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1. Introduction 

Quite  of ten in s i tua t ions  involving unce r t a in ty  the cons ide red  o p t i m i z a t i o n  
p r o b l e m  is too compl i ca t ed  to be solved in an exact  p robab i l i s t i c  sense and  can 
be a p p r o x i m a t e d  at best.  In  this p a p e r  we s tudy  s tochas t ic  p rope r t i e s  of the 
ob t a ined  a p p r o x i m a t e  so lu t ions  which are  cons ide red  as s ta t i s t ica l  es t imators .  
Suppose  that  we are in teres ted  in solving the m a t h e m a t i c a l  p r o g r a m m i n g  p r o b -  
lena: 

min imize  f0 ( x ), x ~ S,  

(P0) s u b j e c t t o  f , ( x ) = 0 ,  i = 1  . . . . .  q, 

f , ( x )  ~< 0, i = q + l  . . . . .  r ,  

where  S is a subse t  of  R h and  f , ( x )  are genera l ly  non l inea r ,  real va lued  
funct ions.  Cons ide r  a s i tua t ion  where,  for some reason,  p r o g r a m  (P0) is inaccessi-  
ble and  has to be a p p r o x i m a t e d .  Tha t  is, ins tead  of  solving p r o g r a m  (P0), referred 

to as the lrue prog ram,  we solve a sequence  of a p p r o x i m a t i n g  p r o g r a m s  

min imize  ~o,, ( x ), x ~ S ,  

(P , )  subjec t  to + , , , (x )  = 0 ,  i =  1 . . . . .  q, 

q,~,,(x) ~< 0, i = q + l  . . . .  , r .  
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Here. for every i = 0  . . . . .  r. (~,,,(x)} is a sequence of real valued functions 
converging in some sense to the corresponding function s  The calculated 
optimal value 93,, and an optimal solution 2,, of the program (P,) give approxima- 
tions to the optimal value % and the optimal solution x 0 of the true program 
(Po), respectively. We then investigate statistical properties of q3,, and 2,  in the 
cases where the approximating functions ~b,,. in some sense, are stochastic. 

Let us consider the following basic example. Let (~2, .~;, P)  be a probability 
space and g,(x, ~), i = 0 . . . . .  r, be real valued functions gs: ~k • f2 ---, IR. Many 
problems of stochastic programming can be formulated in the form of program 
(P0) with the corresponding functions J~ given as expected ~,alues 

f~(x)  = Ep{&(x ,  ~) }  = f & ( x .  ~)P(d~o),  (1.1) 

i = 0 . . . . .  r (see, e.g., [9, 11, chapter 1]). In applications the space ~2 is usually a 
finite dimensional vector space and ~ is its Borel o-algebra. However. this will 
be of a little importance in our considerations and we resort to tile general 
scheme of probabil i ty spaces. 

Now let ~o l, ~ . . . . . .  be a sequence of independent identically distributed (lid) 
random elements in (~2, J )  with the common probabil i ty distribution P. Then 
one can estimate f , ( x )  by the sample mean function 

t l  

~b,,(.x) = ,,-1 y" g,(x, %). (1.2) 
j =  1 

Particular cases of the associated problem (P,) have been studied in statistics over 
generations. The maximum likelihood and nonlinear regression methods can be 
formulated in this framework and the M-estimators of Huber [19,21], are just the 
(unconstrained) minimizers of ~b0,,(x). Recently this scheme has also attracted a 
renewed interest in stochastic programming (e.g., [7,10,23,24]). It also appears 
naturally in sensitivity analysis and optimization of simulation models and 
stochastic networks by the Score Function method (see [2,39] and references 
therein). 

The sample mean functions ~b,,, can be represented as expected values 

q,,,(x) = E,. ,{&(x, ~0)} (1.3) 

with respect to the empirical measure 
t l  

p,, = , , - '  Y. 
j = l  

where 3(~0) denotes the probability measure of mass one at the point co. By 
constructing a sequence { P,,} of probability measures, not necessarily empirical, 
it is possible to generate the corresponding functions %, in the form of the 
expected values as in (1.3) other than the sample mean functions (cf. [10]). 
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Another possible extension of the basic scheme (1.1) and (1.2) is to take a 
composite function of the expected value functions (1.1). For example, one may 
want to minimize the variance 

f ( x )  = Var{g(x ,  to)} = E e ( g ( x ,  to)2) _ [ E e { g ( x  ' to)}]2 

by minimizing the corresponding sample variance 

i1  t l  - 

+,,(x)-- (,, 1)-' E - g(x, % ) - n - '  g(x, % 
j= =1 j= 

subject to some constraints. 
Investigation of statistical properties of the estimators q3, and 2,  is the main 

subject of this paper. In the following section we describe a general approach to 
deriving asymptotic results based on an extended delta method. This approach 
seems to be particularly suitable for studying asymptotics of the optimal value q~,,, 
which will be discussed in detail in section 3. Section 4 is devoted to a discussion 
of the optimal solutions 2,  and has mostly a survey character. 

By x .  v we denote the scalar product of two vectors x, v ~ Nk. The gradients 
V'g(x, to), V'L(x,  X, ~) and the Hessian matrices V2L(x ,  X, /x), etc., of the 
considered functions are always taken with respect to the first variable x. 

2. General framework 

In this section we describe a general approach to asymptotic analysis of the 
approximating program ([~,), The approach is based on an extension of the (finite 
dimensional) delta method, which is routinely employed in multivariate statistical 
analysis (e.g. [32, p. 388]). We work here directly with functions of the programs 
(P,) and (P,) which are viewed as elements of an appropriate functional space, 
rather than with the corresponding (empirical) measures and von Mises statistical 
functionals. This allows to avoid considerable technical difficulties related to the 
theory of empirical processes. The idea of asymptotic analysis via functional 
spaces is due to King [23]. 

Consider the mathematical programming problem 

minimize ~0(x),  x ~ S, 

(P~) subject to ~i(x) = 0 ,  i =  1 . . . . .  q, 

( i(x)<~O, i = q + l  . . . . .  r, 

with the functions (,, i = 0 . . . . .  r, viewed as parameters in a chosen linear 
(vector) space ~q, of real valued functions defined on the set S c N k. For example 
one can take ~ s =  C(S) ,  i=  0 . . . . .  r, where C(S)  denotes the linear space of 
continuous bounded functions ~" : S ~ N endowed with the sup-norm 

11~'[I = sup I~'(x)I. 
x ~ S  
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Then the opt imal  value 7~(~) and an op t imal  solut ion .~(~) of  the p r o g r a m  (P~) 
are considered as functions of  the vector  ~ = ( ~ 0  . . . . .  ( r)  f rom the Car tes ian  
produc t  space ; ~ =  ~~ 0 • - . -  • ~ r .  (The space ~ can be equipped,  for example ,  
with the max-no rm which is the m a ~ m u m  of the individual  no rms  of the 
componen t s  ~i ~ ~',, i = 0 . . . . .  r, of  the vector  ~.) 

Now suppose  that / . t = ( f  0 . . . . .  f r ) ~ e  and that  Y , , = ( ~ o  . . . . . . .  +r,,), n =  
1, 2 . . . . .  can be considered as a r a n d o m  element  in the normed  space W which is 
assumed to be equipped with the associated Borel o-algebra.  (For  def ini t ions  and 
a basic theory of such notions as r a n d o m  elements  and weak  convergence  in 
metric  spaces, the reader is referred to an exposi t ion book  of Billingsley [4].) 
Then,  of course, % = ~ ( ~ )  and q?,, = ~(Y,,) and similarly for the op t imal  solution. 
Fur thermore .  suppose  that nw2( ) ; , -  IX) converges  in dis t r ibut ion (weakly) to a 
r andom element  Z. If  we can a p w o x i m a t e  the funct ion ~ (~ )  near  the point  

=/x,  say by a linear or more  generally posit ively homogeneous  function,  then we 
may  hope to derive the cor responding  asympto t ics  of the es t imator  q~,, as well. 
This idea is accompl ished by the de l ta -method  a version of which we describe 
n o w .  

Consider  the normed  space ~ and a m a p p i n g  g :  ~e__. oy front ~ to a n o r m e d  
space Y/. It is said that  g is (Gfiteaux) directionally differentiable at /.t ~ K~ if the 
limit 

t &,(~ ' )=  lint g ( t ~ + t f )  g(tx) (2.1) 
t ~ 0 ' t 

t exists for all ~" ~. .~.  The  direct ional  derivat ive &,(-)  gives a local app rox ima t ion  
of the mapp ing  g at /.t in the sense that 

g(/x + f )  - g ( ~ )  = g ; ( f )  + , '(~'),  (2.2) 

where the remainder  r(~') is " s m a l l "  along any  fixed direct ion ~'. Tha t  is, 
t - l r ( t ~  ") ---*0 at t - - , 0  +. Not ice  that  the direct ional  derivative,  if it exists, is 

t t # positively homogeneous ,  i.e., gu(tf) = g,(~')  for all f and t > 0. If  g is direct ion-  
ally differentiable at ~ and in addi t ion g[(~') is l inear and con t inuous  in ~', then g 
is said to be Gfiteaux different iable at /x. 

F rom (2.2) we have that 

ni/~-[ g( );,) - g(/~)] = g , i [nW2(Iq , -  p.)] + nW2r ( Y , , - / z ) .  (2.3) 

Therefore  if the remainder  term in the right hand  side of (2.3) is a sympto t ica l ly  
negligible and g~(.)  is cont inuous,  then we may  conclude  that  the left hand  side 

' Z  term in (2.3) converges in dis t r ibut ion to g , (  ). In order  to carry  this idea 
through we need a s t ronger  not ion of direct ional  differentiabi l i ty.  

It is said that  the m a p p i n g  g is Hadamard directionally differentiable a t / z  if for 
any sequence (~',, } converging to a vector  ~" and every sequence  { t,, } of  posit ive 
numbers  converging to zero, the limit 

g(bt + t,,~,,) - g(tx) 
g~(~) = ,,lim~ ~ t,, (2.4) 
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exists. Of course, Hadamard directional differentiability implies Gfiteaux direc- 
tional differentiability and both directional derivatives coincide. Moreover, it 
follows from Hadamard directional differentiability that the directional derivative 
g~(~') is continuous, although possibly nonlinear, in ~" (see, e.g., [3,30,44] for a 
discussion of various forms of differentiability in normed spaces). 

In some situations we shall need a notion of Hadamard directional differentia- 
bility tangentially to a set. That is, let ,)U be a subset of ~' .  We say that g is 
Hadamard directionally differentiable at /_t tangentially to ~ if the limit (2.4) 
exists for all sequences {~',,} converging to ~', of the form ~',, = t , . l (~ , , -  ~) where 

' ( ~,, ~..Yt" and t,,--+ 0 +. The obtained directional derivative g , .~  .) is then defined 
on the contingent (Bouligand) cone T~,(Jr") to J{" at >. The cone T~,(..,'U) is formed 
by the limits of sequences ~',, = t,7~(~,, - >) with ~,, ~J{" and t,, ---, 0 +. The contin- 
gent cone is always closed and it is not difficult to show that the directional 

' ( derivative g,.or ") is continuous on T~(Jg'). 
Gfiteaux derivatives, with respect to the probability measures, are employed in 

statistics as a heuristic device suggesting correct formulas but unfortunately are 
useless for proving purposes (see [21]). On the other hand, the stronger notion of 
Fr6chet differentiability often is not applicable in many interesting situations. It 
was suggested by Reeds [33] that the concept of Hadamard differentiability is 
exactly attuned to statistical applications. Reeds' approach was described and 
further developed in Fernholz [12]. King [23] put forward an idea of asymptotic 
analysis via random functions rather than the underlying probability measures. In 
the following version of the delta method, given in theorem 2.1, we follow Grt~bel 
[18], Gill [16] and King [25]. We assume that the normed spaces ~e and ~ are 
endowed with their Borel o-algebras and { Y,, } is a sequence of random elements 
of ~ .  

THEOREM 2.1 
( a-method ) 

Let Y be a subset of .~" and suppose that: 
(i) The mapping g is Hadamard directionally differentiable at ~ tangentially to 

..,U. 

(ii) The mapping g is measurable. 
(iii) There is a sequence r, ,---,~ of positive numbers such that %(Y,,-t*) 

converges in distribution to a random element Z, where the distribution of Z 
is concentrated on a separable subset of ~g'. 

(iv) For all n large enough, 

erob{ Y,, eJY'} = 1. 

Then 

t r,,[g(Y,,) - g(/~)] ~ g , . , ( Z ) .  (2.5) 

Moreover, if the set Of" is convex, then 

r,,[g(Y,,) - g(#)]  = g;S[-r , , (Y, , - /x)]  + op(1). (2.6) 
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Here the superscript D stands for convergence in distribution and Op(1) 
denotes a random element of ~ in probability to zero. 

The result of theorem 2.1 follows easily from the Skorohod-Dudley  almost 
sure representation theorem and the definition of Hadamard directional differen- 
tiability [16]. An alternative proof can be derived from an extended continuous 
mapping theorem [25,46]. For the sake of completeness we give a proof of 
theorem 2.1 and some additional technical details in the appendix. Notice that it 
follows from the conditions (iii) and (iv) of theorem 2.1 that the distribution of Z 

! 

is concentrated on T,(,,U) and hence the distribution of g~.~(Z) is well defined. 
t Also it follows from the condition (i) that g,,:~.(.) is continuous on T,(,)U) and 

hence is measurable. 
In applications the asymptotic behavior of Y,, is usually verified by the Central 

Limit Theorem with % = n ~/2. Calculation of Gfiteaux directional derivatives does 
not involve any topological or probabilistic assumptions about the space ~'~ and 
the random elements Y,,. Often it is carried out by an application of the 
corresponding results from sensitivity analysis of nonlinear programs [8,9,43]. 
Then Hadamard directional differentiability can be verified by some additional 
effort. In this respect we mention that for locally Lipschitz mappings in normed 
spaces the concepts of Hadamard and Gfiteaux directional derivatives are equiv- 
alent. This result was noticed by many authors (see, e.g., [44] for relevant 
references). 

3. Asymptotic properties of the optimal value 

In this section we investigate asymptotic behavior of the optimal value qS,, of 
the program (P,). Let us start by considering the situation where all constraints of 
the programs (Po) and (P,) are included in the fixed set S. That is, define the 
optimal value function as 

~(~)  = i n f ( ~ ( x ) : x  c S} .  (3.1) 

We assume that the set S is compact and that ,~ belongs to the Banach space 
C(S) of real valued continuous functions defined on S and equipped with the 
sup-norm. The function ~( . )  is given by the pointwise minimum of a family of 
linear functionals on the space C(S) and hence is a concave function. Its 
Gfiteaux directional derivatives can be calculated by methods of convex analysis 
(e.g. [22, section 4.5.2]). Hadamard directional differentiability then follows, for 
example by noting that ~ is Lipschitz continuous on C(S). The following result 
is also related to a theorem of Danskin [6]. 

THEOREM 3.1 
Suppose that the set S is compact and that ~ : C(S) --, R is the optimal value 

function defined in (3.1). Then for any /x ~ C(S), ~ is Hadamard directionally 
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differentiable at/x and 

rye(:)= rain :(x), 
x~S*(bt) 

where 

S* (/x) -- argmin/~(x). 
x~S 

(3.2) 

In particular, it follows from (3.2) that if the function /~(x) has a unique 
minimizer x 0 over the set S, i.e. S*(/a) = {x0} is a singleton, then ~p~(~) = ~'(x0) 
is linear in ~'. Consequently in this case ~ is Hadamard differentiable at ~. Notice 
that Fr6chet differentiability does not follow here. 

Theorems 2.1 and 3.1 imply the following result. 

THEOREM 3.2 
Let S be compact and let { +,} be a sequence of random elements in C(S), 

f ~  C(S) and % = ~ ( f ) ,  ~n=~(+ , , ) ,  where ~ is the optimal value function 
defined in (3.1). Suppose that n~/2(+,,- f )  converges in distribution to a random 
element Z of C(S). Then 

D 
nl/2(q~, ,-  q%) ~ rain Z ( x ) .  

x~S*(/) 

In particular, if f (x)  attains its minimum over S at a unique point x0, then 
nl /2(~, , -  %) converges in distribution to Z(xo). 

Now consider the situation where the objective function f (x)  of the true 
program is given as the expected value E{ g(x, ~0)) of a function g: R k • ~2 ~ R. 
(Unless stated otherwise all probabilistic statements will be given with respect to 
the probability measure P.) Let + , (x )  be the corresponding sample mean 
function based on a sample of size n. Suppose that: 
(a) For every x ~ S, the function g(x, �9 ) is measurable. 
(b) For some point x0 ~ S, the expectation E{ g(x0, to)2} is finite. 
(c) There exists a function b: ~2 ~ R such that E{b(to) 2 } is finite and that 

Ig (x ,  to) - g ( y ,  to)[ <~b(~o)lix-yl[ 

for all x, y ~ S. 
Notice that assumption (c) implies that for almost every to, the function 

g( . ,  to) is Lipschitz continuous on S. Moreover, since S is compact and, hence, 
bounded, it also follows from assumption (c) that for every x ~ S the function 
]g(x, to) I is dominated by the function h(to) = g(xo, to) + ab(to), where a is a 
sufficiently large positive number. Because of assumptions (b) and (c), the 
function h(to) is integrable and hence, by the Lebesgue dominated convergence 
theorem, the expected value function f (x)  is continuous on S. That is f ~  C(S). 
It follows from assumptions (a) and (c) that the sample mean functions q~,, n = 
1, 2 . . . . .  can be considered random elements of C(S) (cf. [23, proposition A4], 
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[24]). Finally, assumptions (b) and (c) imply that the sequence Z,, = n ' / 2 ( + , , - f )  
of random elements of C(S) converges in distribution to a random element Z. 
This result is given in [23, proposition A5] and is based on a Central Limit 
Theorem in C(S) as it is given in [1, chapter 7]. The random element Z of C(S) 
is also called a random function or a random process. For a finite subset 
{x, . . . . .  x,,,} of S, the distribution of the corresponding random vector 
(Z(x~) . . . . .  Z(Xm) ) is called a finite dimensional distribution of Z. In the present 
situation all finite dimensional distributions of Z are multivariate normal, that is, 
the random element Z is Gaussian. In particular, the sequence { Z,,(x0) } of real 
valued random variables converges in distribution to normal N(0, o 2) with zero 
mean and the variance 

~ E{ g(Xo, (3.3) 
The following result is now a consequence of theorem 3.2. 

THEOREM 3.3 
Let f and q~,, be the expected value and the sample mean functions, respec- 

tively. Suppose that the set S is compact,  that the assumptions (a)-(c)  hold and 
that f ( x )  has a unique minimizer x 0 over S. Then n'/2(~p,,- %) converges in 
distribution to normal with zero mean and the variance o 2 given in (3.3). 

Theorem 3.1 shows that the first order analysis of ~ ( . )  cannot distinguish 
between different feasible sets possessing the same optimal solutions of the true 
program. That is, if q3,, and ~,, are the minima of the function +,,(x) over 
compact sets S and S ' ,  respectively, and f has the same set of minimizers over 
both sets S and S', then nl/2(~g,- qS,,) converges in probabil i ty to zero. There- 
fore, for the purpose of distinguishing between S and S', a second order analysis 
is required. Second order expansions of the optimal value function are closely 
related to the first order behavior of the corresponding optimal solutions and are 
derived under more restrictive assumptions ([41,42]). 

In the situations where constraints of the program (P0) have to be approxi- 
mated, investigation of differentiability properties of the optimal value function 
~(~)  is considerably more complicated. In all its generality the corresponding 
deterministic problem is still unsolved. We consider two particularly important  
cases. First, suppose that the programs (Po) and ([~,,) are subject to the inequality 
constraints only and that both of them are convex. That  is, suppose that all 
functions f0, ./I . . . . .  s  and ~0,,, ~1 . . . . . . .  ~ .... are real valued and convex on R* 
and that the set S is compact  and convex. It follows from the convexity 
assumption that the functions f0 . . . . .  fr and q'0 . . . . . . .  ~ .... are continuous [38] and 
hence belong to the space C(S). 

In the Cartesian product space , ~ = C ( S ) •  . - - x  C(S) of vectors ( =  
(~o . . . . .  (r) consider the set ~ formed by vectors ( such that each component  ~i, 
i = 0, 1 . . . . .  r, of ~ is a convex function on an open neighborhood of S. Convexity 
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of (P0) and (P,) means, of course, that tL=(f0 . . . . .  s  and Y,=(q '0  . . . . . .  4',,,) 
belong to the set .Y'. Consider the Lagrangian function 

r 

L(x, X, + E xA,(x) 
i = 1  

and denote by S*(~)  the set of optimal solutions of the program (P~). Suppose 
that the Slater condition for the program (P0) holds, i.e. there exists a point x ~ S 
such that f~(x) < 0 for all i = 1 . . . . .  i". Then, to every point ~ ~ S*(/~) corre- 
sponds a vector X = (X~ . . . . .  X~) of Lagrange multipliers such that 

L(Y, X, t*) = minL(x,  X, I*), (3.4) 
x ~ S  

X,>/0 and X~f~(Y)=0,  i = l  . . . . .  r ,  (3.5) 

(e.g..[22, p. 68]). The above optimality conditions can be also formulated in the 
subdifferential form. In particular, if L ( . ,  X, /,) is differentiable at Y and ~ is an 
interior point of S, then (3.4) is equivalent to a more familiar condition 

V'L(~, X, /*) = 0. (3.6) 

It can be shown by the arguments of duality that the set A(tt)  of Lagrange 
multipliers satisfying optimality conditions (3.4), (3.5), is the same for all Y 
S*(t t ) .  It follows from the Slater condition that the set A(tt) is nonempty and 
bounded. 

The following theorem is an extension of a result due to Golshtein [17, chapter 
5, section 3]. Its proof is given in the appendix. 

T H E O R E M  3.4 

Suppose that the program (P0) is convex, S is compact and the Slater 
condition for the program (Po) holds. Then the optimal value function ~(~) is 
Hadamard directionally differentiable at t t - - ( f0  . . . . .  fr) tangentially to the set .Y{" 
and for ~'~ T~(..,Y('), 

- '  ~ L(x ,  X, ~). (3.7) %..,~( ) =  min max 
x~S*(l~) X~A(tt) 

The delta method of theorem 2.1 and theorem 3.4 implies the following result. 

T H E O R E M  3.5 

Let Y,, = ( %  . . . . . . .  4',,) be a sequence of random elements in the space ~ =  
C(S)  • �9 �9 - • C(S). Suppose that ~ = ([0 . . . . .  L )  ~ ' ,  S is compact, the Slater 
condition for the program (P0) holds, for all n large enough Y,,~JK with 
probability one and that n~/2(Y,-i~ ) converges in distribution to a random 
element Z. Then 

D 
nl/2(~, ,-%) ~ min max L(x ,  •, Z). (3.8) 

x~S*(t*) X~A(tO 
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Consider now the case where f~ are given as the expected value functions and 
~,,, are their sample mean estimators. Suppose that for almost every ~o, the 
functions g~(., w), i = 0 . . . . .  r, are convex, that the assumptions (a)-(c) hold for 
every function g~, i = 0  . . . . .  r, and that program (P0) has a unique optimal 
solution x 0 and a unique vector X 0 of Lagrange multipliers. Then we obtain that 
n~/2(~,,-  %)  is asymptotically normal with zero mean and variance 

o z= E{ L(x  o, X 0, g ) 2 } _  [ E { L ( x  o, X o, g)}12, (3.9) 

where 
r 

L(x, x, g )=g0(x ,  ,o)+ E X,g,(x, 
i = l  

In situations where convexity is not presented it has to be replaced by 
differentiability assumptions. Suppose that the functions f,, i = 0 . . . . .  r, of the 
program (P0) are continuously differentiable. Consider an optimal solution 2 
S* ( ~ )  and suppose that .~ is an interior point of S. Then, under a constraint 
qualification, there is a vector X such that the first order (Kuhn-Tucker )  
necessary conditions, given in (3.6) and (3.5), hold. We assume that to every 
_u ~ S * (~ )  corresponds a unique vector X(2) of Lagrange multipliers. This, in 
itself, is a constraint qualification (cf. [27]). 

Consider the linear space Lip(S) of real valued, Lipschitz continuous on S, 
functions f (x ) .  Choose a point x 0 ~ S and for f ~ Lip(S)  define the norm 

I l f l l = l ~ ' ( x 0 )  + sup I ~ ' ( x ) - ~ ' ( Y ) [  (3.10) 
..... II x - y  II 

Endowed with this norm, referred to as Lipschitz norm, Lip(S)  becomes a 
Banach space. Notice that Lip(S)  lies somewhere between the spaces C(S) and 
CI(S), that is, C ( S ) c  L i p ( S ) c  C~(S). Recall that C ( S )  is the space of real 
valued, continuously differentiable on an open neighborhood of S, functions f (x )  
equipped with the norm 

lib'I[ = sup [~'(x) I + sup l[ I7f(x)II .  (3.11) 
x C S  x ~ S  

The following theorem is closely related to results of Levitin [29], Lempio and 
Maurer [28] and Gauvin and Dubeau [14]. Its proof is given in the appendix. 

T H E O R E M  3.6 

Consider the optimal value function ~(~), ~ e  of the program (P~) with 
equality and inequality constraints and ~ =  L i p ( S ) x  . - -  • Lip(S).  Suppose 
that S is compact, that ,u = (fo . . . . .  fr) c ~ ,  that the functions f~, i = 0 . . . . .  r, are 
continuously differentiable in a neighborhood of the optimal set S*(p.),  that all 
points of S*(p~) are interior points of S and to every x ~ S * ( ~ )  corresponds a 
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unique vector X(x) of Lagrange multipliers. Then ~ is Hadamard directionally 
differentiable at tx and 

g?'~(f) = min L (x ,  X(x) ,  ~). (3.12) 
x~S*(~) 

Formula (3.12) suggests that for the basic scheme of expected value-sample 
mean construction and if S * ( t ~ ) -  {x0} and )t o =X(x0),  then nl/2(~p,,- %) is 
asymptotically normal with zero mean and variance o z given in (3.9). The 
required regularity conditions, however, are more delicate here since they have to 
be verified in the Cartesian product of the spaces Lip(S). This problem becomes 
even more apparent in analysis of optimal solutions and puts serious limitations 
on applicability of the delta method in nondifferentiable cases. We discuss this 
further in the next section. 

4. Asymptotic properties of optimal solutions 

In this section we briefly discuss asymptotic behavior of optimal solutions 2,  
of the program (P.). Analysis of the corresponding optimal solution mapping 
.u is more delicate than the first order analysis of ~( . )  and more restrictive 
assumptions are required. In order to get a general idea about the speed of 
convergence of 2,  let us consider the case where the feasible sets of programs (P0) 
and (P,) coincide and are given by the set S. Consider the objective function 
f ( x )  of the true program and let W be a convex neighborhood of the correspond- 
ing optimal set S*( f ) .  Denote 

dist(x, C) = inf{ I I x - Y  I1: Y ~ C},  

the distance from a point x to a set C. 

ASSUMPTION A 
There exists a positive constant a such that 

f ( x )  >i inf f ( x ) +  a[dist(x,  S * ( f ) ) ]  2 
x~S 

for a l l x ~ S n W .  

(4.1) 

The above assumption can be ensured by various forms of second order 
sufficient conditions. Usually such sufficient conditions imply that a considered 
optimal solution is locally unique and hence the set S * ( f )  is discrete. 

For a function ~: S --, R let Y(~) be a minimizer of ( (x)  over S. 

LEMMA 4.1 
Suppose that assumption A holds, that the function 3 ( x ) = f ( x ) - f i x )  is 

Lipschitz continuous on S c3 W and let X(~) ~ W. Then 

dist(2(~),  S * ( f ) )  <~ a- ' x (3 ) ,  (4.2) 
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where 

K(6)=sup{ ]8(x)-8(y)lll-" .vii S* ) ,-vT..-.-~ : x ~  ( f ) ,  y ~ S A  W, x4:), . (4.3) 

Proof 
Consider a positive number E and let x 0 be an element of the set S*( f )  such 

that, for .u = ~:(~), 

] ] Y - x 0 l  [ ~< dist(Y, S*( f ) )  +E. 

We have that ~(Y) is less than or equal to ~(x0) and hence 

f( .u  - f ( x o )  = 6(Xo) - 3(.~) + ~(Y) - ~(Xo) <~ 3(xo) - 3(.u 

< ~'(~)llx0--~ It. 
On the other hand, by assumption A, 

U(Y) - f ( x o )  >1 a( [[ X - x 0 [[ - E ) 2 .  

Putting these two inequalities together and letting e ~ 0 +, we obtain (4.2). [] 

Inequality (4.2) gives a simple bound for the speed of convergence of +% = Y(q6,) 
to the optimal set of the true program. It depends on the Lipschitz constant of the 
difference function 8,(x)= +, , (x)- f (x) .  If 6,,(x) is continuously differentiable 
then, under assumption A, -~n converges to S*( f )  at a rate which is of order 
O(•,), at most, where K,, is the supremum of [[ ~78,,(x)11 over a neighborhood of 
S * ( f ) .  In the differentiable case of expected value-sample mean construction it 
follows from the Central Limit Theorem, applied to the gradients of the involved 
functions, that this supremum is of stochastic order Op(n-1/2). Consequently in 
this case .~,, converges to S*( f )  at a rate of Op(n-t/2). 

In order to apply the delta method to the evaluation of the asymptotic 
distribution of .~,,, one has to calculate directional derivatives of the correspond- 
ing optimal solution mapping 2(-) .  There are basically two approaches to 
differential analysis of 2( .) .  In the first method the optimization problem is 
replaced by equations representing the associated necessary, and occasionally 
sufficient, optimality conditions. These equations are then investigated by appli- 
cation of an appropriate form of the Implicit Function Theorem. This approach 
was exploited by many authors and various extensions of the classical Implicit 
Function Theorem were proposed (see, e.g., [13] and references therein). In this 
respect we cite the recent work on generalized equations of Robinson [35-37] and 
King and Rockafellar [26]. In the second approach the optimization problem is 
approximated by a simpler one, directly [15,40,41]. 

The calculated directional derivatives can be employed to write in a closed 
form the asymptotic distribution of 2+ (cf. [23,24,43]). Unfortunately,  it seems 
that the described delta method is not well suited for proving the obtained 
asymptotics of 2 n in nondifferentiable cases. Such nondifferentiable situations 
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appear naturally, for example, at the second stage of stochastic programming 
with recourse [47]. Then the different techniques should be applied. A basic 
theory for dealing with nondifferentiable cases was laid down by Huber [20] in 
his work on statistical theory of M-estimators. An interesting discussion of the 
involved ideas can be found in [31]. A derivation of asymptotics of .,t,, when the 
feasible set is fixed is given in [42]. 

Appendix 

The following proof of theorem 2.1 is taken from Gill [16] and is based on the 
Skorohod-Dudley-Wichura  almost sure representation theorem. 

THEOREM A1 
( Representation theorem) 

D 
Suppose Z,, ~ Z in ~ ,  where Z takes values in a separable subset of ~ .  Then 

there exists a sequence Z,I, Z '  defined on a single probability space such that 
, D  Z ,  D , Z,, = Z,,. for all n, = Z, and Z,, --* Z '  almost surely. 

Here Z '  ~ Z means that the probability measures, induced by Z '  and Z, 
coincide. 

Proof of theorem 2.1 
Consider the sequence Z,, = r,,(Y,,-/~) of random elements in ~' .  By theorem 

A1, there exist Z,I, Z ' ,  on a single probability space with Z,~ =D Z,,, Z '  =D Z, and 

Z,I ~ Z '  almost surely. Now for Y,,' = tt + r,71Z,, we have Y,,,' ~ Y,,, for all n. It 
follows that for al n large enough, Y,,' ~ Js  almost surely. Then we obtain from 
Hadamard differentiability tangentially to ~{', that 

%[g( } ; , ' )  - g (~ ) ]  -~ g ~ . . ( Z ' )  a.s. ( la )  

Since convergence almost surely implies convergence in distribution and the 
terms in (la) have the same distributions as the corresponding terms in (2.5), the 
asymptotic result (2.5) follows. 

If the set Y is convex, then the contingent cone T~(Y)  coincides with the 
tangent cone which is given by the topological closure of the set U { t - t (~U-p . ) :  t 
> 0}. In this case ~ ' c  ~ + T~,(JU). Therefore Z,~ ~ T ~ ( ~ )  almost surely and, by 

' ) L ( x ) .  continuity of g,,~,(, on 

g, . , (z , i )  z ' )  a.s. 

Together with (la) this implies that 
t t 

- = g . . . ( z , ,  ) + o . ( 1 )  

and hence (2.6) follows. 
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Notice that it follows from the definition of Z,I that the distribution of Z ' ,  and 
hence the distribution of Z, is concentrated on T~(~) .  [] 

Proof of theorem 3. 4 
Let o be a point in S such that f , ( o ) < - E ,  i = l  . . . . .  r, for some c > 0 .  

Existence of such a point is guaranteed by the Slater condition. It also follows 
from the Slater condition and compactness of S that the sets S * ( ~ )  and A(/x) 
are nonempty and compact. Consider a sequence ~,, = (~0 . . . . . . .  ~r,,) ~ ~e converg- 
ing to/~ and a point Y ~ S*(/~). Since S is convex, the segment joining v and Y 
is contained in S. It also follows from convexity of the functions f , ( x )  that 

f~[~ + ~(o - ~)] ~ (1 - ~) f , (~)  + ~f, (o) ~ - ~  
for all a ~ [0, 1]. Since the functions ~i.(x) converge to f i (x )  uniformly on S as 
n ~ ~ ,  we obtain that there exists a sequence a .  ~ 0 + such that for all n large 
enough, ~i,,(o.)~<0, i = 1  . . . . .  r, where o , , = ~ + a , , ( v - Y ) .  It follows that for 
sufficiently large n, the optimal set S * ( ~ )  is nonempty and if x .  ~ S*(~,,), then 
the distance from x,, to S*(/~) tends to zero. 

Now consider a sequence (~.} cJg" of the form ~ , ,= /~+ t~"  n s~,rh that 
t,,---, 0 + and (~,,} converges to a vector ~'. Let 7t E A(/~). Then 

~(~,,) ~ L(x , , ,  )., ~.) 

and for any Y ~ S*(/Q,  

~(~)  = L ( ~ ,  ~, ~). 

By the assumption of convexity we have then from the optimality of Y that 

Consequently 

~ ( ~ , , ) - ~ ( ~ )  ~ L(~,,, ~,, ~ , , ) -  L(x, , ,  ~,, ~) = t,,~(~,,, ~,, ~ , )  

Since ~ was an arbitrary element of A(/x) and because of continuity of the 
Lagrangian function we obtain that 

lim inf ~ ( ~ " ) -  ~ ( # )  >/ min max L(x ,  ?t, ~). 

On the other hand, consider a point ~ S * ( / ~ ) .  Let ?~,, be a vector of 
Lagrange multipliers corresponding to a point x.~S*(~, , ) .  Notice that by 
duality the distance from )t. to A(#)  tends to zero as well as the distance from x,, 
to S*(~) .  We have that 

~(~,,) = L(x , , ,  X., ~,,) 

and by the assumption of convexity of (Pt.) and optimality of x,,, 

L(x , , ,  X., ~o )~  L(Y,  X., ~o). 
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Also 

L(s x., 
and hence 

~(~,,) - ~(Ix) <-% L(Y, 2t,, ~,) - L(2,  X,,, Iz) = t ,L(Y,  X,,, ~,,). 

Since the point ~ was an arbitrary point of S*(#)  and by continuity of the 
Lagrangian function, it follows that 

lim sup t, ~< min max L(x ,  2t, ~) 

and hence the proof is complete. 

Proof of theorem 3.6 
Consider a point Y ~ S*(/~), the corresponding vector X = X(2) of Lagrange 

multipliers, the index set 

J =  { i : f , ( 2 ) = 0 ,  i = q + l  . . . . .  r} 

of active at Y inequality constraints of the program (Po), and the index sets 

J+= ( i E J ' ~ t i > O )  and J o = ( i E J : ~ i = O ) .  

Existence and uniqueness of ) , (x)  is equivalent to the following regularity 
conditions. The gradient vectors 7f~(Y), i ~  {1 . . . . .  q} u J+, are linearly inde- 
pendent and there exists a vector v such that o- ~f~(Y) = 0, i ~ (1 . . . . .  q} U J+, 
and o. 7f~(Y) < 0, i ~  Jo [27]. These regularity conditions are the Mangasarian-  
Fromowitz constraint qualification, at the point ~, for the set defined by 
constraints f ~ ( x ) = 0 ,  i ~  {1 . . . . .  q} U J+, and f , (x)~<0,  i ~ J  o. Let us consider, 
for ~ = (~0 . . . . .  ~r) ~ ~176 the set 

q~(~) -- { x ~ S : ~ , ( x ) = O ,  i ~  {1 . . . . .  q} U J+;  ~/(x)~< 0, i~Jo} .  

It then follows that there exists a positive number c such that for every ~ ~ 
sufficiently close to ~t (in the Lipschitz norm) there exists a point ~(~) ~ ~(~) 
such that 

[ [Y-v (~ ) l l~<c{  ~ I~;(Y) I+  ~ + ( Y ) } ,  (2a) 
i E  {1 . . . . .  q} U J +  i ~ J  o 

where a + denotes max(0, a}. This result follows from an adaptation of the 
Robinson-Ursescu stability theorem [34,45] to the present nondifferentiable 
situation. Because of the Mangasarian-Fromowitz constraint qualification, the 
system of constraints defining the set ~(~)  for ~ = ~  is stable at x = Y. Small 
Lipschitz perturbations in ~ preserve this stability property [5, theorem 2.1]. A 
thorough discussion of the involved concept of metric regularity and additional 
references can be found in [5]. 
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By the definition of Lipschitz norm it follows from (2a) that 

I l Y - ~ ( ~ )  II --< c l l ~ -  Ix[I, (3a) 

with possibly a different constant  c. Consider now a sequence ~,, = IX + t,,(,, with 
f,, -+ ~" and t,, --, 0 § Let v, = F(~,,). Because of (3a) we have that II Y - v,, II is of 
order O(t,,). It follows that for n large enough, the optimal set S*(~,,) is 
nonempty  and if x,, ~ S*(~,,), then the distance from x,, to S*(ix) tends to zero. 
Moreover, 

UP(~,,) ~< ~0,,(v,,)= L(v,, ,  fi ,  ~ , , )=  L(o, , ,  fi,  i x )+  r,,L(v,,, fi. ~,,). 

From the first order necessary conditions and since ]1Y- v,, II = O(t,,) we obtain 
that 

C(v,,, fi,  ix) = L ( Y ,  X, ix )+  o(t , ,) .  

Furthermore,  UP(ix) is equal to L(Y, fi, ix) and hence 

- Up(ix) t , ,L(v , , ,  7,, + o ( t , , ) .  

Since 2 was an arbitrary point of S*(ix) it follows then that 

lim sup UP(~") - UP(IX) t,, ~ min L (x ,  f i (x ) ,  ~). 
n ~  z e  .v ~ S *  (,~t) 

On the other hand, consider a sequence x,, ~ S*(~,,) converging to a point Y. 
We have then that Y E S*(IX). Because of the assumption of uniqueness of ~(2) ,  
it follows again from the stability theorem, now applied to the system defining 
~(ix), that there exist points u,, ~ q~(ix) such that II u,, - x,, II = O(t,,). Then 

UP(ix) <~fo(u,,) = L(u,,, f i (Y).  IX) 

and 

UP(~,,) > /L(x , , ,  X(Y), ~,,) = L(x , , ,  X(Y),  IX) + t,,L(x,,, X(Y) ,  ~,,). 

By the mean value theorem it follows from the first order necessary condit ions 
and continuous differentiability of L(. ,  fi(Y), ix) that 

L(x,, ,  X(Y) ,  IX) - L(u , ,  X(Y),  IX) = o(t,,). 

Consequently 

Up(~,,) - Up(IX) >~ t , ,L(x, ,  fit(Y), ~,,) + o(t,,). 

We obtain that 

lira inf UP(~") - UP(IX) f i ( x ) ,  ~') t,, >~ rain L ( x .  
n ~  oo x ~ S * ( , u )  

and the proof  is complete. [] 
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