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1. Introduction

Classical result of Wilks [11] says that the large sample distribution of the log-likelihood ratio statistic for testing nested
models is approximately chi-square under the null hypothesis and provided certain regularity conditions are satisfied.
Moreover, under a sequence of local alternatives (often referred to as' Pitman drift), the log-likelihood ratio statistic has
asymptotically a noncentral chi-square distribution. These results are routinely employed for testing nested models. Large
sample properties of log-likelihood ratio statistics under alternative hypotheses and for nonnested models were studied,
e.g., by Vuong [9] (for a more recent discussion of that topic see, e.g., Golden [2] and the references therein). Recently it was
argued in Yuan et al. [12] that in some cases normal approximations can give better asymptotics, for misspecified models,
than the noncentral chi-square for the large sample distribution of the log-likelihood ratio statistic in the analysis of moment
(covariance) structures.

The aim of this paper is to present a very general framework for asymptotic analysis of likelihood ratio test statistics. The
analysis is based on somewhat old results which seem to be little known in the statistics literature. These results allow to
simplify and generalize the analysis of [9,12] in a significant way. In particular, we show in detail how it can be applied to
the analysis of covariance structures.

This paper will be organized as follows. In the next section we describe asymptotics of the optimal value of a stochastic
optimization problem. We present two approaches to such analysis which could be convenient in different situations. In
Section 3 we discuss examples and applications of the general theory. In particular, we discuss applications to the analysis of
covariance structures. We use the following notation and terminology throughout the paper. By AT we denote the transpose
of matrix (vector) A, and by tr(B) the trace of (square) matrix B. The gradient vector (of partial derivatives) of a function

E-mail address: ashapiro@isye.gatech.edu.
T See McManus [3] for a historical overview of who invented local power analysis.

0047-259X/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j,jmva.2008.09.008


http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
mailto:ashapiro@isye.gatech.edu
http://dx.doi.org/10.1016/j.jmva.2008.09.008

A. Shapiro / Journal of Multivariate Analysis 100 (2009) 936-945 937

g : R™ — R, atapoint & € R™, is denoted either by Vg(6) or dg(6)/96. The Hessian matrix (of second order partial
derivatives) of g(-), at 6, is denoted by V2g(6) or 32g(6)/d696". For a random vector X having probability distribution P,
we denote by Ep[h(X)] the expected value of function h(X). When there will be no ambiguity of what distribution is used, we

omit the subscript P and simply write E[h(X)]. The notation “=" stands for convergence in distribution. By writing P < f@)
we mean that probability distribution P, of a random vector X, has density function f (x), and the notation X ~ N(u, X)
means that random vector X has multivariate normal distribution with mean vector p and covariance matrix X. We use
notation “:=" to denote “equal by definition”. By dist(9, @) := infyce ||0 —0’|| we denote the distance from point 6 to set ©.

2. Basic asymptotics

In this section we discuss some basic results for asymptotics of a very general class of statistics given by optimal value of
a stochastic problem. We describe these results in two frameworks which could be convenient in different situations.

2.1. Framework of stochastic optimization

Let X be a random vector, whose probability distribution P is supported on set X C RP, ® C R™ be a (nonempty)
parameter setand V : X x ® — R be a real valued function. The set X is supposed to be equipped with its Borel sigma
algebra. We make the following assumptions about function V (x, ).

(A1) Forevery 6 € © the function V (-, ) is measurable and P-integrable, and hence the expectation v(#) = E[V (X, 8)] is
well defined and finite valued.

(A2) For every § € ©, the expectation E[V (X, 6)?] is finite.

(A3) There exists a measurable function « : X — R such that E[« (X)?] is finite and

V(x,0") = V(x,0)] < kX6’ =0 (2.1)
forall§,0’ € ® andae.x € X.

The above assumptions are reasonably simple regularity conditions which could be verified in particular applications.
Assumption (A1) postulates that the optimization problem considered below is well defined. Existence of second order
moments, postulated in assumptions (A2), is a natural and in a sense minimal requirement for derivation of Central Limit
Theorem type results. Assumption (A3) implies, of course, that for every x € X the function V(x, -) is continuous (in
fact, even Lipschitz continuous) on ®. Note that if V(x, -) is differentiable and the set ® is convex, then (2.1) holds with
k(X) = Supyee VoV (x, 0)||. Note also that assumption (A3) implies that

V(x,0)% <2V(x,0)* + 2k (x)?)|10 — 0]>, V0,0 €O,
and hence if E[V (X, 6)2] is finite at some point # € ©, then it is finite forall 6 € ©.
In order to simplify the presentation we also assume that the set ® is compact. This assumption can be relaxed by
replacing it by some other conditions, we will discuss this later.
Now let Xy, ..., X, be an iid random sample of n realizations of the random vector X. Consider the sample average
function V,(0) := % Z?:] V(Xi, 0), and the optimization problem
min V,(6). (2.2)
0e®
By assumption (A3) the function f/\,,(-) is continuous on (compact) set ®. Therefore, the optimal value of problem (2.2),
denoted ¥, is finite and this problem has a nonempty (and compact) set arg mingco V,(6) of optimal solutions. Under the
above assumptions the optimal value ¥, (considered as a function of the random sample) is measurable and there exists a
measurable selection 6, € arg mingee V;(0) (see, e.g., Rockafellar and Wets [4, Chapter 14]).
By the (strong) Law of Large Numbers we have that V,(0) converges (pointwise) w.p.1 to v(f) as n — oo. In fact it is

possible to show that, under the above assumptions, this convergence is uniform on ©. It follows that 1§,, and én converge
w.p.1 to their counterparts of the limiting (expected value) optimization problem

minv(8). (2.3)
0e®

That is, 9, — ©* and dist(én, ®*) — 0w.p.1, where #* := infyco v(0) and
®* .= argminv(0) (2.4)
0O
denote the optimal value and the set of optimal solutions, respectively, of the problem (2.3). The minimizer ér, is often
referred to as an M estimator. Note that the assertion “©®* = {6*} is a singleton” simply means that the optimization

problem (2.3) has unique optimal solution 6*.
We can formulate now a basic asymptotic result [7, Theorems 3.2 and 3.3].



938 A. Shapiro / Journal of Multivariate Analysis 100 (2009) 936-945

Theorem 1. Suppose that assumptions (A1)-(A3) hold and the set ® is compact. Then 5‘“ converges w.p.1 to ¥*, and
By = inf Vy(8) 4 0,(n""?). (2.5)
feO*

If, moreover, ®* = {0*} is a singleton, then
Bn = Va(6%) + 0p(n"1/2), (2.6)
and n'/2(d, — ©*) converges in distribution to normal N (0,5%(6*)), where

02(0) = var[V(X, )] = E[V(X, 0)*] — v(9)%. (2.7)

Remark 1. By the definition of the set ®* we have that v(9) = #* forany 8 € ®*. Therefore Eq. (2.5) can be written in the
following equivalent form

n'2 (&, —0*) = inf Y,(0) 4 0,(1), (2.8)
fee*

where Y,(8) := n'/? (Vn(e) — v()). Consequently, n'/? (¥ — ©*) has the same limit (asymptotic) distribution as the term
infyco+ Y,(0) on the right-hand side of (2.8). Note also that for any set of points 04, . . ., 6y € @, by the Central Limit Theorem
(CLT), random vector (Y;(61), ..., Yo(6y)) converges in distribution to multivariate normal. This leads to a very general

asymptotic result. In particular, if ©* = {6*} is a singleton, it follows that n'/2(§, — 9*) = N (0, a%(6*)). If ©* is not

a singleton, then the limiting distribution of n'/ z(f}n — ) is given by the minimum of (correlated) normally distributed
random variables. That is, uniqueness of the minimizer 6* is a sufficient and “almost necessary” condition for asymptotic
normality of ¥,. ®

Proof of the above theorem is quite sophisticated, it is based on a first order expansion of the optimal value function,
an infinite-dimensional Delta Theorem and functional CLT. Under considerably stronger assumptions, it is also possible to
derive a second order term in an asymptotic expansion of the optimal value statistic f)n. We discuss below a particular case
of a general formula of [8, Theorem 4.4], which is sufficient for many statistical applications.

We make the following additional assumptions.

(i) The set ®* = {0*} is a singleton.

(ii) For every x € X the function V (x, -) is continuously differentiable.
(iii) The expectation function v(6) is twice continuously differentiable in neighborhood of the point 8*.
(iv) In a neighborhood T° C R™ of the point 6* the set © is defined by equality constraints, i.e.,

ONY ={0eT:¢)=0,j=1,...,k}, (2.9)

where ;(-) are twice continuously differentiable functions.
(v) Gradient vectors V¢j(8*);=1,...« are linearly independent.

,,,,,

Because of assumption (v), by the first order optimality conditions, there exist (uniquely defined) Lagrange multipliers Xj,
j=1,...,k suchthat

k
Vu(©*) + ) 4Ve0*) =0. (2.10)

j=1
Consider the Hessian matrix
k _
H = V(0" + Y 4V2G0") (2.11)
j=1

and the linear space (of dimension m — k)

7 ={heR":h"VG®*) =0, j=1,...,k}. (2.12)
Note that 7 represents the tangent space to ® at 6*. Assume, further, that:

(vi) Matrix H is positive definite on the linear space 7, i.e., h"Hh > Oforany h € 7, h # 0.
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Note that by second order necessary conditions we have that h"Hh > 0 for any h € 7. Therefore assumption (vi) is, in
a sense, a minimal requirement for nondegeneracy of the matrix H. In particular, assumption (vi) holds if the matrix H is
nonsingular.

Under some mild additional conditions the following second order expansion of ﬁn holds

~ —~~ 1 —_
U = Va(0%) + E(/)(Cn) + Op(n 1): (2.13)
where ¢, := VV,(6*) — Vv(0*) and
¢(z) := inf {2h"z + h"Hh} (2.14)
heT
(see [8] for technical details). The term Vn (6%), on the right-hand side of (2.13), is exactly the same as the corresponding

term in the first order expansion (2.6). The second term %(p(g“n) is quadratic. That is, the function ¢(-) is quadratic and can
be written as

() = —2"[A(ATHA) " 'AT]z, (2.15)
where A is a matrix generating the linear space 7, i.e.,, A is an m x (m — k) matrix of full column rank m — k such that
AT[V¢i(0*)] = 0,j = 1,..., k. The generating matrix A is defined up to a transformation A +> AC, where C can be any

nonsingular (m — k) x (m — k) matrix. Such transformation of the generating matrix does not change the right-hand side
part of Eq. (2.15). Note also that ¢(-) < 0 (just take h = 0 on the right-hand side of (2.14)). In other words the matrix
ATHA is positive definite. This should be not surprising in view of the second order optimality conditions discussed after the
assumption (vi).

By the CLT, n'/?¢, converges in distribution to a multivariate normal N (0, ¥), with ¥ equal to the covariance matrix of
VoV(X, 6%),i.e.,

W =E[(VV(X,0%) = Vo©") (VaV(X.0) = Vo©")'], (2.16)

and hence ¢, = Op(n“/z). Therefore, the additional (second order) term ¢(¢,) in (2.13) is of order Op(n‘l). We have
that E[V,4(6*)] = v(0*) = ©* and the mean of limiting (asymptotic) distribution of n¢; [A(ATHA)”AT] ¢y is equal to
tr [A(ATHA) "'AT¥ ]. Therefore,

1
- 5n—ltr [A(ATHA)'ATw | (2.17)

can be viewed as the asymptotic bias of Dn. By the above discussion the asymptotic bias i2.17) is always less than or equal
to zero and typically is negative. This should be not surprising since IE[f)n] <?d*andE [Vn (9*)] = ¥*. The asymptotic bias
(2.17)is of order O(n~1). It is interesting to note that if the set @* is not a singleton, then the asymptotic distribution of the
first term on the right-hand side of (2.8) typically has a negative mean, and hence in that case the asymptotic bias of 19,1 is
of order O(n=1/2).

In particular, suppose that there are no equality constraints in the definition of @, and 6* is an interior point of the set ©.
Then 7 = R™ and formulas (2.13)-(2.16) can be applied with H = V2v(6*) and Vv(6*) = 0.In that case ¢(z) = —z'H™ 'z
and the asymptotic bias is equal to —3n~'tr [H~'¥].

2.2. Framework of moment structures

Let &, be an estimate of an unknown (population) vector xo € R% For example, X, can be the sample average and/or
sample covariance matrix, based on a sample of size n, viewed as an estimate of the corresponding population mean and/or
population covariance matrix. We assume that X,, and x, vary in a convex open set X. For example, if X, is represented by
the sample covariance matrix, then X is formed by positive definite matrices of the corresponding dimension. We make the
following assumptions.

(B1) As n tends to infinity, n'/?(%, — x) converges in distribution to normal N (0, £2).
The above assumption implies, of course, that X, converges in probability to xo.

As before, we also assume that ® is a nonempty compact parameter set. Furthermore, let g : X x ® — R be a given
function, and let

*

v* = inf q(xo,0) and O := argminq(xq, 0) (2.18)
0e® 0e®

be the optimal value and the set of optimal solutions, respectively, of the optimization problem associated with the
population vector xg, while

Dy = elgcf) q®.,0) and 6, € arg min qR,, 0) (2.19)
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are the corresponding estimators.
We make the following assumption about function q(x, 9).

(B2) For every 8 € ® the function q(-, 0) is differentiable and V,q(x, ) is continuous, jointly in x and 6, on the set X x ©.

It follows, of course, that the function q(x, 0) itself is continuous on X x ®, and hence is measurable with respect to the
Borel sigma algebra of X x ©. Consider

Zy(0) = n'[Vyq(xo, 0)]" (Rn — Xo). (2.20)
Because of the condition (B1), Z,(6) = N (0, o'(6)?), where

o () := [Vxq(xo, 0)1"$2 [Vq(x0, 0)]. (2.21)

We have the following result about asymptotics of v, [6, Theorem 5.3].

Theorem 2. Suppose that assumptions (B1)-(B2) hold and the set © is compact, and consider Z,(8) and o (9)? defined in (2.20)
and (2.21), respectively. Then v, converges in probability to v* and

"2, — v*) = Gin)f Zy(0) + 0p(1). (2.22)
€O*

If, moreover, ©®* = {6*} is a singleton, then n'/?(d, — v*) = N (0, 0 (6%)?).

Results of Theorems 1 and 2 give, in a sense, first order asymptotics of the corresponding optimal value statistics and can
be applied in different situations. In applications of these results to studying asymptotics of likelihood ratio and minimum
discrepancy test statistics, discussed in the next section, it is natural to assume that the set ®* of optimal solutions is a
singleton. However, these results go beyond these applications and there are situations where this assumption does not hold.
As an example of the case where ®* essentially is not a singleton we may refer to asymptotics of the so-called minimum
trace factor analysis (cf., [5]).

The assumption of compactness of @ can be replaced by the condition that for all n large enough, én stays in a compact
subset of ® wp.1. This condition, in turn, can be often verified by ad hoc methods.

Under stronger assumptions it is also possible to add a second order term in an expansion of v,. We assume in the
remainder of this section that ®* = {0*} is a singleton, i.e., q(xo, -) has unique minimizer 6* over the parameter set ©.
Suppose, further, that near the point 8* the parameter set is defined by equality constraints in the form (2.9) and assume
the following.

(B3) The function q(-, -) is twice continuously differentiable.
(B4) The constraint functions ¢;(-),j = 1, ..., k, are twice continuously differentiable and gradient vectors V¢;(0*);=
are linearly independent.

It follows by the first order optimality conditions that there exist (uniquely defined) Lagrange multipliers X,-, ji=1,...,k
associated with the minimizer 8* of q(xo, -), such that

k
Voq(xo. 0%) + Y ;V(0%) = 0. (2.23)
j=1

Consider the following Hessian matrices

Hy = — 2 = and Hyy == 224
“ * 9x007 T a000T (2.24)

9%q(x, 6*) _ 9%q(xo, 0%) 92q(xo, 6%) Xk: 3%¢;(0%)
oxoxT —

of orderd x d,d x mand m x m, respectively. By the second order necessary conditions we have that h"Hyyh > 0 for any
h € 7, where 7 is the linear (tangent) space defined in (2.12). We assume the following second order sufficient conditions.

(B5) Forany h € T, h # 0, it holds that h"Hggh > 0.

Consider, further,
¥(2) = inf {z'Huz + 22 Hyh + h'Hgsh} . (2.25)
(S
The function ¥ (-) is quadratic and can be written as ¥ (z) = z"Qz, where

Q = Hy — HyA(AHgeA)"'ATHy, (2.26)

and A is an m x (m — k) matrix of full column rank generating the linear space 7. If 77 = R™, i.e., 0* is an interior point of
©®, then we can take A as the identity matrix and in that case Q = Hyy — HX(;H_1HT We have the following result (cf,, [6,
Theorem 5.4]).
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Theorem 3. Suppose that ®* = {6*} is a singleton, assumptions (B1), (B3)-(B5) hold and ® is compact. Then

A

Un = v* = [Viq(x0, 0] (Rn — X0) + %(&n — X0)"Q(&q — X0) + 0p(n" 1), (2.27)

where matrix Q is defined in (2.26).

If X, is an unbiased estimator of xo, then the expectation of the first term on the right-hand side of (2.27) is zero. In that
case %n”tr[Q Q] can be viewed as an asymptotic bias of the estimator v, of v*.

3. Applications and examples

As first application we consider the classical maximum likelihood method. Let X be a random vector whose true, but

unknown, probability distribution P is modelled by density f (x, 6) depending on parameter vector 6 € ©.LetXy, ..., X, be
an iid random sample of X and qu ) = ]_[?:1 f(Xi, 6) be the corresponding likelihood function. The ML estimator is obtained
by maximizing qu (0) over§ € ©®.This can be formulated in the framework of problem (2.2) by taking V (x, ) := — log f (x, 0)
and hence getting v(0) = —Ep[logf (X, 6)]. Consider the statistic

T£ = sup logL{l(G). (3.1)

fe®
Note that
-l n
—1 f s
—n~ T, = inf { — —1 Xi
n'T) = inf | ;[ ogf (X, )] .

thatis, —n~! T£ is the optimal value of the corresponding minimization problem (2.2) for V(x, 8) = — logf (x, ).

Consider T£ = SUPycp Ep [logf (X, 0)] and the set

®* .= argmaxEp[logf (X, 6)] = argminEp[— logf (X, 0)]. (3.2)
0O feO®
By Theorem 1 we have here, under the respective assumptions (A1)-(A3) and compactness of ®, the following asymptotics
n= 2T = n=12 sup log I/ () + 0,(1), (3.3)
feO*

and that n”Tﬁ converges to T£ w.p.1. Suppose, further, that ®* = {6*} is a singleton, and near 6* the set ® is defined by
equality constraints in the form (2.9). Then under appropriate regularity conditions, in particular ensuring that derivatives
with respect to 6 can be taken inside the expectation, we have by (2.13) the following second order expansion

1
T = log I/, (6*) — S [AATHA)'AT] & + 0p(1), (34)
where A is a matrix generating the linear space 7 and

19 logL(o* dlogf(X, 0% 32 logf(X, O* kL 92c(p
. 1dlog n( )_EP ogfX. 0] H—Ep 9% logf(X, 0%) ML~
n 90 30 90967 & 960967

(3.5)

Remark 2. Suppose that the model is correct, i.e., there is 6§y € ® such that the true distribution P is defined by the density
f (-, 6y), written P < f(, 6p). Then, as is well known, 8y is a maximizer of Ep[log f (X, -)], and hence 8y € ®*. Consequently
in that case

n 12T = n=21og I (6p) + 0,(1). (3.6)
Note that if there are several values of the parameter vector defining the same distribution P, then formula (3.6) still holds

with 6y being any point of the parameter set ® such that P < f(, 6).
Also in that case, under appropriate conditions ensuring that derivatives with respect to 6 can be taken inside the

dlogf(X,0)
a0

expectation, we have in (3.5) that the term Ep [ = 0, the Lagrange multipliers Xj =0,j=1,...,k and

H = —I(6p), where

9% logf(X, 90)] _E, |:810gf(X, 6o) Blogf(X,Go)] (37)

90007 a6 907

is Fisher’s information matrix. W

1(6p) = —Ep |:
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Now let g(x, y) be an alternative density model parameterized by vector y € I'. Consider the corresponding statistic
TE = sup, ¢ log L5 (y), where [§(y) = ]—[?=1 g(Xi, ), and the associated log-likelihood ratio test statistic
T, =TS —T.. (3.8)
Denote I"* := arg max, <, Ep[logg(X, y)] and
T* :== supEp[logg(X, ¥)] — sup Ep[log f (X, 6)].
yel’ (A

By Theorem 1 and Eq. (3.3) we have the following result.

Theorem 4. Suppose that the functionslog f(x, 6),0 € ©,andlogg(x, y),y € I',satisfy the respective assumptions (A1)-(A3),
and that the sets ® and I" are compact. Then

n~ 2T, = n="/2 sup logL£(y) — n~"/? sup log I/, () 4 0,(1), (3.9)
yer* feO*

and n~'T, converges to T* w.p.1. If, moreover, ®* = {0*} and I'* = {y*} are singletons, then n'/? (n™'T, — T*) converges in
distribution to normal N (0, w*) with variance

. f(X, 0% FX, 6%\ ( [ fX,6%) Dz
=V loe— [ =E log ——— — | Ep | log ———— . 3.10
D) ar[ogg(x’y*)} p|:(ogg(x’ y*)) ] P Ogg(x, %) ( )

In case where ®* and I'* are singletons, the above convergence result and formula (3.10) were obtained in Vuong [9,
Theorem 3.3] under considerably stronger regularity conditions. In particular, it was assumed there that 6* and y* are
interior points of the respective parameter sets.

Suppose now that we consider a parameterized model f (x, ) and are interested in testing the (not necessarily nested)
alternatives

Hyp : 0 € ®y againstH; : 6 € ©;. (3.11)
In that case the log-likelihood ratio test statistic is

T, = sup logL,(0) — sup logL,(0), (3.12)

0O 6e®g

where L,(0) = L’;(G) is the corresponding likelihood function. By (3.9) we have here, under appropriate regularity
conditions, that

n_]/zTn =n"1? sup logL,(0) — n~1/?2 sup log L,(8) + op(1), (3.13)

0eoy 0eo]

where

O = argmaxEp[logf(X,0)], j=0,1.
0e0;

If, moreover, the function Ep[log f (X, -)] has unique maximizers 6; and 6} over the sets ©®, and @1, respectively, then

L, (07)

127 _ .—1/2
n T,=n lo
" S L)

+ 0,(1). (3.14)

Remark 3. Of course, if ] = 67, then the right-hand side of (3.14) is reduced to 0,(1) and Eq. (3.14) simply says that n~12T,

converges in probability to zero. This happens if there exists a point 6, € @1 N O such that P < f (-, 8p), in which case
05 = 67 = 6y (see Remark 2). In that case, in order to get a meaningful asymptotics of T,, a second order expansion of
the form (3.4) is required. By the classical result (cf., Wilks [11], Wald [10]), under Hy (and certain regularity conditions)
the test statistic 2T, converges in distribution to a chi-square if parameter sets @, and ®; are defined by (smooth) equality
constraints and the hypotheses are nested (i.e., ®y C ®1). In general, for not necessarily nested models, we have by (3.4)

thatif P < f(, 6p), where 6y € ®g N O1, then (under appropriate regularity conditions)

2T, = YA (A]1(6p)A1) 'ATY — YTAq(Aj1(B0)A0) 'AGY, (3.15)

where [(6p) is Fisher’s information matrix (defined in (3.7)), Y is a random vector having normal N (0, I(6)) distribution,
and Ao and A; are matrices generating the tangent spaces 7y and 77 to ®q and @1, respectively, at 8y. If Ty C 77, i.e., the
models are nested, then we can take matrix A; of the form A; = [Ap, B], where B is an m x v matrix of full column rank
v = dim(7;) — dim(7p) such that AjI(6)B = 0. Then the right-hand side of (3.15) is equal to W (B"I(6,)B) " 'W, where
W:=BY ~N (O, B'I(6)B). Consequently, in that case W' (B"I(6)B)~'W ~ xZ, and hence 2T, converges in distribution
to (central) chi-square distribution with v = dim(77) — dim(7y) degrees of freedom.
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3.1. Covariance structures’ analysis

Let us discuss now the following example of covariance structures’ analysis. Suppose that the probability distribution
P, of random vector X, is hypothesized to be multivariate normal, X ~ N (u, X'(6)), with covariance matrix X' (9) being
function of parameter vector # € R™ and mean vector u treated as nuisance parameter. Suppose, further, that we are
interested in testing alternative hypotheses of the form (3.11), where @ and @ are (not necessarily nested) subsets of R™.
The log-likelihood function here (up to a constant) is

1 n
Ly (0) = —g log|Z(0)] — 3 E Xi — )" ZO)7 X — ). (3.16)
i=1

The corresponding (two times) log-likelihood ratio test statistic can be written in the form

T, =n [ inf Fy(S, £(0)) — inf Fyu(S, 2(9))] , (3.17)
6eBy 0edq
where S ;= n~!' Y"1 (X; — X)(X; — X)" is the ML estimator? of the covariance matrix and

Fu(S, ) :=log |Z| +tr(SX~1) — log|S| — p (3.18)

is the so-called ML discrepancy function.?
By (3.13) we have here, under appropriate regularity conditions, that

n~ 12T, = n'/? [ inf Fp (S, £(0)) — inf Fy(S, 2(9))] + 0,(1), (3.19)
0eof 0eof

where

O = argmin Fy (o, X(0)), j=0,1,
00
and X := Ep[(X — u)(X — n)"] is the population covariance matrix. We also have that n~'T, converges w.p.1 to

T* .= inf Fu(Zo, £(8)) — inf Fy(Zo, X(6)). (3.20)
0e®y 0e®
Moreover, if ©f = {6} and ©F = {6} are singletons, then

n'2 (7T, = T*) = 0P [(205) 7 = 20 7) (S — Zo)] + 0p(1). (321)

Denote s := vec(S) and oy = vec(X,), where vec(S) operator stacks columns of p x p matrix S into p?> x 1 column
vector. Assuming that components of the random vector X have fourth order moments, we have by the CLT that n'/2(s — o¢)
converges in distribution to normal with zero mean vector and p?> x p? covariance matrix denoted £2. Then it follows from
(3.21) that n'/? (n*] T, — T*) converges in distribution to normal with zero mean and variance

o' =[vec (26 = 2] 2 [vec (26" — 6] (322)
If vector X has multivariate normal distribution N (i, %), then
2 =2Mp(Xy ® Xp), (3.23)

with M, being a certain p? x p? symmetric idempotent matrix of rank p(p + 1)/2 (cf., Browne [1]), and formula (3.22) for
the asymptotic variance takes the form

ot =2u{[(ZE) - zEn ) ]} (3.24)

The Fy; discrepancy function has the following properties: for any covariance matrices S and X, Fy; (S, ') > 0 and
Fur(S, X¥) = 0iff S = X. It follows that if there is 8, € ®y N ®¢ such that Xy = X'(6)) (i.e., both hypotheses Hy and H,
hold), then 6y is a minimizer of Fy; (X, X (-)), over both parameter sets, and Fy; (Xy, X (69)) = 0. In that case T* = 0 and
Eq. (3.19) reduces to the statement that n~'/2T, converges in probability to zero. As it was mentioned earlier, in that case
second order expansions are needed to get a meaningful asymptotics.

2 The standard (unbiased) estimator of the covariance matrix differs from the ML estimator by the factor of n/(n — 1). We denote here by S the ML
estimator to simplify notation. Of course, n/(n — 1) tends to one as n — oo, and this factor does not change the corresponding asymptotics.

3 The term — log|S| — p here does not depend on 6 and can be omitted. This term appears while testing the parameterized model against the
corresponding saturated model. This definition of the ML discrepancy function is standard in the theory of covariance structures.
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In the present case it is also possible to employ the machinery of Theorem 2 to derive the above asymptotics. We can
view Fy; (S, X (0)) as a function of vector s = vec(S) and parameter vector 6. We have that

0Fy(s, 0(0))

s =vec(Z@O) ' —2,"). (3.25)

S=0(
By using Theorem 2 together with formula (3.25) it is straightforward to derive the above asymptotics (3.19)-(3.22). The
required regularity conditions here are quite simple.

(C1) The function X'(-) is continuous.

(C2) The parameter sets ®y and ®@; are compact.

(C3) n'/2(s — o) converges in distribution to normal N (0, £2).
(C4) The sets ©F = {65} and © = {6} are singletons.

For formula (3.19) we only need to assume (C1)-(C3). If, moreover, (C4) holds, then (3.21) and (3.22) follow.

In the analysis of covariance (moment) structures it is more convenient to use Theorem 2 rather than Theorem 1.
Sometimes other discrepancy functions, than the ML discrepancy function, are used. Consider, for example, the Generalized
Least Squares discrepancy function

1
Fas(S. ) i= Str {[(s - 2)5—1]2} , (3.26)

and the corresponding test statistic T, of the form (3.17) with Fy; replaced by F¢;s. This test statistic cannot be written as
a likelihood ratio statistic and therefore Theorem 1 cannot be applied. On the other hand Theorem 2 can be applied in a
straightforward way. We have that

0F¢is(s, 0 (0))
as

=vec[Z, (Z(0) — Z©)Z, ' 2(©)) Z, '] (327)

S=0p

Assume (C1)-(C4), with 6; and 6] being (unique) minimizers of Fgis(Xo, X (0)) over @ € ©&g and 6 € O, respectively. Then
n'2 (n7'T, — T*) = n'*tr [G(5, 07)(S — Zo)] + 0,(1), (3.28)
where
G(tg,07) =X, [Z(65) — Z(0) Zy ' 2(O5) — Z(0)) + 20D 2, ' 2 0))] (3.29)

Consequently n'/? (n~'T, — T*) converges in distribution to normal with zero mean and variance

w* = [vec (667, 0))]" 2 [vec (667, 61))] - (3:30)

If, moreover, formula (3.23) holds, then
w* = ztr{[zglz(eg) — ' ZOHE 2O - 2y 20)) + 2512(9;‘)2(;12(9;“)]2} . (3.31)

If the alternative hypothesis (hypothesis H;) is saturated, i.e., under H; the covariance matrix is unconstrained, then formulas
(3.21),(3.22),(3.24) and (3.31) hold with matrix X (6]) replaced by matrix X.

It is also possible to make bias corrections by using the second order term specified in Theorem 3. Let us finally remark
that, as it was mentioned before, if 65 = 67, then the first order term in the expansion of the test statistic vanishes and
the asymptotic variance w* degenerates into 0. This happens if there is 6y € @y N @ such that Xy = X' (6p). In that case
a meaningful asymptotics of T, is obtained by employing the corresponding second order expansions of the discrepancy
function. This is the classical situation which in the case of nested models leads to a chi-square asymptotic distribution.
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