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A theory of overparameterized structural models is presented. 
In such a model some "redundant" parameters are involved; 
the parameter vector is not identified, and the information ma- 
trix is not nonsingular. The minimum discrepancy function 
(MDF) test statistic is shown to have an asymptotic chi-squared 
distribution almost everywhere for a wide class of discrepancy 
functions. Asymptotic distribution properties of the MDF es- 
timators are investigated. The factor analysis model is discussed 
as an example. 
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1. INTRODUCTION 

In recent years much attention has been paid to covariance 
or, more generally, to moment structural models appearing in 
behavioral, educational, biological, and so forth, studies. In an 
ever-increasing number of publications, methodological and 
theoretical aspects of moment structure analysis have come 
under intensive investigation (e.g., see Anderson 1969, 1973; 
Joreskog 1970, 1981; Joreskog and Sorbom 1979; Browne 1974, 
1982, 1984; and Shapiro 1983a, 1985a and the references con- 
tained therein). In a moment structure, moments (usually of 
first and second order) are regarded as functions of a q x 1 
parameter vector 0 that belongs to a specified parameter space 
8.That is, the elements of the p x 1 mean vector (I.and p@
+ 1)/2 nonduplicated elements of the p x p covariance matrix 
2, arranged in the m x 1 vector 5 = ( r , ,  . . . , [,)I, are 
considered as functions of 0: 

For instance, the well-known factor analysis model assumes 
that Z is representable in the form 

Z = AA' + W, (1.2) 

where A is the p X k matrix of factor loadings and W is the 
diagonal matrix of the residual variances (e.g., Lawley and 
Maxwell 1971). Equation (1.2) may be considered as a co- 
variance structural model with the parameter vector 0 composed 
of the elements of A and the diagonal elements of W and 5 
composed of p@ + 1)/2 nonduplicated elements of Z. For 
many other examples of covariance structural models the reader 
is referred to Joreskog (1981), Browne (1982), and Bentler 
(1983). Multinomial parametric models are yet another ex-
ample of moment structures, where the cell probabilities 
nl(0), . . . , %(O) are some specified functions of the param- 
eter vector 0 (e.g., Rao 1973, sec. 6b). 
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Structural Models 

For a given sample estimate S of the population value go of 
5, parameter estimates are usually obtained by minimizing a 
function measuring the discrepancy between S and the fitted 
model g = g(0) = (g,(O), . . . , g,(O))'. Such estimation 
procedure is closely related to multivariate nonlinear least squares 
regression. In fact, if the discrepancy function is chosen to be 
a generalized least squares (GLS) distance function, then the 
minimum discrepancy function (MDF) estimation can be con- 
sidered as a particular case of nonlinear regression. Indeed, let 

be a nonlinear regression model with y, E Rm and g,(0) = g(0) 
for t = 1, . . . ,n. The corresponding least squares estimators 
are obtained by minimizing the objective function 

where V is an m x m positive definite matrix [e.g., see a 
survey paper by Burguete, Gallant, and Souza (1982)l. Since 
g, is independent of t ,  this objective function is equal to 

where Y = (y, + + y,)ln is the sample mean vector. 
Therefore we may instead minimize the function (y -
g(O))'V(y - g(0)). Here y is the estimate S and (x - e)'V(x 
- g) is a GLS discrepancy function (cf. Browne 1982, sec. 
1.4). 

Asymptotic distribution theory of moment structural models 
is well developed under two basic assumptions-namely, iden-
tifiability of the parameter vector 0 and nonsingularity (non- 
deficiency) of the information (Jacobian) matrix corresponding 
to the model g = g(0) (see Browne 1974, 1984; Lee and Bentler 
1980; and Shapiro 1983a). The aim of this article is to inves- 
tigate overparameterized models in which some "redundant" 
parameters are involved. In such models the parameter vector 
is not identified; neither is the information matrix nonsingular. 
This situation happens quite often in practical applications. For 
example, in the factor analysis model (1.2) the covariance ma- 
trix Z determines A up to rotation by a k x k orthogonal 
matrix. 

A way of dealing with the problem of overparameterization 
is to restrict the parameter space-that is, to identify the model- 
by imposing equality constraints. For instance, k(k - 1)/2 
equality constraints are needed to identify the factor analysis 
model (1.2). An extensive discussion of various identification 
conditions in factor analysis is given in Anderson and Rubin 
(1956, sec. 5). A general treatment of equality-constrained es- 
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timation in the case of maximum likelihood was presented by 
Aitchison and Silvey (1958) and Silvey (1970). The problem 
with this approach, however, is that usually identification con- 
straints are merely a convenient artifact for obtaining a unique 
solution and have no clear interpretation. Moreover, often in- 
troduction of the identification constraints unnecessarily com- 
plicates the calculations. 

Here I propose an alternative approach based on techniques 
borrowed from the theory of generalized inverse matrices. I 
propose an asymptotic theory of the MDF estimators and the 
associated test statistic. I will demonstrate that for a wide class 
of discrepancy functions and structural models the MDF test 
statistic has an asymptotic chi-squared distribution for almost 
every population value of 0 .  The corresponding number of 
degrees of freedom is given by m - r ,  where r is the so-called 
characteristic rank of the model. Intuitively, r represents the 
number of "functionally independent" parametric variables and 
is equal to the rank of the corresponding Jacobian matrix. 
Asymptotic distribution of the MDF estimators will be given 
in terms of generalized inverse matrices. In this respect I follow 
the terminology and notation of Rao and Mitra (197 1). Naturally 
such an asymptotic theory is interrelated with the theory of 
linear least squares estimation (e.g., Rao 1973, chap. 4). 

2. PRELIMINARY DISCUSSION 

Let tobe the population value of the m X 1 vector 5. The 
model (1.1) is said to hold if there exists a vector 8, from the 
parameter space 0 such that 

It will be supposed throughout that 0 is an open and connected 
subset of R4 and that the functions g1(8), . . . ,g,(0) are twice 
continuously differentiable on 0. We say that 0 is identified 
(locally identified) at 8, if the vector 8, is unique (locally 
unique)-that is, if g(0*) = g(8,) and 0" E 0 (0* is in a 
neighborhood of 8,) implies that 0* = 0,. 

Given a sample estimate S of t o ,  one fits the model (1.1) by 
minimizing the discrepancy between S and 5 = g(0), which is 
measured by means of a certain real-valued function F(x, 5) 
of two m x 1 vector variables x and 5. Following the termi- 
nology proposed by Browne (1982, p. 80) 1 call F(x, 5) the 
discrepancy function. This term has been used previously by 
Robertson (1972) in a context of multinomial estimation. The 
MDF estimator 0 of 0, is chosen to be a minimizer of the 
function F(S, g(.)) over the set 0. The validity of the model 
is tested by means of the MDF test statistic np,  where n is the 
sample size and p is the minimal value of the discrepancy 
function 

fi = min F( f  , g(0)). (2.2)
BE0 

We assume throughout that the asymptotic distribution of 
n'12(f - 5,) is multivariate normal with zero mean and a certain 
covariance matrix r. Usually this assumption can be justified 
by an application of the central limit theorem. Then it is known 
that under suitable regularity conditions and for an appropriate 
choice of F ,  0 is a consistent estimate of O,, n112(0 - 0,) is 
asymptotically normal, and n p  has an asymptotic chi-squared 
distribution with m - q degrees of freedom. Two important 

regularity conditions have to be met here; notably, 0 must 
be identified at 8, and the m X q Jacobian matrix A, = 

(d/dO1)g(Oo) must be of full rank q. So what happens if 
these conditions are not satisfied? Typically such a situation 
occurs when "redundant" parameters are involved. For in- 
stance, in the simplest case the mapping g(0) can be indepen- 
dent of, say, the last variable 6,. Then the last column of the 
Jacobian matrix A(0) = (d/d0')g(0) is identically zero and 
hence the rank of A(0) is less than q for all 0 .  Of course 
more complicated situations leading to the deficient rank of 
A may happen. 

It is well known that nondeficiency of the rank of A, implies 
local identifiability of 0 .  The converse is also true under the 
following condition of local regularity (see Fisher 1966 and 
Rothenberg 197 1). 

Definition 2 .1 .  A point 0, E 0 is locally regular if the 
Jacobian matrix A(0) has the same rank as A, = A(OO) for 
every 0 in a neighborhood of 8,. 

It should be mentioned that rank deficiency of A, alone is 
not sufficient for local nonidentifiability of 0 and that the con- 
dition of local regularity is essential here. An illustrative coun- 
terexample associated with the factor analysis model can be 
found (e.g., in Shapiro and Browne 1983; a more sophisticated 
counterexample is in Shapiro 1985d). 

Now I give a precise formulation of the basic concept of 
(local) overparameterization. 

Definition 2 . 2 .  The model (1.1) is locally overparameter- 
ized at 0, if the rank r of A, is less than q and there exists a 
local diffeomorphism 0 = h(y) from a neighborhood of yo E 
R4 to a neighborhood of go, with 0, = h(y,), such that the 
composite mapping g(h(y)) is independent of q - r coordinates 
of y-say, the last q - r coordinates-in a neighborhood of 
yo. (A continuously differentiable mapping from a neighbor- 
hood of a q-dimensional vector space into itself is called local 
difleomorphism if it is locally one-to-one and its inverse is also 
continuously differentiable.) 

The intuitive meaning of local overparameterization is that 
if A, has a deficient rank r ,  then by a suitable local reparam- 
eterization (i.e., local diffeomorphism) precisely q - r pa- 
rameters become redundant, since locally the model does not 
depend on them. Needless to say, local overparameterization 
implies local nonidentification. Since 0 = h(y) is one-to-one, 
the minimization with respect to y in a neighborhood of yo will 
be equivalent to the original optimization problein. Moreover, 
dgldy' = (dgldO')(dhldyl), and since the Jacobian matrix of 
local diffeomorphism h(y) must be nonsingular near yo,  the 
rank of A is preserved by a local reparameterization. 

The following result clarifies a relation between the preceding 
concepts of local regularity and local overparameterization and 
is known as the rank theorem (e.g., DieudonnC 1960). 

Proposition 2 . 1 .  The model is locally overparameterized 
at O0 if and only if the rank r of A, is less than q and the point 
O0 is locally regular. 

So far I have discussed local structure of the model (1.1) 
whereas the optimization procedure requires a global knowl- 
edge. Let us denote by B the image of the mapping g(0); that 
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. His, a = (5: 5 = g(8), 8 E 8).Then an equivalent formulation 
of (2.1) is that 5, E Z. Furthermore, f l  can be expressed as 
the minimum of F(%, .) over the set Z. Therefore, not sur- 
prisingly, the asymptotic behavior of MDF estimators is closely 
related to the analytical structure of 8. 

Let me discuss two examples. In the first example I consider 
the model g(8) = (02, e2)', depending on the parameter 8 E 
R. Since g(8) = g(- 8), this model is locally but not globally 
identified at every 8 # 0. However, local structure of the set 
H

E, which is a straight line, is simple and coincides for both 
values 8 and -8. In the second example I define g(8) = (sin 
(4 arc tan 8), sin(2 arc tan O))', 8 E R. Here the model is 
locally and globally identified at every 8. The set Z has the 
form of a figure 8, and its local structure at the point g = 
(0, 0)' does not coincide with the local structure provided by 
the corresponding point 8 = 0. To rule out pathological cases 
such as in the second example, I introduce the following con- 
cept of (global) regularity. 

Definition 2.3. A point 8, E 8 is regular if 8, is locally 
regular and there exist neighborhoods GLL and 'L? of 8, and 5,, 
respectively, such that 8 n'll = g(Q). 

In other words, regularity of 8, ensures that local structure 
of E near 5, is provided by the mapping g(8) defined in a 
neighborhood of 8,. Furthermore, the result of Proposition 2.1 
shows that near 8, the model depends on exactly r "functionally 
independent" parameters. Consequently Z has at gothe tangent 
space of dimension r .  This tangent space is spanned by the 
column vectors of the matrix A,. (For precise definitions of 
such relevant concepts from differential geometry as smooth 
manifold and tangent space, the reader is referred to Hirsch 
1976.) 

A natural question that arises from the preceding discussion 
is: How frequent are the regular points? It is not difficult to 
show that if the functions gi(8), i = 1, . . . ,m,  are analytic, 
then almost every point of 8 is locally regular with the same 
rank r of the Jacobian matrix A(8) (e.g., Shapiro 1983b). (A 
function is analytic on an open set if it can be expanded in 
power series in a neighborhood of every point of this set.) A 
much stronger result is that if the functions gi(0) are analytic 
on some compact set containing the space 8 [or when 8 is 
unbounded, g(8) -t a as 0 +a],then almost every point of 
8 is regular. This result is a consequence of some deep prop- 
erties of analytic mappings (e.g., Federer 1969, sec. 3.4). 

We see that an integer r that represents the rank of A(0) 
almost everywhere is associated with a model defined by an- 
alytic functions. I call this number r the characteristic rank of 
the model; whenever talking about the characteristic rank, we 
may assume that the mapping g(8) is analytic. It follows from 
the preceding discussion that either r = q and hence the model 
is locally identified almost everywhere or r < q and then the 
model is locally overparameterized almost everywhere. 

3. ASYMPTOTIC DISTRIBUTION OF THE 
MDF TEST STATISTIC 

In this section I study asymptotic distribution of the MDF 
test statistic np.  I give necessary and sufficient conditions for 
ng to have asymptotic chi-squared distribution. It will be shown 
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that for a wide class of appropriately chosen discrepancy func- 
tions, nP is asymptotically chi-squared with m - r degrees of 
freedom for every regular value of 0, E 8. 

We may suppose that the discrepancy function satisfies the 
following conditions (Browne 1982, p. 81): 

1. F(x, g) r 0 for all x, 5. 
2. F(x, 5) = 0 if and only if x = 5. 
3. F is twice continuously differentiable in x and g 

The discrepancy functions currently in use in the analysis of 
covariance structures, maximum likelihood, and generalized 
least squares both satisfy conditions 1-3. For other examples 
of discrepancy functions in covariance structures satisfying con- 
ditions 1-3, see Swain (1975) and Browne (1984). 

It can be shown that if conditions 1-3 hold, then the second- 
order Taylor approximation of F at (5,, 5,) is given by (x -
g)'V,(x - 5). The m x m symmetric matrix 2Vo can be defined 
alternatively by the Hessian matrices d2Fld&d&', -d2Fldxd~ ' ,  
or d2Fldxdx', calculated at the point (go, 5,) (Shapiro 1985b). 
This result indicates that any discrepancy function satisfying 
conditions 1-3 has local structure of generalized least squares. 
Note that conditions 1 and 2 imply that function F(5,, .) attains 
its minimal value of zero at the point go and hence the matrix 
V, is nonnegative definite. 

For a given x, I denote by g*(x) a minimizer of F(x, overa )  

the set 8 and by Fmin(x) the corresponding minimum 

Fmin(x)= inf F(x, g) = inf F(x, g(8)). 
(EE BEB 

Because p = Fmin(%),the asymptotic behavior of the MDF test 
statistic is closely related to analytical properties of the function 
Fmin(x). Note that 5, is the unique minimizer of F(5,, .) and 
hence &*(go) = 5,. Strictly speaking, however, conditions 1- 
3 are not sufficient for continuity of the mapping g*(.) and 
hence consistency of the MDF estimator 8 = 5*(%). (The MDF 
estimator 8 will be discussed in detail in the next section.) In 
this respect we need to impose the following technical condi- 
tion. 

4. There exist positive constants M and E such that F(x, 5) 
2 E whenever Ilx - 511 2 M. 

Condition (4) prevents g*(x) from going to infinity as x 
approaches 5,. Together with 1-3, this implies that 5*(x) tends 
to 5, as x tends to go. For more details and a discussion, see 
Shapiro (1983a, 1984). Usually F(x, 6)  tends to infinity as 
Ilx - 511 -t a,which implies condition 4,  so condition 4 is a 
mild restriction on the discrepancy function. 

Now consider the problem of minimizing F(x, .) over E .  
As I have mentioned earlier, second-order approximation to F 
is given by the quadratic function (x - g)'V(x - 5) and the 
set B is approximated by the tangent space given by the column 
space of the matrix A. (In order to simplify notation, I drop 
the null subscript and write A and V instead of A, and V,.) 
Then it is possible to show that the first-order approximation 
of 5*(.) at go is given by the orthogonal (with respect to the 
seminorm llxll = (X'VX)"~) projection onto the tangent space 
to Z. A formal proof of this fact is given in Abatzoglou (1978) 
and Shapiro (1985c), and for a detailed discussion of orthogonal 
projections the reader is referred to Rao and Mitra (1971, chap. 
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5). The seminorm (x'VX)"~ corresponds to the inner product 
(x, y) = xlVy and becomes a norm if the matrix V is positive 
definite. I need here the less restrictive assumption that V is 
positive definite on the linear space spanned by the columns 
of A. Since A'VA is nonnegative definite, this is equivalent 
to the condition rank (A'VA) = rank (A). Of course, if V is 
positive definite, then this condition holds automatically. 

An explicit expression for the orthogonal projection matrix 
is A(AIVA)-A'V (Rao and Mitra 1971, p. 11 1). This expres- 
sion gives the Jacobian matrix of &*(.) at go. Then second- 
order derivatives of F,, can be easily calculated by the chain 
rule (see Shapiro 1985~) .  I summarize this discussion in the 
following proposition. 

Proposition 3.1. Suppose that the point O0 is regular, the 
discrepancy function F satisfies conditions 1-4, and rank (A'VA) 
= rank (A). Then (a) the minimizer e*(x) is uniquely defined 
and continuously differentiable in a neighborhood of go, with 

and (b) the min function Fmi,,(x) is twice continuously differ- 
entiable at go with the first-order partial derivatives vanishing 
at go and the (half) Hessian matrix of second-order partial de- 
rivatives U = is given by ~ ( ~ 3 ~ / ~ x ~ x ' ) F , ~ ~ ( ~ ~ )  

U = V - VA(AIVA)-A'V. (3.2) 

If the matrix V is nonsingular, then the right-side expression 
in (3.2) can be simplified as follows: Let Q, be an orthogonal 
complement of A; that is, Q, is an m x (m - r) matrix of full 
rank m - r such that @'A = 0. Then by a known matrix 
identity (e.g., Rao 1973, p. 77), 

The second part of Proposition 3.1 and the delta theorem 
(e.g., Rao 1973, p. 388) immediately imply that 

and hence the asymptotic distribution of the MDF test statistic 
nfi is the same as the distribution of the quadratic form z'Uz 
with z - N(0, r ) .  Distributions of quadratic forms are well 
discussed. It is known that z'Uz has (central) chi-squared dis- 
tribution if and only if the following condition holds (Rao and 
Mitra 1971, p. 171): 

rurur = r u r ,  (3.4) 

in which case the number v of degrees of freedom is 

If the matrix V is nonsingular, then we can use an equivalent 
expression (3.3) for the matrix U and (3.4) becomes 

This equation holds if (and when r is nonsingular only if) 

In particular it holds if V = r - ' .  This fact has been widely 
exploited for constructing MDF test statistics with an asymp- 
totic chi-squared distribution (see Browne 1974, 1984). Equa- 

tion (3.6) shows, however, that a considerably broader class 
of discrepancy functions has this property. One can verify that 
condition (3.6) is equivalent to the following expression for the 
matrix V: 

v = ( r  + AC' + C A ' ) - ~ ,  (3.7) 

where C is an arbitrary m X q matrix. 
Under condition (3.6) we can express the number of degrees 

of freedom v as 

= tr(Q,'rQ,)-lcD'rQ, = m - rank (A). 

I came to the following result. 

Proposition 3.2. Let the matrices V and r be nonsingular 
and the point O0 be regular. Then the MDF test statistic has 
asymptotic chi-squared distribution if and only if condition (3.6), 
or equivalently condition (3.7), holds. In the last case the num- 
ber of degrees of freedom is given by m - rank (A). 

Structural models one uses in practice are usually defined by 
"well behaved" analytic functions (often these functions are 
simply polynomials). Then almost every population point O0 is 
regular and Proposition 3.2 implies that for an appropriately 
chosen discrepancy function, the MDF test statistic is chi-squared 
with m - r degrees of freedom almost everywhere. It is worth- 
while to note that I do not claim and it is possibly not correct 
that the model is (globally) identified almost everywhere. For 
instance, in the first example discussed in Section 2, the model 
is (globally) nonidentified at every B # 0. The set Z, however, 
has a simple "smooth" structure almost everywhere. Such be- 
havior is typical for the model defined by analytic functions. 

Still what happens at nonregular points? As I have mentioned 
earlier, it is possible for A, to have deficient rank r less than 
q and yet identify the model at 0,. To some extent this case 
(with r = q - 1) has been discussed by Sargan (1983). Often 
this situation occurs when the model is reparameterized in order 
to avoid boundary solutions. For instance, the inequality con- 
straints 8, r 0 (i = 1, . . . , q) can be released by the repa- 
rameterization 8, + 192. If the population vector 8, has, say, 
s zero coordinates, however, then the Jacobian matrix A, 
corresponding to the reparameterized model has deficient 
rank r s q - s. A detailed study of the boundary case is 
given in Shapiro (1985a). It is shown that if O0 is a boundary 
point of 8, then the MDF test statistic has asymptotic distribu- 
tion that is a mixture of chi-squared distributions. 

It is remarkable that for an appropriately chosen discrepancy 
function, the asymptotic distribution of nfl can be overestimated 
by the chi-squared distribution regardless of any regularity con- 
ditions. The precise statement is given in the following prop- 
osition. 

Proposition 3.3. Let the discrepancy function satisfy con- 
ditions 1-3, and let condition (3.6) hold. Then 

lim sup ~ r { n f  r c)  IPr{x? r c), 
n+m 

where X? is a chi-squared variable with v = m - rank (Ao) 
degrees of freedom. 

Proposition 3.3 shows that upper tail probabilities of the MDF 
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test statistic are always asymptoticaly overestimated by the cor- 
responding chi-squared distribution. The result follows im- 
mediately from the algebraic discussion above and the fact that 

A formal proof of the last inequality can be found in Shapiro 
(1985c, theorem 3.1 and corollary 3.1). 

4. ASYMPTOTIC DISTRIBUTION OF 
THE MDF ESTIMATORS 

In this section I discuss asymptotic distribution of the MDF 
estimators 8 and f .  The main difficulty here is that if the model 
is overparameterized, then the estimator 8 ,  as well as the pop- 
ulation value 00, is not uniquely defined. Therefore it is natural 
to take a representative and to consider a class of possible 
estimators 8 .  As we shall see, this corresponds to a different 
choice of the generalized inverse. But let us first consider the 
estimator f = g*(%), which in covariance structures represents 
the so-called reproduced covariance matrix. This estimator is 
unique and Proposition 3.l(a) together with the delta theorem 
implies the following result. 

Proposition 4.1. Suppose that assumptions of Proposition 
3.1 hold. Then f is a consistent estimator of 6, and n1'2(f -
4,) has asymptotically normal distribution with zero mean and 
covariance matrix PrP ' ,  where P is the projection matrix P = 
A(AIVA)-A'V. 

Now we consider the MDF estimator 8 of OO. I denote by 
O*(x) a minimizer of F(x, g(9)) over 8.Clearly 8 = O*(i). 
If the model is overparameterized, then the minimizer O*, 
and hence the estimator 8 ,  is not unique. We always have that 
&*(x) = g(O*(x)), however. Suppose for the moment that 
the minimizer O* exists and is a differentiable function of 
x. Then differentiating the last equation at x = &,, we obtain 
that the q x m Jacobian matrix J of O*(x) at 6, must satisfy 

A(AIVA)-A'V = AJ. (4.1) 

I remind the reader that the left-side expression in (4.1) rep- 
resents the Jacobian matrix dg*/dxl at x = &,. Premultiplying 
both sides of (4.1) with A'V and using matrix identity 

(e.g., Rao and Mitra 1971, lemma 2.2.6(c)), we obtain that J 
must satisfy 

A'V = (AIVA)J. (4.2) 

It is not difficult to show that if the point O0 is regular, then 
the converse is also true. Namely, for every matrix J satisfying 
(4.2), there exists the minimizer O*(x) in a neighborhood of O0 
such that (d/d~')O*(&~) J. (The proof of this fact is given = 
in Appendix A.) Because of the delta theorem, the covariance 
matrix II associated with the estimator 8 is given by II = 
JrJ ' .  Consequently Equation (4.2) implies that 

I came to the following result. 

Proposition 4.2. Suppose that regularity. assumptions of 
Proposition 3.1 hold. Then for every nonnegative definite ma- 
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trix II satisfying (4.3), there exists a consistent MDF estimator 
8 of 0, such that n112(8 - 0,) has asymptotically normal dis- 
tribution with zero mean and covariance matrix II. 

A matrix J satisfying Equation (4.2) is called a V least squares 
g inverse of A (Rao and Mitra 197 1, p. 49). One choice of J 
is J = (AfVA)-A'V. In this case the covariance matrix II 
becomes 

II = (AfVA)-A1VrVA(A'VA)-. (4.4) 

The general solution is more complicated and is given by 

where Q is an arbitrary q X m matrix (Rao and Mitra 1971, 
p. 49). 

If V is nonsingular, then (AIVA)- A'V is a reflexive g inverse 
of A and hence has the same rank as A (Rao and Mitra 1971, 
theorem 3.2.2 and lemma 2.5.1). It can be shown that the 
corresponding expression in the right side of (4.4) represents 
the class of covariance matrices that can be obtained under 
identification constraints. In other words, for every choice of 
the generalized inverse of A'VA, there exist q - r identification 
constraints such that the corresponding covariance matrix is 
given by the right side of (4.4) and vice versa. A proof of this 
result is given in Appendix B. 

Sometimes a certain function q = f(0) of 0 is of interest 
rather than the parameter vector 0 itself. The new variable q 
is uniquely defined if it is a function of &; that is, f(0) can be 
represented as a composite function f(0) = t(g) = t(g(0)). 
The converse is also true at least locally. By analogy with linear 
models (e.g., Searle 1971, p. 180), I call such a parameter q 
an estimable parameter. Now consider the estimator 4 = f(8) 
of qo = f (OO). Then from Proposition 4.2 and the delta theorem, 
n1I2(4 - qO) is asymptotically normal with zero mean and 
variance blIIb, where II satisfies (4.3) and b is the gradient 
vector b = (ald0) f (0,). If q is (locally) unique, then f can be 
represented as the composite function and b = A'a, where a 
is the gradient vector a = dtldg. Hence in this case b belongs 
to the linear space %(A1) generated by the column vectors of 
A'. Then bfIIb is independent of a particular solution of Equa- 
tion (4.3) and II can be taken in the form (4.4) with an arbitrary 
choice of the generalized inverse of A'VA. 

Often the function f (0) is chosen to be a coordinate function 
of 0. In other words, we are interested in vector 8, of, say, 
the first s coordinates of 0, O1  = (O,, . . . , 8 3 ,  whereas the 
last q - s coordinates 0, = (Os+ . . . , Oq)' are considered 
as nuisance parameters. Let A = (Al, A,) and J' = (JI, J;) 
be the corresponding partition of the matrices A and J, re-
spectively. Then using formulas for the generalized inverse of 
a partitioned matrix we obtain 

where 

(e.g., Pringle and Rayner 1971, sec. 3.3). Consequently the 
covariance matrix II,,corresponding to the estimator 8, must 
satisfy the equation 
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Note that for nonsingular V the matrix U2 can be given in an 
equivalent form as follows (compare with expression (3.3)): 

where @, is an orthogonal complement of A,. 
Equation (4.8) can be applied straightforwardly without going 

to the intermediate step of identification constraints. I dem- 
onstrate advantages of this approach in Section 6 while inves- 
tigating an example of the factor analysis model. Note that III1 
is defined uniquely by (4.8) if and only if the matrix AiU2Al 
is nonsingular. This in turn is equivalent to the condition that 
the coordinate vectors ei= aei/de (i = 1,  . . . , s) belong to 
the space %(A1). As I have mentioned earlier, this is a nec- 
essary condition for local identification of Bi ( i  = 1, . . . , s). 

5. ASYMPTOTIC EFFICIENCY 

In this section I address the question of how to choose the 
discrepancy function in order to obtain the "best" MDF esti- 
mators in the sense of having minimum asymptotic variance. 
As we shall see, such an asymptotic efficiency is guaranteed 
if, but not only if, V = ar-I ( a  > 0) (cf. Browne 1974, 
proposition 3). I show that a more general result holds. It will 
be demonstrated that if 

where D is an arbitrary q x q symmetric matrix, then the MDF 
estimators are asymptotically efficient and the MDF test statistic 
is asymptotically chi-squared. 

The basic condition for asymptotic efficiency is given in the 
following proposition (for the proof of this result, see Appen- 
dix C). 

Proposition 5.1. Let the matrices V and r be nonsingular. 
Then for any nonnegative definite matrix ll satisfying (4.3) 
and all vectors b E %(Af), the following inequality holds: 

b ' l lb  r b'(A1r- 'A)-b.  (5.2) 

It should be mentioned that, since b E %(A1), the left and 
right sides of (5.2) are independent of a particular choice of ll 
satisfying (4.3) and of the generalized inverse, respectively. 
One may note that b ' l lb  represents the asymptotic variance 
associated with the estimator v ,  which is a (uniquely defined) 
function of 0 .  Inequality (5.2) indicates that the minimum of 
this variance is attained if and only if 

is a solution of Equation (4.3). In other words, the MDF es- 
timators are asymptotically efficient if and only if the following 
equality holds: 

Note that the left side of (5.4) is independent of a particular 
choice of the generalized inverse. 

As I have mentioned earlier, my asymptotic theory is closely 
related to the least-squares theory of linear models. In fact on 
some occasions we solve the same matrix equations. Therefore 
we can apply straightforwardly some results from linear theory 
in order to obtain the corresponding asymptotics. In particular, 
in the case of nonsingular r ,  the general solution of (5.4) can 

be written (in my notation) as follows (see Rao and Mitra 197 1, 
p. 160, corollaries 1 and 2): 

where D and Q are arbitrary symmetric matrices and a is an 
arbitrary positive scalar. Clearly (5.5) and (3.6) (i.e., asymp- 
totic efficiency and asymptotic chi-squaredness) hold together 
if and only if condition (5.1) is satisfied. 

Under condition (5.5) the class of matrices ll satisfying (4.3) 
coincides with the class of generalized inverse matrices of 
A T - ' A .  In the case of identification constraints, the corre- 
sponding covariance matrix ll must satisfy the additional con- 
dition of rank ( l l )  = rank (A). Therefore these matrices are 
given by the nonnegative definite reflexive g-inverse matrices 
of A T - ] A .  

Finally, let 8 be partitioned 8' = (81, 81) and suppose that 
(5.3) holds. Then the covariance matrix llI1associated with 
the estimator el can be calculated using formulas for the gen- 
eralized inverse of a partitioned matrix. That is, 1111is given 
by the nonnegative definite g-inverse matrices of the matrix 

An equivalent expression for the matrix in (5.6) is 

where @, is an orthogonal complement of A,. 

6. FACTOR ANALYSIS MODEL 

In this section I briefly discuss applications of the developed 
theory to the factor analysis model (1.2). The characteristic 
rank r of the factor analysis model can be calculated to be r 
= p + pk - k(k - 1)/2 if this integer is less than or equal 
to m = p(p + 1)/2 and r = m otherwise (see Shapiro 1982, 
1983b). It follows that under suitable regularity conditions and 
for an appropriately chosen discrepancy function, the MDF test 
statistic has asymptotic chi-squared distribution with m - r = 
[(p - k), - (p  + k)]/2 degrees of freedom. Previously this 
result has been obtained essentially under two regularity con- 
ditions-namely, (global) identification of Wo and nonsingu- 
larity of the corresponding information matrix (see Lawley and 
Maxwell 1971 and Joreskog and Goldberger 1972). My deri- 
vations imply that this result holds generically in the sense that 
the MDF test statistic is asymptotically chi-squared for almost 
every value of A, and Wo. It is not claimed that W is globally 
identified almost everywhere. Instead, I assert that the image 
set E is a smooth manifold in a neighborhood of 5, for almost 
every A. and Wo (A subset of Rmis called a smooth manifold 
of dimension r if locally it has the differential structure of the 
Euclidean space Rr. For a precise definition see, e.g., Hirsch 
1976, p. 12.) 

Now let us consider MDF estimators of A. and Po.Naturally 
the parameter vector consists of two parts associated with A 
and W, and I treat them separately. Let S be the p X p sample 
covariance matrix giving an unbiased estimate of 2. I denote 
by vec(S) and vecps(S) column vectors formed from the ele- 
ments of S taken columnwise and from the nonduplicated ele- 
ments, respectively. Since the matrix S is symmetric, the m x 
1 vector s = vecps(S) can be expressed in terms of the p2 X 
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1 vector c = vec(S) as follows: s = Kic,  where matrix Kp is 
of order p2  X m. We also need the p2  X p matrix Hp defined 

by 

diag(S) = Hivec(S). 

For a detailed discussion of the transition matrices Kp and Hp 
and the associated matrix calculus, see Browne (1974) and Nel 
(1980, sec. 6.1). I also define A, = vec(Ao), +, diag(Wo), 
and consider the corresponding MDF estimators A and & 

Under mild assumptions it follows from the central limit 
theorem that nl/'(s - a)is asymptotically normal with zero 
mean and a certain m x m covariance matrix r. In particular, 
if the sample is drawn from a normally distributed population, 
then 

(see Browne 1974). I suppose that the m X m matrix V as- 
sociated with the discrepancy function is of the form 

where B is a p X p positive definite matrix and K; = 

(KiKp)-'Ki. Such a choice of V is relevant for the GLS and 
maximum likelihood discrepancy functions (see Browne 1974 
for details). Note that if B = Z - I, then V is the inverse of the 
covariance matrix r given in (6.1). 

For the rest of this section I suppose that the characteristic 
rank r is less than m; hence the number m - r, of degrees of 
freedom, is positive. I also suppose that the point (A,, +,) is 
regular. As I have mentioned earlier, the parameter vector A is 
locally unidentified whenever k is greater than one, whereas + 
is locally identified almost everywhere. A thorough discussion 
of the identification problem in factor analysis is given in An- 
derson and Rubin (1956) and more recently in Shapiro (1985d). 

The MDF estimator $ is uniquely defined near +,, and 
n ~ / ~ ( $- +,) is asymptotically normal. In order to calculate 
the corresponding covariance matrix, let us consider the m x 
pk and m x p Jacobian matrices A, and A2 of vecps(AA1) and 
vecps(W), respectively. It can be seen that A2 is given by A, 
= KiH,. It is also not difficult to calculate the Jacobian matrix 
A, (see Shapiro 1983a, p. 73). At this stage, however, we are 
rather interested in its orthogonal complement a,: 

where F is an orthogonal complement of A, (Shapiro 1983a, 
p. 73). After some calculations, we obtain the matrix U, = 
@,(@;V-'cPI)-'@I in the form 

with Z = F(FtB-IF)-IF'. It follows that AiU1A2 = hZ(2), 
where Z(2) denotes the matrix whose elements are squares of 
the corresponding elements of Z. Then from (4.8) and (4.9) 
we obtain that the asymptotic covariance matrix of n'12($ -
+,) is given by 

(cf. Shapiro 1983a, p. 75). Under normality assumption (6. l ) ,  
this covariance matrix becomes 
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In particular, in the case of asymptotic efficiency (e.g., B = 
2 - I )  we obtain this covariance matrix in the form 2(Z(2))-1, 
where Z = F(FIZF)-IF' .  

Possible covariance matrices associated with the estimator 
A are defined by Equation (4.8). Using Equation (4.7) one can 
obtain the required matrix U2 in the form 

In the case of asymptotic efficiency (e.g., B = Z-I) it follows 
from (5.6) that the asymptotic covariance matrix of n1'2(i -
A,) is given by a nonnegative definite g-inverse matrix of 
AIU2A1, where U2 is given by the right side of (6.5) with B 
= Z-I .  One approach to identifying A is by imposing iden- 
tification constraints (e.g., see Lawley and Maxwell 197 1). 
This leads to the nonnegative definite reflexive g-inverse matrix 
of AIU2A1, which of course depends on constraints imposed. 
Another widely used method of selecting A is to optimize a 
certain objective function on the set of all permissible A. It has 
been shown by Jennrich (1974) that this method is equivalent 
to imposing identification constraints, giving the necessary op- 
timality conditions for the corresponding minimizer. 

APPENDIX A 

Let the point 0, be regular, and consider a matrix J satisfying 
Equation (4.2). We want to show that there exists a minimizer 0*(x) 
such that 0*(x) -+ as x -+ 5, and (81 8 ~ ' ) 0 * ( ~ ~ )  J. First we note = 
that Equation (4.2) is invariant under local reparameterization (local 
diffeomorphism). Indeed, replacing 0 with y = h-'(O), we have to 
replace A with AH and J with ay*laxl = H-'J, where H is the 
Jacobian matrix of h at yo. Clearly this does not change Equation 
(4.2). Therefore we can partition 0' = (01, 0;), with 0, E R' and 0, 
E Rq-',and suppose without loss of generality that g(0) is independent 
of 0,. The corresponding partition of A and J is (A,, A,) and J' = 

(JI, J:), respectively, with A,@) identically zero. We have that 0:(x) 
is locally unique, and by the standard theory equation (AjVA,)J, = 

AjV holds. On the other hand, 0,*(x) and then J, can be arbitrary. 
Noting that this is precisely the class of matrices J given by Equation 
(4.2), we complete the proof. 

APPENDIX B 

Consider a set of k = q - r identification constraints ci(0) = 0 (i 
= 1, . . . , k), with ~ ( 0 ~ )  0, and the corresponding Jacobian matrix = 
J of the restricted minimizer 0*(x). Then J is equal to AA'V, where 
A is the q x q upper left block of the matrix 

where B is the q X k Jacobian matrix of c at 0, (e.g., Shapiro 1983a, 
p. 54). Of course we suppose that the identification constraints are 
chosen in such a way that the block matrix in (B. 1) is invertible. It 
can be shown that A is a (reflexive and symmetric) generalized inverse 
of A'VA (Blattner 1962) and hence (4.4) follows. A closed-form 
expression for A is given by 

A = W(W'A'VAW)-lW', (B.2) 

where W is a q x r orthogonal complement of B. 
On the other hand, let K be a generalized inverse of A'VA. Without 

loss of generality we can suppose that A is partitioned A = (A,, A,) 




