particular, in the case of linear second stage problem @.3), the above formu-
lation of two-stage risk averse problem takes the form:

Mi ) Y1 ...y OK,
x,yl,AI-r-TYK ex ,O[( -y K Yix )] (4.6)

st. Ax+b O, Tgx+ Wiy + he 0,,k=1,...,K.

We would like to emphasize that the monotonicity condition (C2) is essential
in veri cation of the equivalence of formulations ( 4.2) and (4.5) of the corre-
sponding two-stage problem.

Consider the mean-deviation risk function p[Z] := E[Z]+ A Var[Z]. Here
A 0is a weight parameter and all expectations are taken with respect to the
reference distribution P. It is natural to assume here existence of second order
moments, i.e., thatZ Lo(Z,F,P). It turns out that this risk measure satis es
conditions (C1),C(3) and (C4), but for A > 0 not condition (C2) (see Example
2). This in turn may result in suboptimality of solutions of the associated two-
stage programs and that the corresponding formulation @.5) is not equivalent
(even in the linear case @.6)) to the original problem ( 4.2) (cf., Takriti and
Ahmed [ 71]).

A class of coherent risk measures is given by mean-semideviation risk
functions:

plZ] == E[Z] + A (E {[z SEQ) })1/p, 4.7)

wherep [1,+ ), [z]} := (max{z, 0})P and all expectations are taken with
respect to the reference distribution P. Forany A 0 these risk functions satisfy
conditions (C1),C(3),C(4), and for A [ 0, 1] also the monotonicity condition

(C2), i.e,, for » [ 0, ]] these are coherent risk measures. Another important
class of coherent risk measures is

olZ] = E[Z]+ tinﬂgE{al[té Z]+ + @[Z S 1]}, (4.8)

where &g [ 0,1 and a 0 are constants. It is natural to use for these
risk measures the spaceZ = L,(&,F,P) together with its dual space Z =

L (&,F,P). The dual representation (4.3) then holds and the corresponding
setA Z can be written in the form:

A={¢ Z :1Sa () 1+a, aeé &, E[¢]=1} (4.9)
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(again all expectations here are taken with respect to the reference measure
P).Fora; [ 0,1 anday 0 all densities in the right hand side of (4.9) are
nonnegative, and the risk function de ned in ( 4.8) is a coherent risk measure.
We can write this risk measure in the form

plZ]= (1S a)E[Z]+ & CV @R, [Z],

where k := az/(aq + ap) and

CV@R,[Z] = tinﬂg t+ 1éKE([Z St]+)] (4.10)

is the so-called Conditional Value at Risk function (see Rockafellar and Uryasev
[49)). For many other examples of risk functions satisfying some/all conditions
(C1)—(C4), their dual representations and their subdifferentials we may refer
to [55].

Now the question is how the computational complexity of the risk averse
problem (4.2) is compared with complexity of the expected value problem (2.2).
For risk functions of the form ( 4.7) or (4.8) the SAA method can be applied to
problem (4.2) in a straightforward way with similar sample size estimates. That
is, for a generated samplet?!,... N P, replace the reference distribution P
by its empirical (sample) approximation®! Py := NS1 Zj'\il A(g), i.e., replace
the corresponding expectations by their sample averages. In that respect the risk
measure 4.8) is especially convenient. For this risk measure the corresponding
problem (4.2) takes the form:

WR{f(x) = E[F(x,&) + [t S F(x,&)]+ + a[F(x,&) St]+]}, (4.11)

and for a nite (not too large) number of scenarios can be numerically solved by
decomposition techniques (see, e.g. 46] for details and numerical experiments).

Example 3 (Newsvendor Problem) A newsvendor has to decide about quantity
x of newspapers which he purchases from a distributor at the beginning of a
day at the cost of ¢ per unit. He can sell a newspaper at the prices per unit
and unsold newspapers can be returned to the vendor at the price of per unit.
Itis assumed that 0 r < ¢ < s If the demand D for the newspapers, at a
particular day, turns out to be greater than or equal to the order quantity X,
then he makes the prot sxS cx= (sS ¢)x, while if D is less thanx, his pro tis
sD+ r(xSD)Scx= (rSc)x+ (sSr)D. Thus the pro tis a function of x and
D and is given by

Fx,D)=[(sSc)x]§(DSx)+[(rScx+ (sSrD]sxxS D),

11 By A(&) we denote probability measure (distribution) of mass one at the point &.
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where §(t) = 0ift < 0,ands(t) = 1ift 0. The objective of the newsvendor
is to maximize his pro t. Viewing the demand D as uncertain, the risk averse
formulation (4.2 of the corresponding optimization problem can be written
here as follows:

|\X/|ig {f0 = p[SF(x,D)]}. (4.12)

Note that in order to formulate this as a minimization, rather than maximiza-
tion, problem we used negative of the prot function. Let G be a reference
distribution of the demand D supported on & := R;. We can view G as a
cumulative distribution function (cdf) supported on R4, i.e.,, G(t) = 0O for any
t < 0. Note that F(x,D) is piecewise linear inD. Therefore we can use the space
Z = L1(R+,F,G). Furthermore, assuming thatp : Z R is a coherent risk
measure, we have by Theorem2 that thereisasetA Z =L (R+,F,G)
such that the representation (4.3) holds.
Using integration by parts it is not dif cult to verify that

X
Ec[SF(x,D)]= (cS s)x+ (sS r)/G(t)dt.
0

It is also possible to show that with every coherent risk measurep : Z R
is associated a cdiG (t), supported on R+ and independent of the parameters
r,c,s, such that

X
p[SF(x,D)] = (cS 9x+ (sS r)/é(t)dt (4.13)
0

(cf., [1,63)). In particular, for the (coherent) risk measure ( 4.8) it is possible
to show, by using its dual representation with the set.4 given in (4.9, that
G(t) = min{(1+ ap)G(t),1}. Consequently, for this risk measure an optimal
solution of problem (4.12) is given by the quantile X = GS1(y/(1+ ap)), where
y = (sS ©)/(sS r). Naturally, with increase of the uncertainty parameter ay,
the corresponding (conservative) decisionx is monotonically decreasing.

5 Multistage stochastic programming

We discuss now stochastic programming in a dynamic setting when decisions are
made in several, sayT, stages depending on information available at a current
staget = 1,...,T.Inageneric form aT-stage stochastic programming problem
can be written in the following nested formulation

Min F1(x1)
X1 G1 1A

+E [ inf Fo(X2,62)+ E [ -t E[ inf Fr (XT,ET)]:|:| , (5.2)

X2 Ga(X1,62) Xt G (XT81.£T)
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driven by the random data processéo,...,&r. Here x; R% t=1,...,T,
are decision variables,F; : R™ x R R are continuous functions and G; :
RMs1x R% = R™ t= 2 ..., T, are measurable closed valued multifunctions,
the function F; : R™ R and the setG; R™ are deterministic. For example,
in the linear case:Fy(x, &) = ¢, Xt ,G1 = {X1:A1X1 = by, X; 0O},

Gr(%s1,&) = {Xt :Bxg1+ A = by, x¢ 0}, t=2,...,T,

& = (c1,Aq1,bp) is known at the rst stage (and hence is nonrandom), and
& = (¢, Bi, At, by Rd t= 2, .., T, are data vectors some (all) elements of
which can be random.

There are several equivalent ways how this formulation can be made precise.
One approach is to consider decision variablesx; = x¢(§g), t = 1,...,T, as
functions of the data processéfy == (£1,...,&) up to time t. Such a sequence of
(measurable) mappingsxt(¢), t = 1,...,T, is called animplementable policy
(recall that &, is deterministic). An implementable policy is said to be feasible
if it satis es the feasibility constraints, i.e.,

xt(€r)  Gexes1(8psay), ), t=2,..., T, wp.L. (5.2)

We can formulate the multistage problem (5.1) in the form

Min o E[Fi(x0) + Fa(Xa(&2),&2) + -+ -+ Fr (X7 (7). 67)]

X1.X2(+)eee XT (5.3)
s.t. X1 G1, Xe(¢)  Gis1Cpsy) 6, t=2,...,T.
Note that optimization in ( 5.3) is performed over implementable and feasible
policies.
Another possible way is to write the corresponding dynamic programming
equations. That is, consider the last stage problem

Min Fr(XT,&T). (5.4)

X7 GT(XT81,6T)

The optimal value of this problem, denoted Qt (XT& 1,67), depends on the deci-
sion vector X7, and dataéy. Atstaget = 2,...,T S 1, we write the problem:

Mxitn Fi(x,&) + E {Qt+1 (Xt:‘i‘_[t+ 1]) |$[t]}
s.txt  Gi(Xs1,8),

where E [ : |§[t]] denotes conditional expectation. Its optimal value depends on
the decision x;51 at the previous stage and realization of the data processy,
and denoted Q¢ (xtg 1,§[t]). The idea is to calculate the (so-calledcost-to-goor
value) functions Q¢ (xtg 1,§[t])), recursively, going backward in time. At the rst
stage we nally need to solve the problem:

(5.5)

Min Fi(x1) + E[Q2 (X1,&2)]. (5.6)
X1 G1
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The corresponding dynamic programming equations are

Qt (g1, £1) = inf ){Ft(Xt, &)+ Qu1(Xu.ém)}, (5.7

Xt Gr(Xs 1.t

where Qi 1 (Xt &) = E{Qu+1 (X, &+ 17) |€[q} - We have that animplementable
policy xt(&[y) is optimal iff

Z[(E[t]) arg min ){Ft(xtlét)-i- Qt+1(xtn€[t])}: t=1,...,T, Wpl (58)

Xt Gt(Xs 1.t

If the random process isMarkovian (i.e., the conditional distribution of &1
given &y = (£1,...,&) is the same as the conditional distribution of & 1 given
&), then Q¢ (xs1, &) is afunction of x;51 and &. We say thatthe process, . . &
is between stages independeiité;, 1 is independent of &y for t = 1,...,T S 1.
In that case E [Q+ 1 (Xt &+1) |&] = Qi+ 1(x) does not depend oné;.

In some speci c cases it is possible to solve these dynamic programming
equations either analytically or numerically. However, more often than not it
is quite impossible to solve these equations as they are. Let us consider the fol-
lowing example of portfolio selection. This example is suf ciently simple so to
some extent it can be analyzed analytically. We will also use this example later
to demonstrate some ideas and dif culties associated with multistage stochastic
programming.

Example 4 (Portfolio Selection) Suppose that we want to invest an amount
of Wp in n assets)xj, i = 1,...,n, in each. Suppose, further, that we can re-
balance our portfolio at several, say T, periods of time. That is, at the begin-

ning we choose valuesxjp 0 of our assets subject to the budget constraint
> iLiXio = Wo. At the period t = 1,...,T, our wealth is Wy = >L, &iXi 151,

where &; = (1+ Rjt) and Rj; is the return of the i-th asset at the periodt. Our

objective is to maximize the expected utility

Max E [U (Wr)] (5.9)

at the end of the considered period, subject to the balance constraints
n
> xt=W; and x 0,t=0,..,TSL (5.10)
i=1

We use notation Xt := (X, ..., Xnt) @nd & = (&1t,...,&nt), and as before&y =
(&1, ..., &) for the history of the data process up to time t. The values of the
decision vector x;, chosen at staget, may depend on the information & avail-
able up to time t, but not on the future observations. The decision process has
the form

decision(xg) ~ observation(¢1) ~~ decision(x;)
~» + -+ ~» Observation(ét) ~ decision(xt).
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In order to derive dynamic programming equations consider the last stage
t= T S 1. At that stage we have to solve the problem

Max E[U (3L &TXiTs S
ng?XO [U(Xt & TxiTs1)| rs] (5.11)

n o — -
st 2iz1Xit81= Wrsa.

Its optimal value Qtg1 (Wrs1,§rs1)) is afunction of Wrg1 and §151;. At stage
t= TS 2,...,0we need to solve

|§(/t|aé< E[Qur1( 20 1 &+ 1t &+ 17) | &101]

(5.12)
S.t. Zin=1Xit = Wt

Its optimal value is Q (W, &y). Note that if the process & is between stages
independent, then the value function Q¢(W) is independent of & and is a
function of one variable W;.

Consider the logarithmic utility function U (z) := logz. Then, for Wtg; > 0,

Q731 (Wrs1, §rsy) = logWrga + Qrs1 (L.§731))
and by induction

TS1
Q1 (W, &) = logWy + E[Q1(1,6D)] + Z E[Qt(Léy) | &rsy]-  (5.13)

t=2

Consequently, the rst stage optimal solution is obtained by solving the prob-

lem: . .
Max E | 1 11X S.t. Xio = Wo. 5.14
%o 0 |:0g(Z§|1 |O):| ; i0 0 ( )

i=1
That is, the rst stage optimal solution can be obtained in a myopic way by

solving the (static) problem (5.14). The optimal value v of the corresponding
multistage problem is

TS1
vV = Qo(Wo) + E[Q1(L,&D] + Z E[Qt (L.&q) | &nsy] - (5.15)

t=2

Consider now the power utility function U(z) := z¥, wherey 1, and sup-
pose that the random processé; is between stages independent. TherQrs1

(Wrs1) = WY« Qrs1 (1), and by induction Q1 (W) = W} 5 Q¢ (1). Con-
sequently, the rst stage optimal solution is obtained in a myopic way by solving

the problem:
n 14 n
Max E [(Z gilxio) } st. > Xio= Wo. (5.16)
X0 : :
i=1 i=1
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The optimal value of the corresponding multistage problem is
TS1
v =wi [[e@. (5.17)
t=0

We see that in the above cases one needs to solve just a (static) one-stage
stochastic program in order to nd the rst stage optimal solutions. Of course,
such myopic behavior of multistage programs is rather exceptional. For instance,
introduction of transaction costs into this model destroys this myopic property.

6 Complexity of multistage stochastic programs

A standard approach to solving multistage stochastic programs is by a discreti-
zation formulated in a form of scenario treeThatis, at periodt = 1 we have one
root node associated with the (deterministic) value of &;. At period t = 2 we
have as many nodes as many different realizations o€, are considered. Each
of them is connected with the root node by an arc. For each nodei at period
t = 2 (which corresponds to a particular realization 52 of &) we create as many
nodes at periodt = 3 as different values of &3 may follow 52, and we connect
them with the node i, etc. Generally, nodes at periodt correspond to possible
values of & that may occur. Each nodeé/ at period t is connected to a unique
node at period t S 1, called its ancestornode, and is also connected to several
nodes at periodt + 1, called itschildren. With every arc of the tree, connecting

anode .;%ti with its child node 5t”+ 1, is associated (conditional) probability pjj > 0O
such thatzj piji = 1. A scenariois a path starting at the root node and ending at
a node of the last period T, i.e., each scenario represents a particular realization
&r) = (&1,...,&7) of the considered process. The probability of a scenario is
given by the product of the conditional probabilities pjj corresponding to the
arcs of its path. Once such a scenario tree is constructed, the obtained multistage
stochastic program can be written as a one large (deterministic) optimization
problem of the form ( 5.3) with a nite number of decision variables x(&[y).

If one views a constructed scenario tree (with a manageable number of
scenarios) as an accurate representation of reality, then there is no principle
difference between the numerical complexity of two and multi-stage stochas-
tic programming. Yes, it is more dif cult to solve multi than two-stage (say
linear) stochastic programs with a comparable number of scenarios, but the
difference is not that dramatic. A considerable effort went into development of
ef cient algorithms for solving (mainly linear) multistage stochastic programs
by utilizing their particular (decomposable) structure (see, e.g., [54] for arecent
survey).

On the other hand, if the number of scenarios is astronomically large, then
in both two and multi-stage cases the corresponding deterministic optimiza-
tion problems are unsolvable. However, we argued in Sect3 that some classes
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of two-stage stochastic programs can be solved with a reasonable accuracy
by Monte Carlo sampling techniques. The corresponding estimate 8.7) of the
required sample size does not depend on the number of scenarios which can
be even in nite. The SAA method can be also applied to multistage stochastic
programs. That is, a scenario tree is constructed by sampling in the following
way. First, a random sample,, i = 1,...,N, of N realizations of the random
vector &; is generated. These realizations are viewed as nodes at the second
period, each taken with probability 1 /N. For each realization£,,i = 1,...,Ny,

arandom samplegg ,J=1,...,N2, of N2 realizations!? of the random vector &3
are generated in accordance with the conditional distribution of 3 givené, = £,.
And so on for the later stages. In that way a scenario tree is generated with the
total number of scenarios N = []5" Ny, each with equal probability 1/N. We
refer to this process of generating scenario trees asonditional sampling.

After a (random) scenario tree is generated by conditional sampling, the
obtained multistage problem is solved by an appropriate algorithm. It is possi-
ble to show that, under mild regularity conditions, the optimal value and a rst
stage optimal solution of such SAA problem converge to their true counterparts
w.p.1 as the sample sizedi, t = 1,..., T S 1, tend (simultaneously) to in nity
(cf., [39,41,65]). Note, however, that although is a step in a right direction, such
consistency result by itself does not justify this method since a scenario tree
required to solve the corresponding “true” problem with a reasonable accuracy
could be far too large to handle numerically.

It is possible to show that an analogue of the estimate 3.9 of the sample
size holds for 3-stage problems. That is, under certain regularity conditions, for
T=23¢e>0a (01 and appropriate constantsL,L2,L3,D1,D2,02, 02,
analogous to constants used in the estimate §.7) for two stage programs, and
the sample sizesN, and N, satisfying

LiD1\™ . O(1)Nye?
O(1)|:( 1 1) expis#}
& Jl
L3D1\™ [L2D2\™ . O(DNge?
N ( 3 1) ( 2 2) exp[s#” o, 6.1)
& & 02
we have that any rst stage ¢/2-optimal solution of the SAA problem is an

e—gptimal solution of the corresponding true problem with probability at least
1S «a (see [67] for details). In particular, suppose that N; = N2 and take

L := max{Lq,Lo, L3}, D := max{D,D>} and o2 := max{alz,azz}. Then the
above estimate of the required sample sizeN; = N5 takes the form:
O(1)o? O(1)LD 1
Ni ( ;U |:(n1 + ny)log (L) + log (—)i| . (6.2)
& & o

12 It is also possible to consider a sampling scheme where a different number, sayliz, of random
realizations of &3, conditional on & = 5'2, is generated. We use the same sample sizd, in order to
simplify the presentation.

@ Springer



Stochastic programming 207

Note that, similar to the analysis of two stage programming in Sect. 3, the
above sample size estimates were derived under the assumption of relatively
complete recourse (it was also assumed ing7] that the random process&; is
between stages independent).

The sample size estimate 6.2) looks similar to the estimate (3.9) for two stage
programs. Note, however, that the total number of scenarios of the correspond-
ing SAA tree (generated by conditional sampling) is N1N2 = Nf. This analysis
can be extended toT -stage stochastic programming with a conclusion that the
corresponding number of scenarios is growingexponentially with increase of
the number of stages. Consequently, the deterministic formulation of the con-
structed (by conditional sampling) SAA problem becomes far too large for
a numerical solution with increase of the number of stages. Therefore, one is
forced to take progressively smaller sample sizedN; for later stages hoping that
it will have a little effect on the rst stage solution.

The above analysis indicates a dramatic difference between complexity of
two and multi-stage stochastic programming. It should be clearly stated, how-
ever, that this does not prove in a rigorous way that multistage (even linear)
stochastic programming problems are computationally intractable for large, say
T 5, number of stages. Little is known about complexity of multistage sto-
chastic programming and the topic requires a further investigation. An essential
difference between two and multi-stage programs was also observed, e.g., in sta-
bility analysis of stochastic programs (see 23)).

Example 5 (Portfolio Selection continued) Consider the problem of portfolio
selection discussed in Exampled. Suppose that the random process, ..., &7
is between stages independent and we use power utility functionU (z) = z7.
It was shown in Example 4 that in this case the problem is myopic, and hence
in order to nd an optimal rst stage solution we only need to solve the one-
stage stochastic problem b.16). But suppose that we don’t know this and would
like to estimate the optimal value v of the corresponding T -stage problem by
using the SAA method. To this end we employ conditional sampling with the
corresponding sample sizeN; at stagest= 1,...,T.

In accordance with (5.17) we have that the optimal value vy of this SAA
problem can be written in the form

TS1
v = Wi ] Qnes (D, (6.3)

t=0

where Qy,,, (W) is the optimal value of the SAA counterpart of the corre-
sponding “true” problem. Note that since the conditional sample is generated
here in the “between stages independent way”, the random variablesQy,, , (1)
are mutually independent. Therefore

TS1 TS1
E[w]= W [TE[Qn.,@]=v [T+ po, (6.4)
t=0 t=0
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where

_E[Qn..@]S
oY

is the relative bias of the optimal value of the corresponding t-th stage SAA
problem. This indicates that in this example the bias of the optimal value of the
SAA problem grows exponentially with increase of the number of stages, and
hence the SAA estimate vy could be considerably bigger thanv , and hence far
too optimistic, for large number of stages. Some numerical experiments seem
to con rm that the bias in this problem grows fast with increase of the number
of stages (cf., [1]).

7 Risk averse multistage programming

In this section we discuss possible extensions of the coherent risk measures,
discussed in Sect4, to multistage programming. Several approached were sug-
gested in the recent literature for extending risk averse approach to a dynamical
setting (e.g., [3,10,17,25,48]). We follow below the approach of conditional risk
mappings developed in Ruszczyski and Shapiro [57]. For the sake of simplicity
and in order to avoid technical complications, we assume that the underlying
process has a discrete distribution with a nite support and can be represented
by a ( nite) scenario tree. Note that at this moment we do not assume any
probability distribution on the considered scenario tree.

Let us denote by £2; the set of all nodes at staget = 1,...,T, and K¢ := | £24
be the cardinality of £2;. With the set 21 we associate sigma algebrat of all its
subsets. The set2t can be represented as union of disjoint set<y, ..., Ck s,
with each Cy being the set of children of a node at stageT S 1. Let Frg1 be
the subalgebra of 77 generated by setsCy, ..., Ck;4;,, i.€., these sets form the
set of elementary events of F7&1. By this construction there is a one-to-one
correspondence between elementary events offt 5, and the set$2+1 of nodes
at stage T S 1. By continuing this process we construct a sequence of sigma
algebras (called lItration) F; --- F7. Note that F; corresponds to the
unique root node and hence 7, ={ , 21}

Consideranodea ;. WedenotebyC, 2+ 1 the set of all children nodes
of a. Since there is a one-to-one correspondence between nodes a; and ele-
mentary events of the sigma algebraZ;, we can identify a with an elementary
event of ;. We have that the setsC,, a £, are disjointand 21 = 4 2,Ca.
By taking all children of every node of C, at later stages, we eventually can
identify with C4 a subset of27. With every node a at staget we associate a risk
function:

p2:RI% R a . (7.1)

For example, we can use (coherent) risk functions of the form (4.7) or (4.8), say
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p?[Z] = E[Z]+ »E[Z S E[Z]],, Z RIC, (7.2)

where!® 1, [ 0,1] and the expectations are taken with respect to a chosen
probability distribution p2 on the setCa.
We can write RKt+1 as the Cartesian product of the spaceRICal, a ;. That

is,RKe1 = RICilx...x RI%:| where{ay,...,a,} = 5. De ne the mappings
pe1 = (0%, ..., pXy i RKv1 RKe t=1 . TS, (7.3)

associated with risk functions p2. Recall that the set £+ ; of nodes at staget + 1
is identi ed with the set of elementary events of sigma algebra F; 1, and its
sigma subalgebraZ; is generated by setsCy, a  £2;.

We denote by Zt the set of all functions Z : 21  R. We can identify every
such function with a vector of the spaceRX T, i.e., the setZ can be identi ed
with the space RKT. We have that a function Z : 27 R is Frg;-measurable
iff it is constant on every setC,, a  £2751. We denote by Z754 the subset of
Z7 formed by F7g1-measurable functions. The setZtg; can be identi ed with
RKTs1, And so on, we can construct a sequenceZ;, t = 1,...,T, of spaces of
JFi-measurable functionsZ : 27 Rsuchthatz; --- Zt and eachZ; can
be identi ed with the space RXt. Recall that K1 = 1, and henceZ; can be iden-
tiedwith R. We view the mapping pi+ 1, de ned in ( 7.3), as a mapping from the
space Z 1 into the space Z;. Conversely, with any mapping pt+1 : Zt+1 Z
we can associate a set of risk functions of the form 7.1).

We say that a mappingpt+1 : Zi+1 Z; is a conditional risk mapping if it
satis es the following conditions (cf. [ 57]):

(C*1) Convexity:

pre1(@Z1+ (LS a)Z3)  apw1(Z)+ (1S a)pu1(Z2),
Z1,Z7 Zu1, o [0,

(C*2) Monotonicity: If Z1,Z> Zi1andZy  Zg,thenpi1(Z2)  p+1(Z21).-
(C*3) Translation Equivariance: If Z  ZiandZ Zyq,thenp(Z+2) =

pr1(Z)+ Z .
(C*4) Positive homogeneitylf o > 0andZ  Z 1,then py 1(@Z) = ap+ 1(2).

It is straightforward to see that conditions (C*1), (C*2) and (C*4) hold iff the
corresponding conditions (C1), (C2) and (C4), de ned in Sect. 4, hold for every
risk function p associated withp+ 1. Also by construction (7.3) of o+ 1, we have
that condition (C*3) holds iff condition (C3) holds for all 2. Thatis, pt+1 is a
conditional risk mapping iff every corresponding risk function p2 is acoherent
risk measure.

13 Note that we do not have here measurability problems since all considered sets are nite, and
use the spacez = RICal which can be viewed as the space of all function& : Cq  R.
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By Theorem 2 with each coherent risk function p?,a £, is associated a set
A(a) of probability measures (vectors) such that

p32Z) = pmjllél) EplZ]. (7.4)

Here Z RKw1is avector corresponding to functionZ : 211 R,

K1

EplZ]= p.Z = D puZk
k=1

and A(a) = Aw1(a) is a closed convex set of probability vectors*p ~ RKXt1
such thatpky = 0if k  £¢1\ Cg, i.e., all probability measures of A, 1(a) are
supported on the setC,. We can now represent the corresponding conditional
risk mapping pt+ 1 as a maximum of conditional expectations as follows. For an
arbitrary probability distribution v = (va)a o, On £2t, de ne:

Div1= { = Z vap?:p*  Aw1@) ¢ . (7.5)
a 2t

It is not dif cult to see that D1 RXt1is a convex set of probability vectors.
Moreover, since eachAi+ 1 (a) is compact, the setDy 1 is also compact and hence
is closed. Foranyu = 3, o vap® DpiandZ  RKe1we havet

ELlZIRlI(@ = p*,Z = Ep[Z], a £ (7.6)
It follows then by ( 7.4) that

pui@) = max E,(Z|A, (7.7)

n Pl

where the maximum in the right hand side of (7.7) is taken pointwise ina  £2.
Note also that any distribution of Dy 1 agrees with the distribution v on §2; (for
an extension of the representation (7.7) of conditional risk mappings to general,
not necessarily nitely supported, distributions see [57]).

For a sequencepu 1 : 21 2, t=1,...,T S 1, of conditional risk map-
pings consider the following risk averse analogue formulation of the multistage
program (5.1):

14 Avector p RXt is said to be a probability vector if all its components py, k = 1,...,Kt,

are nonnegative and ZE:tl pk = 1. Such a probability vector can be considered as a probability
distribution on £2%.

15 Recall that the space Z;, ; can be identi ed with RKt+1,
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Min Fi(xq) + ,02[ inf  Fo(xg,w) +---+ pTSl[ inf
X1 G1 X2 Ga(Xy,0) X781 T (XT82,0)
X ‘FTél(XTglyw) + p1| inf Fr (XT.w)]H] : (7.8)
X7 O1 (XT§1.0)

Here 2 = £27, the objective functions F; : R™S1 x R are real valued
functions and G; : RSt x 2 —= R t = 2,...,T, are multifunctions such that
Fi(X¢, -) and Gi(xt51, ) are Fr-measurable for all x; and x5 1.

There are several ways how the above nested formulation {.8) can be for-
malized, we proceed as follows (see$7] for details). In a ways similar to (5.3
we can write problem (7.8) in the form

Min  p[Fi(x1) + Fa(xe(),0) + -+ F1 (X1 (@), ) |
X1,X2(),00XT () (7.9)
s.t. X1 01, Xt(w) Gi(Xg1(@),w), t=2,...,T.

Here p := p2 --- p7 isthe composite risk function, i.e.,forZ; Z,t=1,...,T,
pZy+-+ Z7)=Z1+ p2 [22"‘ et o781 [ZT§1+ ,OT[ZT]]]. (7.10)

Recall that Z; isidenti ed with R, and henceZ is a real number. The optimiza-
tionin ( 7.9 is performed over functions x; : 2  R,t=1,...,T, satisfying the
corresponding constraints, which imply that eachx;(w) is F;-measurable and
hence eachF;(xt(w), w) is Fi-measurable.

An alternative approach to formalizing nested formulation ( 7.8) is to write
dynamic programming equations. That is, for the last period T we have

Qr(XT81,0) . = inf Fr(xT,0), (7.11)
X7 GT(XT81,0)

Q1 (X781, @) 1 = p1[QT (X781, @)], (7.12)

andfort=T7S81,...,2,
Qt(x51, @) = pt [Qt(Xg1, @], (7.13)

where
Qixg1, @) =  inf  {Fi(xt, @) + Q1 ®)}. (7.14)
Xt Gr(Xt31,0)

Of course, equations (7.13 and (7.14) can be combined into one equation:16

Qt(Xg1,w) = inf  {Fe(Xt,®) + prs1[Qus 1(Xt, @)]} - (7.15)

Xt Gi(X§1,0)

16 with some abuse of the notation we write Q.4 1(xt, ) for the value of Qi 1(x¢) atw  £2, and
o+ 1 [Qir 10¢t, @)] for pry 1 [Qrs 1(X0) ] (@).
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Finally, at the rst stage we solve the problem

Min p2[Q2(X1, ®)]. (7.16)
x1 G1

It is important to emphasize that in the above development of the dynamic
programming equations the monotonicity condition (C 2) plays a crucial role,
because only then we can move the optimization under the risk operation.

Remark 9 By using representation (7.7), we can write the dynamic program-
ming equations (7.15 in the form

Qi(Xtg1, w) = inf {Ft(xtvw) + sup E,[Qu1(x)|F] (w)} . (7.17)

Xt Gt(X51.0) w Dyt

Note that the left and right hand side functions in ( 7.17) are F;-measurable, and
hence this equation can be written in terms ofa  £2; instead ofw  £2. Recall
that every un Dr.q is representable in the formp = >, o vap? (see (7.5)
and that

E.[Qu1(0)|F] @ = Epa[Qu1(x0)], a £ (7.18)

We say that the problem is convex if the functions Fi(:, w), Qi(:,w) and the
setsGi(xig1, w) are convex. If the problem is convex, then (since the setDy, 1 is
convex compact) the ‘inf and ‘sup’ operators in the right hand side of (7.17)
can be interchanged to obtain a dual problem, and for a givenx;s1 and every
a £2; the dual problem has an optimal solution p? A 1(a). Consequently,
for w1 = 25 o vap? we have that an optimal solution of the original prob-

lem and the corresponding cost-to-go functions satisfy the following dynamic
programming equations:

Qt(Xig1, @) = inf ){Ft(Xt,w) + ity [Que 1001 FA] (@)} - (7.19)

Xt Gt(Xs1,0

Moreover, it is possible to choose the “worst case” distributions .+ 1 in a con-
sistent way, i.e., such that eachu+ 1 coincides with iy on F; (cf. [57]). That is,
consider the rst-stage problem (7.16. We have that (recall that at the rst
stage there is only one node,F; ={ ,2}and D, = A»)

p2[Q2(xp)] = sup E,[Q2(Xp)|F1] = sup E,[Q2(x1)]. (7.20)
n D; n Dy

By convexity and since D, is compact, we have that there isup D, (an opti-
mal solution of the dual problem) such that the optimal value of the rst stage
problem is equal to the optimal value and the set of optimal solutions of the
rst stage problem is contained in the set of optimal solutions of the problem
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Min E;;,[Q2(xX1)]. (7.21)
x1 G1

Let x; be an optimal solution of the rst stage problem. Then we can choose
uz  Ds, of the form puz = >, 2 vap?, such that Eq. (7.19 holds with t = 2
and x; = X;. Moreover, we can take the probability measure v = (va)a @,
to be the same asu2, and hence to ensure thatus coincides with w2 on 7.
Next, for every node a 2> choose a corresponding (second-stage) optimal
solution and repeat the construction to produce an appropriate us D4, and
so on for later stages. In that way, assuming existence of optimal solutions, we
can construct a probability distribution wo,...,uT on the considered scenario
tree such that the obtained multistage problem, of the regular form (5.1), has
the same cost-to-go (value) functions as the original problem (7.8) and has
an optimal solution which also is an optimal solution of the problem (7.8) (in
that sense the obtained multistage problem, driven by dynamic programming
equations (7.19), is “almost equivalent” to the original problem). In particular,

it may happen (see Remark 11) that each distribution u; is degenerate, i.e.,
is a distribution of mass one at a pointa;  £2; (in that case consistency of
these distributions means thata 1 is a child node of a;, t = 2,...,T S 1). If
this happens, then the corresponding probability distribution on the considered
scenario tree degenerates into distribution of mass one at the sample (scenario)
path ap, ..., ar, and the obtained multistage problem becomes deterministic. In
that case the original problem (7.8) has a constant (i.e., independent of realiza-
tions of the uncertain data) optimal policy. Of course, this may happen only in
rather speci c cases.

If the risk mappings pt+1 are taken to be conditional expectations, i.e., for
t=1,...,T S1the setDy1 = {1} in (7.7) is a singleton, then the com-
posite function p becomes an expectation operator. In that case problemsT.8)
and (7.9) are equivalent to respective problems (5.1) and (5.3) discussed in
Sect. 5, and (7.1)—(7.15 become standard dynamic programming equations
(of the form ( 7.19). For general conditional risk mappings the corresponding
composite risk function p can be quite complicated.

A natural way for constructing risk averse multistage programs is the fol-
lowing. Consider a multistage stochastic program of the form (5.1) driven by
random processé;, t = 2,...,T. Assume that this process has a discrete distri-
bution with a nite support and hence can be represented by a scenario tree.
We refer to the probability distribution on this tree de ned by the considered
process as the reference distribution. At each nodea 2 of this scenario tree
we can de ne a risk function of the form ( 4.7) or (4.8) with respect to the ref-
erence distribution, for example we can use mean-absolute semideviation risk
measures {.2). For such constructions the analysis simpli es considerably if we
assume the between stages independence condition, i.e., that random vectors
&,t= 2,...,T, are independently distributed. Under this condition of between
stages independence we have that the functiong;(x;51) are independent of
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the random data and the objective function in (7.9) can be written as

Fi(x1) + p2 [Fa(X2(€2),62)1+ - - -+ p1 [FT (X7 (€7),6T)]. (7.22)

The condition of between stages independence can be formalized as follows.

Consider a sequencep 1 of conditional risk mappings and a sequenceZ 4 1
Zw1,t=1,...,T S 1. We say that thebetween stages independence condition
holds if:

(i1) For t = 1,...,T S 1 the corresponding risk functions p?2, in (7.1), do not
depend on the nodea 2, i.e.,p®= p® foranya,a £.

(i2) Each Zi, 1 (viewed as a function Z¢1 1 @ 2441 R) restricted to C, does
not depend on the nodea 2.

The above condition (i1) can be equivalently formulated as that the corre-
sponding setsAi+1(8) A1 do notdepend ona  £2;. Of course, this implies
that each setC4 has the same cardinality for everya ;. For example, risk
functions de ned in ( 7.2) satisfy condition (i1) if forevery t= 1,...,T S 1, prob-
ability vectors p@ and coef cients A5 are the same for everya 2. If, moreover,
the sequenceZq,...,Zt, considered as a sequence of random variables with
respect to the probability distribution imposed by vectors p?, is independently
distributed, then the between stages independence condition follows.

If the between stages independence condition holds, thenoi: 1[Zt+ 1] is con-
stant for every Zi+1,t = 1,...,T S 1. Consequently, under the between stages
independence condition we have (compare with (7.10):

p(Z1+ -+ Z7)= Z1+ p2[Z2]+ -+ pr[Z7]. (7.23)

We say that the between stages independence condition holds for the multi-
stage problem (7.8) if the corresponding conditional risk mappings pt+1, and

Zir1(w) = Quilx, o), t=1,...,T S 1, satisfy the conditions (i1) and (i2) for

any x; R™. For example, this holds if &, t = 2,...,T, is an independently
distributed sequence of random vectors (i.e., this process satis es the condition
of between stages independence)Fi(xt, &) and Gi(Xs 1, &) are functions of this

process and the corresponding risk functionsp? are de ned in a form based on

expectations taken with respect to the considered distribution of the processs;,

e.g., in the form (7.2). Under the between stages independence condition we
have that the functions Q;(xt51), de ned in ( 7.12), are independent of w, and

the problem (7.9) can be written in the form

Min Fi(xp) + p2 [Fo(Xo(w), )] + -+ p1 [FT (X1 (0), ®)]
X1,X2() e XT ()

(7.24)
S.t. X1 G1, X(w) Gixs1(w),w), t=2,...,T.

Remark 10 It should be noted that the constructions of this section are made
under the implicit assumption that the cost-to-go functions Q;(x;, w) are Pnite
valued, and in particular under the assumption of relatively complete recourse.
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Remark 11 Let us de ne, for every node a ¢, t= 1,...,T S 1, the corre-
sponding setA(a) = A+ 1(a) to be the set of all probability measures (vectors)
onthe setC, (recallthat C;  £2¢+1 is the set of children nodes ofa, and that all
probability measures of A, 1(a) are supported on Cy). Then the maximum in
the right hand side of (7.4) is attained at a measure of mass one at a point of the
setC, (compare with Remark 8). Consequently (see (7.18), for such choice of
the sets. A+ 1(8), the dynamic programming equations (7.17) can be written as

Qt(x31,a) = inf [Ft(Xt,a) + max Qt+ 1(Xt,w)] , a2 (7.25)

Xt Gt(%§1,8)

It is interesting to note (see Remark 9) that if the problem is convex, then
it is possible to construct a probability distribution (on the considered scenario
tree), de ned by a sequence ui, t = 2,...,T, of consistent probability distri-
butions, such that the obtained multistage program, of the regular form (5.1),
is “almost equivalent” to the “min-max” formulation ( 7.25. In some cases the
corresponding distribution can be degenerate in the sense that eachu; is a
distribution of mass one at a point a; €2, i.e., ut = A(&), and that a1 is a
child node of node a. In order to see when this can happen let us consider the
construction of Remark 9. Arguing by induction, suppose that we already have
a sequence of nodesa; 2., t = 2,...,t, such that eacha,. 1 is a child node
of a; and u; = A(a;). Suppose that fora = a; the right hand side of (7.25 has
an optimal solution x;. Then for a = a, the dual of the min-max problem in the
right hand side of (7.25, which is obtained by interchanging the ‘min’ and ‘max’
operators, has the same optimal value iff this min-max problem has a saddle
point (Xt,a+1) Gt(X$1, @)% Cg. Only inthat case we can takeu+ 1 :== A(ai+1)
and continue the process of constructing the corresponding sample path.

In the present setting the between stages independent condition can be
formulated as thatfor t = 1,...,T S 1, the set of children nodes of everya £
is the same (i.e., does not depend ora  £2;). That is, in the between stages
independent case we can view the corresponding scenario tree as de ned by a
sequenceCt, t = 2,...,T, of (nite) sets such that the set of nodes at staget
can be identi ed with C;, and the set of children nodes of every nodea Cis1
coincides with C;. Then dynamic programming equations (7.25 can be written
as

Qi(x31,a) = inf [Ft(Xt,a)+ max Qt+1(Xt,w)], a G. (7.26)

Xt Gt(%51,8) o C1

Example 6 (Portfolio Selection continued) Consider again the portfolio selec-

tion problem discussed in Example 4. Suppose that the process; is between
stages independent, and our objective now is to maximizeZthlpt(Wt) sub-
ject to the balance constraints, whereSp, t = 1,...,T, are chosen coher-
ent risk measures. (Note that here we have to solve a maximization, rather
than minimization, problem. Therefore, we use coherent risk measures with
negative sign.) Then we have thatQt(Wtg1) = Qr(HW+ts1, Qrs1(WT32)
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= QT (H)QT51(HWr32, etc, whereQ(W;s1) is the optimal value of:

Max pt(W)

vatél

s.t. Wn= DL X1 . (7.27)
Qs Xits1 = Wist, Xigg1 0, 1=1,...,n.

Atthe rst stage the optimal solution is obtained by solving the above problem
(7.27 for t = 1. That is, under the assumption of between stages independence,
the optimal policy is myopic in the sense that it involves solutions of single-stage
models.

It is interesting to note that, in this example, at each staget risk aversion is
controlled by the corresponding risk measure (function) p; alone. In particular,
brststage optimal solutions are obtained by solving an optimization problem
based on risk function p;, and are independent of a choice of the following risk
functions p;, t 2.

8 Concluding remarks

In the previous sections we discussed some recent advances in our understand-
ing of stochastic programming. Of course, there are many questions open for
discussion which require a further investigation. It was already mentioned at
the end of Sect.3 that the considered approach of stochastic programming with
recourse is not well suited to handle catastrophic events. How can one evaluate
a cost of a collapsing bridge or a power blackout in a big city? It does not seem
to be a good idea to satisfy an electricity demand on average. Ideally one would
like to make sure that catastrophic events never happen. This, however, could be
impossible to maintain under all possible circumstances or the involved costs
could be unrealistically large. Therefore, it could be reasonable to approach
this problem by enforcing constraints which make probability of catastrophic
events to happen very small. This leads to the concept oftchanceor probabi-
listic constraints. Chance constraints were introduced in Charnes et al.g] (see
Prékopa [45,46] for a thorough discussion of chance constraints in stochastic
optimization). Chance constraints are dif cult to handle, both numerically and
from the modelling point of view (see, e.g., [18] for a worst case (minimax) type
approach to chance constraints). In that respect we would like to mention a
tractable convex approximations approach initiated by Nemirovski [33], and
developed further in [ 34,35].

Itwas assumed so far that the involved probability distributions are indepen-
dent of our decisions. In principle, it is also possible to make the corresponding
probability distribution Py dependent on the decision vectorx. In that case the
objective function, say of the problem (2.2), takes the form

F(0) = Ep, [F(x,£)] = / F(x,£)dPx(&). (8.1)

=
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By choosing a reference distribution P, it is possible to rewrite this objective
function as

f) = Ep[F(X,§)L(x,§)] = /F(X,S)L(X,S)dﬁ(é), (8.2)

=

where L (x,&) = (dPx/dP)(§) is the so-called Likelihood Ratio (LR) func-
tion. Here dPy/dP is the Radon-Nikodym derivative, i.e., Lx(:) = L (X, ) is the
density of Py with respect to P, assuming of course that such density exists.
For example, if the space & = {&,...,&k} is nite and Px = (Px1,...,PxK)
and P = (py,...,pk) are respective probability distributions on Z, then the
corresponding LR functionis L (X,&k) = pxk/Px, kK= 1,...,K.

By making “change-of-variables” (8.2), we represent the objective function
f (X) as expectation ofR(X, &) := F(x,&)L (X, &) with respectto a xed (indepen-
dent of x) distribution, and consequently can apply the standard methodology.
There are several problems with this approach, however. The obtained objec-
tive function R(:, &) often is nonconvex, irrespective whetherF (-, &) is convex
or not. Another serious problem is that this method is very sensitive to a choice
of the reference measureP. Note that although the expected value function
remains the same, the variance oR(x, £) depends on the distribution P. Unless
the reference distribution is carefully controlled, this variance could become
very large making Monte Carlo sampling calculations based on representation
(8.2) infeasible (cf. [52]). This should be not surprising since, for example in
the case of nite support, the LR is given by the ratio pyk/pk of two small
numbers and could be numerically very unstable. One can try to turn this into
an advantage by choosing the reference distribution in such a way as to reduce
the corresponding variance, this is the basic idea of the so-calledmportance
sampling method. Note, however, that a good choice of the reference distribu-
tion for one value of x could be disastrous for other values, and it is dif cult to
control this process in an iterative optimization routine.

It was assumed in Sect.2 that the second stage problem @.1) is an opti-
mization problem subject to constraints de ning the feasible set G(x,&). It is
possible to consider situations where this feasible set is de ned by equilibrium
constraints, say of the form

Gx,& = {y R™:0 HXxy,&+ Ny}, (8.3)

where H : R x R™ x & R"2, C is a convex closed subset oR"2 and
Nc(y) denotes the normal cone toC aty  R"™ (by de nition ANc(y) =

if y C). For such de ned set G(x,&), problem (2.1) belongs to the class of
so-called Mathematical Programming with Equilibrium Constraints (MPEC)
problems. In that case the corresponding two-stage program 2.1)—(2.2) can be
viewed as a (two-stage) Stochastic MPEC (SMPEC) problem. Such two-stage
SMPEC problems were considered by Patriksson and Wynter (] (see also
[16,29,74]). It is also possible, at least theoretically, to extend the SMPEC to a
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multistage setting. From theoretical point of view it is more or less straightfor-
ward to apply the SAA method to SMPEC problems with similar estimates of
required sample sizes (cf. f0]). Note, however, that MPEC problems typically
are nonconvex and nonsmooth and dif cult to solve. Although some signi -
cant progress was made recently in understanding of theoretical and numerical
properties of MPEC problems (cf., [20,47,59)), it remains to be shown that, say,
the SAA method is numerically viable for solving realistic SMPEC problems.

Acknowledgements Supported in part by the National Science Foundation awards DMS-0510324
and DMI-0619977.
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