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Abstract 

In this paper we study nonlinear semidefinite programming problems. Convexity, duality and 
first-order optimality conditions for such problems are presented. A second-order analysis is also 
given. Second-order necessary and sufficient optimality conditions are derived. Finally, sensitivity 
analysis of such programs is discussed. © 1997 The Mathematical Programming Society, Inc. 
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1. Introduction 

In this paper we consider the following optimization problem 

(P) rain f ( x )  subject to G(x)  -< O. 
xER', 

Here G : R m ~ S,  is a mapping from ~m into the space S,, of  n × n symmetric matrices 

and, for A , B  C Sn, the notation A >-- B (the notation A --< B) means that the matrix 

A - B is positive semidefinite (negative semidefinite). Consider the cone /C C S,  of  
positive semidefinite matrices. Then the constraint G(x)  -< 0 can be written in the form 

of the cone constraint G(x)  E -IC. 

We study the above optimization problem by employing general techniques of  non- 

linear programming under cone constraints. The organization of  this paper is as follows. 

In Section 2 we discuss convexity, duality and first-order optimality conditions of  the 
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problem (P).  The material of  that section is mainly of  a survey nature although it 

seems that general nonlinear semidefinite programs were not systematically studied be- 

fore (cf. [18 ,30] ) .  In Section 3 we study the geometry of  the cone /C. The material 
of  that section is a summary and a simplification of  results which appeared in various 

publications. In that section we make use of the transversality concept borrowed from 

differential geometry (cf. [30] ). Section 4 is devoted to a derivation of  second-order 

optimality conditions for the program (P).  The second-order analysis is employed in 

Section 5 to an investigation of  parameterized semidefinite programs. In that section 

differentiability properties of  the optimal value and optimal solutions of  parameterized 

semidefinite programs are discussed. 

We assume that f ( x )  and G(x) are sufficiently smooth on /~"  and use the following 

notation and terminology throughout the paper. For matrices A, B E ,9,, we use the scalar 

product A • B = trAB. The symbol "®" denotes the Kronecker product of  matrices (see, 

e.g., [ 1 1 ] for a discussion of  basic properties of  the Kronecker product). By A t we 

denote the Moore-Penrose inverse of  a matrix A. For a matrix A E ,9, we denote by 

al (A) ~> . . .  ~> A,,(A) its eigenvalues arranged in the decreasing order. We also use 

notation A m i n ( C )  for the smallest eigenvalue of  a symmetric matrix C. For an n x m 
matrix B we use vec(B)  to denote the n m ×  1 vector obtained by stacking columns of  

B. The notation dG(x)  is used for the differential of  the mapping G( . )  at x, i.e. dG(x)  

is a linear mapping from ~" '  into Sn defined by 

tit 

[dG(x)  ]y  = ~--~yiGi(x), 
i=1 

(l) 

where G i ( x )  = OG(x)/Oxi are n × n partial derivative matrices. By OG(x)/Ox we denote 

the n 2 × m Jacobian matrix of  the mapping vec G( . ) ,  i.e. cTG(x)/Ox= [vecG~ (x) . . . . .  

vecG,,(x)]. For a set .A4 C S,  we denote by o ' ( . , . ,~ )  its support function 

t r ( f2 ,A4)  = sup / ' 2 .M.  (2) 
M E ..A."I 

Note that here/C + =/C, where/C + denotes the positive dual of  the cone/C, 

1C+={AES,  [ A . Y ~ O ,  for all Y E E } .  (3) 

For a real valued function h(x), defined on a vector space X, we denote by h~(x, d) its 

directional derivative 

hl(x,d) = lim h(x + td) - h(x),  (4) 
t~O~ t 

and by h"(x, d, o) its second-order directional derivative 

h"" " h ( x + t d +  l t 2 ° ) - h ( x ) - t h ' ( x ' d )  
~x,a,v) = lim (5) 

t-,0+ / t 2 
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2. Convexity,  duality and first-order optimality conditions 

303 

We say that the mapping G(x)  is positive semidefinite convex (psd-convex) if it is 
convex with respect to the order relation imposed by the cone KS. That is, the inequality 

tG(x)  + (1 - t )G(y)  ~_ G(tx  + (1 - t )y)  (6) 

holds for any x , y  E ~"'  and all t E [0, 1]. Condition (6) can be written in the following 
equivalent form 

tG(x)  + ( 1 - t )G(y )  - G( tx + ( 1 - t )y)  E KS. (7) 

In case the mapping G is defined on the set of  symmetric matrices by a scalar function 

~b : R --~ IR, i.e. G : Sn --~ ,9,, and G(x)  = FTck(D)F where x = FTDF is the spectral 

decomposition of  the matrix x and ~b(D) applies componentwise to the diagonal entries 

of  D, there exists a well developed theory relating convexity properties of  ~b to (6) (see 

[ 11, 15] ). We deal here with a somewhat different situation when x can be an arbitrary 

vector. 

Proposi t ion 1. The mapping G(x)  is psd-convex if and only if for any v E R" the 
function ~o( x) = v T G ( x ) v  is convex. 

Proof. We have that (6) holds iff the inequality 

tvTG(x)v q-(1 -- t )vTG(y)v  >>. vTG(tx + (1 -- t )y)v,  

is satisfied for any v E R". This proves the required assertion. [] 

(8) 

It can be remarked that Proposition 1 is a particular case o f  a following result which 

holds for general convex mappings with respect to convex cones. If  KS is a closed convex 

cone in a Banach space X, then it follows from the dual relation (KS+)+ = KS, that (7) 
holds iff 

(a, tG(x)  + (1 - t )G(y )  - G(tx  + (1 - t )y) )  >~ 0 

for any a E KS+ C X*. Here X* denotes the dual space of  X and for a E X*, x E X, 

(a, x) stands for the value ce(x). This implies that G(x) is convex with respect to KS 

iff the real valued function (a, G( . ) )  is convex for any a E KS+. What is specific here 
about the cone of  positive semidefinite matrices is that KS + = KS and that any matrix 

A E KS can be represented as a sum of  rank-one symmetric matrices (of  the form vvT). 
Let us consider the following example of  a matrix valued quadratic form 

m 1 m 
G(x)  = Ao + Z XiAi "q- "2 Z xixjAij, (9) 

i=l ioj=l 

where A0, Ai and Aij are given n x n symmetric matrices. It follows then from Propo- 

sition 1 that this mapping is psd-convex iff for any v E •n the m × m matrix Q with 
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elements [Q]ij = vTAijv, is positive sernidefinite. Note that Q = (l,,,®v)'r[Aij] ( l , ,®v) ,  
where [Aij] is the mn× mn block matrix and L, is the m × m identity matrix. Conse- 
quently positive semidefiniteness of Q, for any L, E ~", is implied by positive semidefi- 
niteness of the block matrix [ A 0 ]. It follows that positive semidefiniteness of the block 
matrix [A(i ] is a sufficient condition for psd-convexity of the quadratic form G(x) 
defined in (9).  

In case the components gO(x), i , j  = 1 . . . . .  n, of the mapping G(x) are twice 
continuously differentiable functions, it is possible to give the following characterization 
of the positive semidefinite convexity in terms of the Hessian matrices X72gij(x). 

Proposition 2. Suppose that the mapping G(x) is twice continuously differentiable. 
Then G(x)  is psd-convex if and only if the m x m matrix ~i~j=l vivj~72gij (x) is positive 
semidefinite for any v = (vl . . . . .  on) E ~n and any x E R m. A sufficient condition 
for psd-convexity of G(x)  is positive semidefiniteness of the mn× mn block matrix 
H(x)  = [V2gii(x) ] for any x E ~" .  

Proof. By Proposition 1 we have that G(x) is psd-convex iff the function ~o(x) = 
~i(j=l Vivjgij(x) is convex for any u E R' .  Since ~o(x) is twice continuously dif- 
ferentiable, it is convex iff its Hessian matrix x72q~(x) = ~i",j=l ViVjX~2giJ(x) is pos- 
itive semidefinite for any x E ~ ' .  We can write X72¢p(x) in the form X72~p(x) = 
(v ® 1,,)TH(x) (v ® 4,,). Then positive semidefiniteness of V2~o(x) follows from posi- 
tive semidefiniteness of H(x) .  [] 

Remarks. If the mapping G(x) is given in the form (9), then [A~i] = P r H ( x ) P ,  
where P is a certain permutation matrix (see [ I 1, Section 4.3.8] for a discussion of 
such permutation matrices). It follows from the Proposition 1 that if G(x) is psd-convex 
and B is an n x k matrix, then the mapping x --~ BTG(x)B is also psd-convex. Also if 
G(x) is diagonal valued, G(x) = diag(g~l(x) . . . . .  gnn(x)), then G(x) is psd-convex 
iff the functions gii(X), i = 1 . . . . .  n, are convex. 

It is interesting to relate psd-convexity of G(x) to convexity of its eigenvalues Ai(x) = 
Ai(G(x) ), i= 1 . . . . .  n. The largest eigenvalue ,~l (x) of G(x) can be represented in the 
form 

/~I(X) = max(oTG(x)u I u E ~n, L, Tu = |}.  

Consequently, if G(x) is psd-convex, then At (x) is representable as a maximum of 
convex functions and hence is convex, and thus the set G -I ( - /C)  = {x E ~m I "~ (x) ~< 
0} of feasible solutions of the program (P)  is convex. (Convexity of G - I ( - / C )  can 
be also derived directly from condition (7).)  The converse is not true, i.e. convexity of 
az (x) does not imply psd-convexity of G(x).  Indeed, suppose for example that G(x) is 
a two by two diagonal matrix, G(x) = diag(gll (x) ,  g22(x)), such that gxl (x) > g22(x) 
for all x and gl l (x)  is convex while g22(x) is not. Then h i (x)  = gll(X) is convex and 
G(x) is not psd-convex. 
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As an another example consider the mapping G ( x )  = a ( x ) a ( x )  T, where a ( x )  is a 

2 × 1 vector valued function of x C IR given by al (x) = 1 - 2x 2 + 2x and a2(x) = 
l - 2 x  2 - 2 x .  Then Al(X) = ( 1 - - 2 x  2 + 2 x )  2 + ( 1 - 2 x  2 - 2 x )  2 and A2(x) = 0  are 
both convex. On the other hand u T G ( x ) u  = 4(1 -- 2x2) 2, where u = (1, 1) T, is not 

convex and hence G ( x )  is not psd-convex. In this example both eigenvalues of G ( x )  

are convex while G ( x )  is not psd-convex. 
Also psd-convexity of G ( x )  does not imply convexity of all its eigenvalues. Consider 

the following example, G ( x )  is 2 × 2, x E R, with gl l (X)  = X, g22(x) = --X and 

g j2 (x )  = g21 (x) = 1. Here the mapping G ( x )  is linear and hence is psd-convex. On 
the other hand we have that Al (x) + ,h2(x) = t rG(x)  = 0 and hence A2(x) = - A I  ( x ) .  

Since Ai (x) is a nonlinear convex function, it follows that in this example A2(x) is not 

convex. 

Consider now the Lagrangian function, 

L ( x , / 2 )  = f ( x )  + ~2 ° G ( x ) ,  (10) 

/2 C S,,. Note that if the program (P) is convex, i.e. f ( x )  is convex and G ( x )  is 
psd-convex, then L(- , /2)  is convex on R 'n for any /2 ~ 0. We can associate with the 
program (P) the following dual program 

(D) max{&(/2)  : :  nfin L(x , /2 )}  subjectto /2_>-0. 
.OES,, x tN"  

We say that the Slater condition, for the program (P ) ,  holds if there exists a point 
$ E R"  such that G(.~) E in t ( - /C) ,  i.e. G(~) is a negative definite matrix. By standard 

arguments of  convex analysis we have that if (P) is convex and the Slater condition 
holds, then there is no duality gap between the programs (P) and (D) and the set 
of optimal solutions of the dual program (D) is nonempty and compact (see [23, 
Theorem 17, p. 41, and p. 47] ). In the considered finite-dimensional case the converse 

of  this statement is also true. 
Consider the linear case, with f ( x )  = cTx and G ( x )  = A t  + ~-]iml xiAi. Then ~b(/2) = 

/ 2 .  A0 if ci + / 2 °  Ai = O, i = 1 . . . . .  m, and ~b(/2) = - c ~  otherwise. Therefore in that 
case the dual problem takes the form (cf. [ 1,27] ) 

max / 2  • Ao 
nES,, 

(11) subject to £i + / 2  • Ai = O, i = 1 . . . . .  m, 

/2 ~- 0. 

Consider now the following quadratic case, f ( x )  = cTx and the mapping G ( x )  is 
given in the form (9). Then 

~b( O) = xnfi~n { /2 • A t  + bT x + ½xTQx}, 

where the components of vector b are  bi = Ci + / 2 °  Ai, i = 1 . . . . .  m, and the elements of 
the matrix Q are given by [Q](i  = /2*Ai j ,  i , j  = 1 . . . . .  m. Note that by Proposition 1 the 
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quadratic mapping G ( x )  is psd-convex iff the matrix Q is positive semidefinite for any 

/2 ~ 0. Suppose that the mn x mn block matrix [Aij] is positive definite. We have then 
that fo r /2  = vv T the matrix Q can be written in the form Q = (1,, ® v)T[Ai j] ( Im ® v ) .  

Therefore in that case the matrix Q is positive definite for any non zero /2 ~ 0 and 

moreover 

1 b T - 1  ¢ ( / 2 ) = / 2 ° A 0 - 2  Q b. 

Let us discuss now first-order optimality conditions for the program (P) .  We assume 
that f ( x )  and G ( x )  are continuously differentiable and use the following condition 

which is an extension of the Mangasarian-Fromovitz constraint qualification used in 

nonlinear programming. 

MF-condition. We say that the MF-condition holds at a feasible point x0 if there exists 

a vector h E /~"  such that 

G(xo)  + [dG(xo)  ]h E in t ( - /C) ,  (12) 

i.e. G(xo)  + [dG(xo ) ]h  is a negative definite matrix. Recall that dG(x0) : [~m __, S, is 

a linear mapping defined in (1). 
Note that in the convex case the MF-condition is equivalent to the Slater condition. 

This equivalence is well known in nonlinear programming. For cone type constraints it 

is discussed in [ 31 ]. 

Under the MF-condition the following frst-order necessary conditions apply to the 
program (P).  Let x0 be a locally optimal solution of the program (P). Then there exists 

a positive semidefinite matrix .O of Lagrange multipliers such that 

~7xL(xo, 1"2) = 0, (13) 

/2G(xo) = 0. (14) 

The MF-condition implies that the set of positive semidefinite matrices /2 E S,~, satis- 

fying conditions (13) and (14), is nonempty and bounded (cf. [ 13, 16, 21] ). Note that 
since G(xo)  ~_ 0 and/2 ~ 0, condition (14) is equivalent to the condition/2oG(xo) = 0, 
which is the standard complementarity condition under cone constraints. Note also that 
(14) implies that the matrices /2 and G(xo)  commute and have the same system of 
eigenvectors and that ~'=1 °li~i = 0 ,  where ai and ~i are eigenvalues (not necessar- 
ily arranged in the decreasing order) of the matrices /2 and G(xo) ,  respectively. Since 

ai >~ 0 and Yi <<. O, the last equation is equivalent to the condition: oli'/i = O, i = 1 . . . . .  n. 
In the linear case, optimality conditions (13) and (14) take the form 

c i q - / 2 o A i = O ,  i = 1  . . . . .  m, (15) 

and 

~Ao + ~ xi~Ai = O, 
i=1 

(16) 
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respectively. It follows that if for a matrix s'2 ~ 0 satisfying optimality conditions (15) 

and (16), matrices a"2Ai, i = I . . . . .  m, are linearly independent, then the program (P) 

has a unique optimal solution. Such uniqueness of the optimal solution was established 
for minimum trace factor analysis and some of its extensions (see [27] ). 

Because of the complementarity condition (14) we have that 

rankG(x0) + rank £2 ~< n. (17) 

We say that the strict complementarity condition holds if 

rank G(xo) + rank s'2 = n. (18) 

Consider now the barrier function 

= ~ - l o g d e t ( - G ( x )  
rl(x) 

t +cx~ 

if G(x)  ~ 0, 

otherwise, 
(19) 

used in semidefinite programming [ 17]. It is well known that r /(x) is convex if the 
mapping G(x)  is affine. Convexity of  r/(x) also holds for psd-convex mappings. 

Proposition 3. I f  the mapping G( x) is psd-convex, then the barrier function ~7( x) is 
convex. 

Proof. In order to show that r /(x) is convex it will be sufficient to verify convexity 
of the function a( t )  = rl(x  + ty),  for any x , y  E ~ ' ,  and such t E R that F( t )  = 

- G ( x  + ty) is positive definite. Also it will be sufficient to consider the case where the 
mapping F( t )  = - G ( x  + ty) is twice continuously differentiable. We have then that 
F( t) = A + tB + ½t2C + o(t2), where A = F(0) ,  B = dF(O) /dt  and C = d2F(O) /dt  2. 

Note that since the mapping - F ( t )  is psd-convex, it follows from Proposition 2 that 
the matrix C, of  second-order derivatives of F( t )  at t = 0, is negative semidefinite. We 

have that a( t )  = -  iogdet F( t ) .  It can be calculated then that 

dZa(t----~) - tr(B + t C ) F ( t )  - l  (B + t C ) F ( t )  -1 - trCF(t)  -I (20) 
d f  

Since C is negative semidefinite, it follows from (20) that d2a( t ) /d t  2 >~ 0 for all t E R 
such that F( t )  is positive definite. Convexity of o~(t) then follows. [] 

3. Geometry of the cone of positive semidefinite matrices 

In this section we discuss various geometrical properties of the cone/C and their impli- 
cations on the semidefinite program (P). We start with a discussion of the transversality 
condition. For a detailed study of the transversality concept and relevant references we 
refer to [ 10]. 
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Let X and Y be two finite-dimensional vector spaces, W C Y be a smooth manifold 

and g : X ~ Y be a smooth (differentiable) mapping. 

Definition 4. It is said that g intersects W transversally at a point x C X (denoted by 

g $-x W) if either (i) g(x)  ~ W or (ii) g(x)  E W and 

Y = T ( W , g ( x ) ) + [ d g ( x ) l X .  (21) 

I f  g ?h-x W tbr all x E X we say that g intersects W transversally (denoted g • W). 

Here T(W,y)  denotes the tangent space to W at y E W and dg(x)  : X + Y is the 

linear mapping corresponding to the differential of  g at x. Note that if g(x)  C W and 
g ?~, W, then the following dimensionality condition holds 

dim W + dim X >/dim Y (22) 

Transversality is a generic property in the following sense. Let H be a finite- 

dimensional vector space and let ~ (x ,  Tr) be a mapping G : X × /7 ~ Y. We can 

view / / a s  a space of  parameters and for ¢r E 11 define the mapping g,~(-) = G(.,qr).  

For a discussion of  the following result see, e.g., [ I0] .  

Proposi t ion 5. Suppose that the mapping ~ is infinitely differentiable (jointly in x 
and 7r) and that G ?ff W. Then for almost every 1r C 11 the mapping &r intersects W 
transversally. That is, those 1r C 1I such that g,r does not intersects W transversally 

form a set of Lebesgue measure zero in 11. 

In particular it follows that if the dimensionality condition (22) is not satisfied, then 

for almost every 7r the set 

g ~ ( w )  = {x ~ X lg,~(x) c w} 

is empty. In that sense the dimensionality condition (22) is generic. 
Consider now the set Wr of  n × n symmetric matrices of  rank r. It is well known 

that Wr forms a smooth manifold of  dimension 

dim lA)r = ½n(n+ 1) - ½ ( n -  r ) ( n - r +  I) 

in the linear space of  n x n symmetric matrices. Moreover, if A E Wr, then the tangent 

space T(Wr ,  A) can be defined by linear equations (e.g. [4, 30] ) 

T(Wr,  A) = { Z E S , , I e T Z e j  =0, 1 <~i<~j<~n--r} ,  (23) 

where e~ . . . . .  en-r, is a basis of  the null space of  the matrix A. By using this charac- 
terization of  the tangent space T(Wr,  A) it is not difficult to prove the following result 

(cf. [30] ). 
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Proposi t ion  6. Suppose that G(x)  E 14;r, let e] . . . . .  e,,-r,  be a basis of the null space 

of the matrix G(x)  and Gi = cgG(x)/cgxi, i = 1 . . . . .  m. Then G ?fx Wr if and only if 
the m-dimensional vectors vii = (e~G]ej . . . . .  e~Gmej), 1 <~ i <<. j <~ n - r, are linearly 
independent. 

It follows from the dimensionality condition (22) that the following lower bound on 
the rank r of  G(x)  holds generically (in the sense explained above) 

½ ( n - r ) ( n - r +  1) ~< m. (24) 

In particular, if  the mapping G is affine, i.e. G(x)  = Ao + Eiml xiAi, then for almost 
every Ao E S,, the vectors v~i, 1 ~< i ~< j ~< n - r, defined in Proposition 6 (with 
Gi = Ai), are linearly independent and the rank r of  G(x) satisfies the inequality (24) 

for all x E R "~ (cf. [ 3 ,26 ,30 ] ) .  
The transversality is an analogue of  the condition of linear independence of  the gra- 

dients of  active constraints used in nonlinear programming (also called nondegeneracy 
condition in linear programming) .  It is a well-known phenomenon that for very large 
linear programs quite often an optimal solution tends to happen at numerically degener- 
ate points. This indicates that the above generic statements, which hold "almost surely", 
should be taken with caution. It also should be remembered that the mathematical state- 
ment of  Proposition 5 explicitly depends on the employed parameterization which is 
given by the corresponding mapping G. In the above example of  affine mapping G, the 

program is parameterized by the matrix A0, i.e. the mapping G : ~" '  x Sn --~ Sn is given 
by ~ ( x , A )  = A + Y']~'i~=I xiAi. In this case we have that dG maps R m x S,  onto S,  and 
hence the transversality condition ~ ?f 1A;r holds for any r = 0 . . . . .  n. 

Let us note that if  G(x)  = d iag (g l l (x )  . . . . .  g,n(x))  is diagonal, then G(x)  -< 0 
means that gii(x) <~ 0, i = 1 . . . . .  n. In that case program (P) becomes a nonlinear 
programming problem subject to a finite number of  inequality constraints. However, 

here vii = 0 for i ~ j and hence if rank G(x)  <~ n - 2, then the transversality condition 
G ?fix Wr does not hold. In this case the transversality condition is not reduced to the 
condition of  linear independence of  gradients Vgii(x) of active at x constraints. This 
shows that an analogy with nonlinear programming should be taken cautiously. 

Consider now a positive semidefinite matrix A of  rank r. This matrix belongs to a 
T +ajaTi, 1 <~ i <~ j <~ r, face ) r. o f /C of  dimension ½r(r + 1) generated by matrices aiaj 

where al . . . . .  at ,  is a basis of  the range space of A. Note that .7- C T(Wr,  A) and that 

dim T('I/Vr, A) - d im.T  = r(n - r). 

It follows that if G(x)  is an affine mapping and x is an extreme point of  the feasible 

set G - I  ( - / C )  of  the program (P),  then the inequality 

½r(r+ 1) ~< ½n(n+ 1) - m  (25) 

holds for the rank r of  G(x)  (see [ 19] for details). If, in addition, the objective function 
f ( . )  is linear, then it attains its minimum value at an extreme point of  the feasible set 
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and hence the upper bound (25) for the corresponding rank r holds at that point. In 

particular, if m 7> n + 1, then r ~< n - 2 at an extreme optimal solution [2, 19]. Note 

that if m >7 n + 1, then the feasible set G - I  (-KS) has a face of  dimension greater than 
or equal to one provided the Slater condition holds. In that case there exists a linear 

function f ( - )  such that the associated program (P) has more than one optimal solution. 

Note also that, in contrast to standard linear programming, the dimensionality condition 

m ~> n + 1 is essential here. 

Consider again a matrix A E KS of  rank r and let E be an n × ( n - r )  matrix 

whose columns e~ . . . . .  e , - r ,  form a basis of  the null space of  A. Then the tangent cone 

T(KS, A) to the convex cone KS at A can be written in the form 

T(KS, A) = {Z E S,, ] ETZE ~ - 0}. (26) 

This can be proved, for example, by the following arguments. First, the cone KS can be 

written in the form KS = {B E S,  [ A,(B)  ~> 0}. Second, the directional derivative of  
A,( . )  at A in a direction Z is given by the smallest eigenvalue of  the ( n -  r) × ( n - r )  

matrix ETZE, provided the basis el . . . . .  e,-r  is orthonormal [ 14]. Finally, the cone 
T(KS, A) is formed by those Z for which this directional derivative is nonnegative. 

Note that it follows from (23) and (26) that T(Wr,  A) is the lineality space of  

T(KS, A). This demonstrates a difference between polyhedral cones and the cone /C. 

Here the lineality space of  T(KS, A) is larger than the linear space generated by the 

corresponding face .T" of  dimension ½r(r + 1), except in trivial cases when r = 0 or 

Now let x0 be an optimal solution of  the program (P),  with rankG(x0)  = r, 

and suppose that the transversality condition G ?ff.,o 1/Vr holds. By (21) and since 

T(Vgr, G(xo) ) C T(-KS, G(xo) ) we obtain that 

S,, = T(-KS, G(xo) ) + [dG(x0) ]N' .  (27) 

Since the cone KS (the cone -KS) has a nonempty interior, condition (27) is equivalent 
to the MF-condition (12) (e.g., [20, Proposition 3.9]).  Therefore we obtain that the 

transversality condition implies the MF-condition and hence existence of  a matrix g2 L-_ 0 

of  Lagrange multipliers satisfying optimality conditions (13) and (14).  
Let us show that under the transversality condition the Lagrange multipliers matrix is 

unique. Indeed, since /2 ~ 0 and because of  (14),  the matrix 1"2 can be represented in 
the form s'2 = EgtE T, where E is an n x (n - r) matrix whose columns form a basis of  

the null space of  the matrix G(xo) and gt is an (n - r) x (n - r) symmetric positive 

semidefinite matrix. We have then that 

OL(xo, [2) _ Of(xo) 
- -  + ~ . ( E T G i E ) ,  i = l  . . . . .  m, 

~X i C)X i 

where G i = a G ( x o ) / O x i .  It follows then from the linear independence condition of  

proposition 6 that, for a given matrix E, the matrix ~ is defined uniquely by the 

equations (13).  Thus we have: 
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Proposition 7. Let xo be an optimal solution of the program (P), rank G(xo) = r, and 

suppose that the transversality condition G $xo VVr holds. Then there exists a unique 
matrix 12o ~ 0 of  Lagrange multipliers satisfying the first-order optimali~ conditions. 

In the convex case the Lagrange multipliers matrices form the set of optimal solutions 
of the dual program (D).  Therefore, in the convex case, if the primal problem (P) has 

an optimal solution at which the transversality condition holds, then the associated dual 
problem has a unique optimal solution. Since the transversality is a generic property, 

in the sense which was explained earlier, we obtain that genetically the dual problem 
possesses a unique optimal solution. 

The transversality condition is a sufficient condition for uniqueness of the Lagrange 

multipliers but in general is not necessary. For a derivation of sufficient and "almost" 

necessary conditions for uniqueness of Lagrange multipliers see [32]. In particular it is 
shown in [32] that if there exists a matrix ~ _~ 0 of Lagrange multipliers, satisfying 
optimality conditions (13) and (14), and the strict complementarity condition (18) 
holds, then the transversality condition is also necessary for uniqueness of these Lagrange 
multipliers. 

4. Second-order analysis 

In this section we discuss second-order optimality conditions for the program (P). 

For that purpose we employ the concept of second-order tangent set to 35 at a point A 
in a direction B, which can be defined as follows 

T2(35,A,B) = {Z C S,, ] dist(A + tB + ½t2Z,35) =o( tZ) ,  t> /0} .  (28) 

It is clear from the above definition that T2(35, A, B) can be nonempty only if A E/C 

and B E T(35, A). In a sense T2(K;, A, B) provides a second-order approximation of the 
set 35 in a way similar to the (ilrst-order) tangent cone T(35,A),  which can be defined 

as a collection of X C 35 such that dist(A + tX,35) = o(t) ,  t >>. O. 
Consider now the smallest-eigenvalue function h,, (.). Recall that the cone 35 can be 

written in the form 35 = {X E S, ] An(X) >>. 0}. Let A E Sn be a positive semidefinite 

matrix of rank r < n and let E be an n × (n - r) matrix of rank n - r such that 
AE = 0 and ETE = In-r, i.e. the column vectors ej . . . . .  en--r, of E form an orthonormal 
basis of the null space of A. Consider an (approximate) second-order curve of the form 
X(t )  = A + tB + ½t2Q + o(t2), t >~ 0, where B, Q c S,,. It is known that 

1 t2,}tl fA An(X(t)  ) = th', (A, B) + 3" - ,  , - ,  B, Q) + o(t2), (29) 

where the first-order directional derivative a;,(A, B) is given by (e.g., [ 14] ) 

A~,(A, B) = Amin(ETBE),  (30) 

and the second-order directional derivative a'.'(A, B,Q)  is given by (e.g., [14, Theo- 
rem 10] and [28, pp.227-228])  
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F 

/ l"(a B ,Q)  =min f~uTQu-2 ~-~ (uTBai)2} (31) 
n " - - '  u E l g  t "~i ( A ) " 

i=1 

Here ai, i = 1 . . . . .  r, are orthonormal eigenvectors of A corresponding to its nonzero 

eigenvalues, U = {u I u = Ev, v E V} and V is the set of orthonormal eigenvectors of the 
(n - r) x (n - r) matrix ETBE corresponding to its smallest eigenvalue Amin(ETBE). 

Note that 

-~ (uTBai)2 = urBAt Bu, (32) 
Ai(A) i=1 

r where A t = ~i=l ~1i (A)-laiaT is the Moore-Penrose inverse of A. Let s be the multiplic- 
ity of the smallest eigenvalue of the matrix ETBE and let v~ . . . . .  vs be a corresponding 

set of orthonormal eigenvectors and V = [vl . . . . .  vs] be the corresponding ( n -  r) x s 
matrix. It follows then from (3 l )  and (32) that 

,~,'/(A, B, Q) = amin(VTEV(a -- 2BAtB)EV).  (33) 

Suppose now that 2r~n(ETBE) = 0, which implies that B E T(/C, A). It is clear from 

(33) that there exists Q0 E S,, such that /V,~(A,B, Qo) > 0. It follows then that the 
second-order tangent set to /C at A in the direction B can be written in the form [7, 
Proposition 4.1 ] 

T2(IC, A ,B)  = { a  E S,, I At,'(A,B,Q) ~>0}. (34) 

Together with (33) this implies that 

T2(IC,A,B) = {a E S,  I VTETQ EV ~- 2VTETBAtBEV} . (35) 

For a point x0 E •"', satisfying the first-order optimality conditions, consider the cone 
of critical directions 

C(xo) = {y E R"' I yT2Z f (xo)  = O, [dG(xo) ]y E T(-IC, G(xo) )). (36) 

This cone represents directions for which first-order approximations of the objective 
function and the constraint mapping do not ensure local optimality of the point x0. Note 
that because of the optimality condition (13), the cone C(x0) can be written in the 
following equivalent form 

C ( x o ) = { y E R m l O . [ d G ( x o ) ] y = O ,  [dG(xo)]yET(-1C,  G(xo))},  (37) 

where s2 is a matrix of Lagrange multipliers satisfying the first-order optimality condi- 

tions. 
We can write now second-order necessary optimality conditions for the program (P) 

as follows (see [7, Theorem 4.2] and [12]).  Let xo be a locally optimal solution of 
the program (P) and suppose that the MF-condition holds. Then to each y E C(xo) 
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corresponds a matrix/2 >-_ 0 of Lagrange multipliers, satisfying the first-order optimality 

conditions (13) and (14), such that 

yTx72xL(xo,/2)y >>. o-( /2,T2(-tC,G(xo),  [dG(xo) ]y) ), (38) 

where o-(., .) is the support function of the second-order tangent set T2(-IC, G(xo), 
[dG(x0) ]y)  (see Eq. (2) for a definition of the support function). Note that the right- 
hand side term in (38) is always less than or equal to zero [7]. Therefore the inequality 
(38) is weaker than the inequality yTX72xL(xo,/2)y >>. O. 

Let us calculate now the support function, given in the right hand side of (38), 
for a Lagrange multipliers matrix 1-2 and y E C(xo). Denote B = [dG(xo)]y and let 

rankG(x0) = r with r < n. Let el . . . . .  e, be a set of orthonormal eigenvectors of  
the matrix G(xo) corresponding to its eigenvalues arranged in the decreasing order and 
consider the n x (n - r) matrix E = [el . . . . .  en-r] formed from the eigenvectors of 
G(xo) corresponding to its zero eigenvalue. Note that E has full column rank n - r  and is 
such that G(xo)E = 0 and ErE = In .... Because of the complementarity condition (14), 
the matrix/2 can be represented in the from .O = E ~ E  T with ~ being an ( n - r )  x ( n - r )  
symmetric positive semidefinite matrix. Moreover, since y E C(xo) we have (see (37))  
that/2 • B = 0 and hence ~ • (ETBE) = 0. Therefore ~ = V_~V T, where ~ is a positive 

semidefinite matrix. Using the characterization (35) of  the corresponding second-order 
tangent set we obtain 

o'(,(2, T2(-IC, G(xo), B) ) 

= sup{/2 ° Q I vTETQ EV 5 2vTETB[G(xo)]tBEV},  

= sup{~  • (vTETQEV) I vTETQ EV -< 2vTETB[G(xo) ] tBEV} • 

Consequently 

o-(J'2,/ '2(-/C, G(xo), B) ) 

= 2 ~  • (vTETB[G(xo) ] tBEV) = 2/2 • (B[ G(xo) ] tB).  

We have that [dG(xo) ]y = ~i~t=l yiGi(xo), where Gi(xo) = cgG(xo)#gxi, i = 1 . . . . .  m, 
are the partial derivative matrices, and thus 

0"(/2, T2( - /C,  G(x0),  [dG(x0) ]y)  ) 

= 2 ~ YiYj/2 • (Gi(xo) [G(x0) ] tGj(xo) ). (39) 
i,j=l 

Consider the m x m matrix H(x0, /2)  whose elements are given by 

[H(xo, l-I)]ij = - 2 / 2 °  (Gi(xo)[G(xo)]tGj(xo)) ,  i , j  = 1 . . . . .  m. (40) 

Note that the matrix H(xo,/2) can be written in the following equivalent form 

t (cgG(xo)~ (41) 
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and hence has rank less than or equal to r(n - r). We can write now the second-order 
necessary conditions (38) in the following form. 

Theorem 8. Let xo be a locally optimal solution of the program (P) and suppose 
that the MF-condition holds. Then to each y E C(xo) corresponds a matrix 1"2 ~ 0 
of Lagrange multipliers, satisfying the first-order optimality conditions (13) and (14), 
such that 

yT~7]sL(xo,/2)y + y'r H(xo, O)y >t O. (42) 

Note that since G(xo) is negative semidefinite, it follows from the representation 
(41) that the matrix H(xo,/2) is positive semidefinite. Therefore, as it was mentioned 
earlier, the inequality (42) is weaker than the inequality yTV2xL(xo,/2)y >70. 

Let us consider now the following particular case. Suppose that G(xo) E )4;r, the 
transversality condition G ~.'o )4;r holds and let /2 ~ 0 be a matrix of Lagrange 
multipliers, satisfying the first-order optimality conditions (13) and (14). Recall that 
it follows from the transversality condition that the Lagrange multipliers matrix /2 is 
unique. Since T(1/V,., G(xo)) is the lineality space of T(- IC,G(xo) )  and by (37), it 
is not difficult to see that if the strict complementarity condition (18) holds, then the 

critical cone C(xo) = £(xo) ,  where 

E(xo) = {y E R ' ]  [dG(x0)]y  E T(Wr, G(xo))}.  (43) 

By using the characterization (23) of the tangent space T(Wr, G(xo)),  the linear space 
£(xo)  can be also written in the form 

12(xo) = {y E R"  ] ~-~yiETGi(xo)E=O}. (44) 
i=1 

We obtain the following result (cf. [ 18, 30] ). 

Theorem 9. Let xo be a feasible point of the program (P) and suppose that rank G( xo) 
= r and that the transversality condition G ?~x ° V~r holds. Let/20 ~ 0 be the corre- 
sponding matrix of Lagrange multipliers, satisfying the first-order optimali~ conditions 
(13) and (14), and suppose that the strict complementarity condition (18) holds. Then 
second-order necessary.' conditions for xo to be a locally optimal solution of (P),  are 

yTV2sL(xo, Oo)y + yTH(xo,/2o)y >>. 0, for all y E £(xo).  (45) 

Conversely. second-order sufficient conditions for xo to be a locally optimal solution of 
(P),  are that the strict version of the inequality (45) holds, i.e. 

yTV~xL(xo, Oo)y + y'rH(xo, O0)y > 0, for all nonzero y E £.(xo). (46) 

Proof. Necessity of the second-order conditions (45) follows from the more general 
result of Theorem 8. Sufficiency can be proved exactly in the same way as in [30, 
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Theorem 3.1]. That is, first it can be shown that these sufficient conditions are the 

standard second-order sufficient conditions for x0 to be a local minimizer of f ( x )  over 
the manifold G- I  ('14;r), which is smooth near x0 because of the transversality condition. 
Second, because of the strict complementarity condition (18), first-order conditions can 
be employed to verify local optimality of x0 in directions which are orthogonal to the 
tangent space to G -I (Wr) at x0 (see [30] for details). [] 

If  the program (P) is convex, then the second-order sufficient conditions (46) imply 

that x0 is the unique optimal solution of (P). Note that if the program (P) is linear, 
then the La~angian L(x, s2) is linear in x and hence the first term in the left-hand 
side of the inequalities (45) and (46) vanishes. Nevertheless, even in the linear case 
the second term in those inequalities does not vanish and, in a sense, represents the 
curvature of  the cone E.  

It is recently shown in [5] that the corresponding second-order conditions are also 
sufficient in the general setting of Theorem 8. 

Let us finally remark the following. We have that the Lagrange multipliers matrix can 
be represented in the form ,(20 = EqtoE z and that 

tl 

[G(xo ) ] t  ~ -J T (47) = "~k ekek, 
k = n  - r +  1 

where Ak = hk(G(xo)). It follows then from (40) that the elements of the matrix 
H(xo, D-o) can be written in the form 

/ ' / - - r  

[H(xo, OlO)]ij=--2ZOs, { ~ )t~'(eTGiek)(eTGjet)}, (48) 
s , t = l  k = n - - r + l  

where ~Pst are elements of the matrix aP'0 and Gi = Gi(xo).  Note that ~Piy correspond to 
Lagrange multipliers which were used in [30, equations (3.4) and (3.11)]. Note also 

that since G(xo) -< O, the eigenvalues A~, k = n - r + 1 . . . . .  n, are negative. 

5. Sensitivity analysis 

In this section we discuss differential properties of the optimal value and an optimal 
solution of a semidefinite program depending on a parameter vector. Let us start by 
considering the following semidefinite program 

(PA) xl~in f ( x )  subject to A + G(x) -< O, 

parameterized by A E ,9,,. Denote by ~ (A)  the optimal value of (PA). By the definition, 

O(A) = +oc  if the feasible set of the program (PA) is empty. Suppose that the 
unperturbed program (P) is convex, i.e. f ( x )  is convex and G(x) is psd-convex. The 
optimal value function ~p(A) can be analyzed then by a straightforward extension of a 
corresponding analysis used for nonlinear convex programs [22,23]. 
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It is not difficult to verify that the function ~ ( . )  is convex on ,9,,. Suppose that the 

optimal value of (P) is finite and that the Slater condition for the program (P) holds. 
Because of the Slater condition, it follows that the feasible set of the program (Pa) 
is nonempty, and hence ¢ ( A )  < +cx~, for all A in a neighborhood of the zero matrix 
in Sn. Since ~p(0) is finite, we obtain then by convexity, that ~b(A) is finite for all 
A in a neighborhood of zero. Consequently the subdifferential 0~p(0) is nonempty and 
compact. Moreover, it is possible to show that cT~p(0) coincides with the set of optimal 
solutions of the dual program (D) (see [23, Theorem 16] ). Therefore we obtain that, 
in the present situation, the set Z of the optimal solutions of (D) is nonempty and 
compact, that the optimal value function ~p(-) is directionally differentiable at A = 0 
and its directional derivative in a direction D E ,9, is given by [23, Theorem 17] 

~b' (0,  D )  = m a x / 2  • D.  (49 )  
~2E Z 

It follows from (49) that the optimal value function is differentiable at A = 0 iff 
Z = {D.0} is a singleton, i.e. the dual program (D) has a unique optimal solution. Since 
a finite valued convex function is differentiable almost everywhere [22], it follows that 
generically the dual program has a unique optimal solution. We already obtained this 

result by means of the transversality theory in Section 3. 
Let us consider now a general case of the following semidefinite program 

(Pu) min f ( x , u )  subject to G(x,u) ~ O, 
xE~" 

parameterized by vector u C R k. By L(x, gl, u) we denote the corresponding Lagrangian 
function, 

L(x, f2, u) = f ( x , u )  +12 .G(x ,u) .  

We assume that the functions f : IR" × iRk --~ • and G : R"' x R k ~ ,Sn are continuously 

differentiable. We also assume that f ( . ,  u0) = f ( . )  and G(.,  u0) = G( . ) ,  i.e. for u = u0 
the parameterized program coincides with the unperturbed program (P). 

By ~p (u) and ~" (u) we denote the optimal v',xlue and an optimal solution of the program 

(Pu), respectively. We assume the following, so-called inf-compactness, condition: 
there exists a number cr > ~'(u0) and a compact set S C R"' such that 

{x I f ( x , u )  <~ or, G(x,u) -< 0} C S (50) 

for all u in a neighborhood of u0. Note that if for all u the program (Pu) is convex and 

the set of optimal solutions of the unperturbed program (P) is nonempty and bounded, 
then the inf-compactness condition holds automatically. 

In the following theorem we give a description of the first-order differential behavior 

of the optimal value function ~p(u) in the convex case. This result can be viewed as 
an extension of (49) and is basically due to Gol'shtein [9] (see [31] for the required 
extension of Gol'shtein's result to the case of cone constraints). 
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Theorem 10o Suppose that the unperturbed program (P) is convex, that the set A4 
of optimal solutions of (P) is nonempty and bounded, that the Slater condition for the 
program (P) holds and that the inf-compactness condition is satisfied. Then the optimal 
value function ~ (.) is directionally differentiable at uo and its directional derivative at 
uo in a direction d E R k is given by 

~b' (uo, d) = min max dT~ZuL(x, 12, uo), (51) 
xE.M .qE Z 

where Z is the set of optimal solutions of the dual program (D). 

Another interpretation of the set Z is that it is the set of Lagrange multipliers of the 
program (P).  Because of the Slater condition this set is nonempty and compact. Note 
that if (P,)  is convex for all u, then the inf-compactness condition follows from the 
nonemptiness and compactness of .M and can be omitted from the above proposition. 

Suppose now that f ( x , u )  and G(x,u) are twice continuously differentiable and 
that the assumptions of Theorem 9 are satisfied. That is, G -~xo )A)r and the strict 
complementarity condition (18) holds. Then by continuity arguments, assuming that 
2(u) tends to x0 as u ~ u0, we obtain that the strict complementarity condition holds at 
~(u) and G(2(u) ) £ Wr tbr all u sufficiently close to u0. The following characterization 
of the differentiability properties of $(u) is then a consequence of the Implicit Function 
Theorem (cf. [8,29] ). For given xo E R n~ and /20 E S, consider the quadratic function 

K ( y , d ) = y T ~ 7 2 x L ( Z o ) y  T 2 T 2 + 2y ~TxuL(zo)d + d VuuL(zo)d 

+ yTHxx(ZO)y + 2yTHxu(zo)d + dTHuu(zo)d, (52) 

where zo = (xo,/2o, uo) and Hxx(ZO), Hxn(zo), H,,(zo) are matrices of order m × m, 
m × k, k x k, respectively, whose elements are defined by 

[H.,-x(zo) ] q = -2/-20 • ( [ OG(xo, uo)/axi] [G(xo)]t[c~G(xo,uo)/axj] ), 

[/-/xu(zo) ]q = -2/20 • ( [ 0G(xo, uo)/Oxi] [G(xo) ] t  [aG(xo, uo)/Ouj] ), (53) 

[Hu,(Zo) ]ij = -2£2o * ( [ 0G(x0, uo)/Oui] [ G(x0)] t [ 0G(xo, uo)/c~uj] ). 

Note that the matrix Hxx(Zo), defined above, coincides with the matrix H(xo, Do) 
defined in (40) and used in (45) and (46). Consider also the following linear space 
depending on d E ~k, 

y ( d )  = {y E R" I [dG(xo, uo) ](y,d) E T(Wr, G(xo,uo) ) }, (54) 

which can be written in the equivalent form 

m k 

3)(d)=tYI~-"yiETLi=I ~x/ j=l L ~ .  

Note that 32(0) = Z:(xo), where the linear space /2(xo) is defined in (43) and (44). 



318 A. Shapiro/Mathematical Ptvgramming 77 (1997) 301-320 

Theorem 11. Let xo be an optimal solution of the program (P).  Suppose that the 
assumptions of Theorem 9 hold, that the second-order sufficient conditions (46) are 
satisfied and that Yc(u) tends to xo as u ~ uo. Then: 

(i) the optimal value function is twice continuously differentiable at uo and its second- 
order Taylor expansion is given by 

l min K(y,d)  +o(lldl12), (56) ¢(uo + d) = ~b(uo) + dTV,,L(xo, DO, uo) + ~ >.ey(a) 

(i i) the optimal solution Yc( u) is continuously differentiable at uo and 

.~(u0 + d)  = -~(uo) + arg rain K(y, d)  + o(lid[I). (57) 
yCY(d) 

There is an interesting application of  the above sensitivity results to deriving asymp- 
totics in statistical theory. Consider the parameterized program (PA) and suppose that 

the parameter matrix A = An is random. Suppose further that AN converges in proba- 

bility, as N ~ ~ ,  to a matrix Ao and that NI/2(ao - ao) ~ N(0,  F ) .  That is, AN has 
an asymptotically normal distribution with the covariance matrix F. Here aN = vec AN, 

a0 = vec A0 and the symbol " ~ "  denotes convergence in distribution. Note that since 
aN has only ½n(n + l ) different elements, the rank of  the n 2 × n 2 covariance matrix F is 

½n(n+  1) at most. For example, AN can be a sample covariance matrix calculated from 

a sample of  size N. In that case, if the sample is drawn from a normally distributed 

population with the population covariance matrix A0, then F = 2M, (Ao®Ao)M, ,  where 

M, is a symmetric idempotent pattern matrix of  rank ½n(n + i)  (see, e.g., [6] ). 
Suppose further that the program (P) is convex, that the Slater condition for the 

program (Pa0) holds and that the optimal value ~/'(A0) is finite. It follows then from 

(49) that 

~P(AN) --~,(A0) = max .(2. (AN - A0) + o ( I I A N -  A0jj), (58) 
OEZ(Ao) 

where Z(Ao)  denotes the set of  optimal solutions of  the dual of  the program (Pao). 
Consequently, by the Delta Theorem (see, e.g., [24, pp. 259-260] ), 

Nt/2(~(AN)  - ~b(A0)) :=> max £2. Y, (59) 
f2EZ( Ao) 

with y ~ N ( O , F ) ,  y = vec Y. It follows that ~b(AN) has an asymptotically normal 

distribution iff Z(Ao)  = {D0} is a singleton, in which case 

Nt / z (~ (AN)  - ~b(A0)) ::~ N(0,  o-2), (60) 

where o -2 = w~Fwo and w0 = vec ,(20. In particular, if F = 2M,(A0 ® Ao)M,), then 
o -9- = 2 t r [ (DoA0)2] .  For the minimum trace factor analysis this result was derived 

in [25].  
Consider now the optimal solutions -~N = .~(A~¢) and xo = ~(A0). Suppose that the 

regularity conditions (specified in Theorem 11) ensuring differentiability of  the optimal 

solution 2 (A)  at A = Ao, are satisfied. It follows then by the Delta Theorem that 
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NI/2(YCN --XO) ~ N ( 0 , ' P ' ) .  T he  cova r i ance  ma t r ix  I/,' can be ca lcu la ted  by  us ing  ( 5 7 )  

a l t h o u g h  its expl ic i t  exp res s ion  is messy.  
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