Facets of Two-Dimensional Infinite Group Problems

Santanu S. Dey
School of Industrial Engineering, Purdue University,
315 N. Grant Street, West Lafayette, IN 47907-2023.

sdey@purdue.edu

Jean-Philippe P. Richard
School of Industrial Engineering, Purdue University,
315 N. Grant Street, West Lafayette, IN 47907-2023.
jprichar@ecn.purdue.edu

January 6, 2006

Abstract

In this paper, we lay the foundation for the study of the two-dimensional mixed integer infinite group
problem (2DMIIGP). We introduce tools to determine if a given continuous and piecewise linear func-
tion over the two-dimensional infinite group is subadditive and to determine whether it defines a facet of
2DMIIGP. We then present two different constructions that yield the first known families of facet-defining
inequalities for 2DMIIGP. The first construction uses valid inequalities of the one-dimensional integer in-
finite group problem (1DIIGP) as building blocks for creating inequalities for the two-dimensional integer
infinite group problem (2DIIGP). We prove that this construction yields all continuous piecewise linear
facets of the two-dimensional group problem that have exactly two gradients. The second construction
we present has three gradients and yields facet-defining inequalities of 2DMIIGP whose continuous coef-
ficients are not dominated by those of facets of the one-dimensional mixed integer infinite group problem
(1IDMIIGP).

1 Introduction.

One of the most effective methods to solve unstructured mixed integer programs (MIPs) is branch-and-cut;
see Marchand, Martin, Weismantel and Wolsey [16] and Johnson, Nemhauser and Savelsbergh [15] for recent
expositions of this technique. Over the years many families of cutting planes have been introduced that can
be added to the LP relaxations of MIPs to strengthen them. Interestingly, many of the cutting planes that
are currently used in commercial software are derived from single-row relaxations of the problem. Because the
interactions between multiple constraints cannot completely be captured by single constraints, cuts generated
from multiple constraints of the problem should help in the solution of MIPs. Therefore, it is interesting to
study how to derive strong inequalities from multiple row relaxations of MIPs.

Gomory and Johnson [12] recently put into light the possibility of using group-theoretic approaches to
generate cuts from multiple rows of simplex tableaux. A strong appeal of this method is that it is an elegant
approach to generate closed-form descriptions of cuts. Next we discuss its advantages and limitations further.
On the negative side, Gomory [8] proved that starting with integer data for a pure integer program, simplex
pivots may lead to tableaux in which any cut generated from a two-constraint group relaxation can also be
generated using a single constraint. This is because the rows of fractional parts of the tableau form elements
of a cyclic group. We mention however that this result does not hold for all pure integer problems. On the
positive side, Gomory and Johnson [12] note that using the group approach with multiple rows allows a more
accurate representation of the continuous variables as compared to using one-dimensional group approaches.



This should therefore lead to stronger coefficients for continuous variables in the cuts. This observation
is important as recent computational studies by Dash and Giinliikk [5] on group cuts based on single row
relaxations suggest that continuous coefficients in mixed integer cuts are relatively weak. Therefore, we
believe that there is a significant advantage in using two-dimensional group cuts for the case of MIPs. In
this paper we show that the use of two-dimensional cuts is indeed fruitful by deriving two large families of
facet-defining inequalities for the two-dimensional mixed integer infinite group problem (2DMIIGP) whose
continuous variables coefficients are not dominated by those of the one-dimensional group cuts.

In §2 we give a short introduction to integer and mixed integer infinite group problems. In §3 we introduce
the concept of valid subadditive functions for group problem. In §4, we develop in Propositions 10 and 12,
tools to verify that continuous and piecewise linear functions defined over the two-dimensional infinite group
are subadditive. This method requires the verification of subadditivity of the function at a finite number of
carefully selected points. In §5 we introduce a method to prove that given valid inequalities are facet-defining
for the two-dimensional integer infinite group problem (2DIIGP). We then present the automorphism theorem
of Johnson [14] in Theorem 28 and generalize the homomorphism theorem of Gomory and Johnson [12] in
Theorem 30. These results can be used to create new facets for 2DIIGP from known facets. We then
present in the following two sections the first proven families of facets for 2DIIGP. In §6 we present a family
of subadditive functions for 2DIIGP that are obtained from subadditive functions of the one-dimensional
integer infinite group problem (1DIIGP) through a simple constructive procedure. Necessary and sufficient
conditions for these functions to be facet-defining for 2DIIGP are derived in Theorem 39. We also show in
Theorem 42 that all continuous and piecewise linear facets of the two-dimensional group problem that have
exactly two gradients can be generated using this construction. In §7 we present in Theorem 48 a second
family of facets for 2DIIGP that cannot be derived using the procedure described in §6. In §8 we extend
the facet-defining inequalities obtained in §6 and §7 for 2DIIGP to strong inequalities for the mixed integer
extension of 2DIIGP that we call 2DMIIGP. We show that the coefficients of continuous variables in two-
dimensional group cuts are not dominated by those of the Gomory mixed integer cuts from the individual
constraints. We conclude the paper in §9 with remarks and directions for future research.

2 The Group Problem.

In this section we give a brief introduction to the integer and mixed integer group problems. A more
detailed analysis of both the integer and mixed integer case can be found in Gomory [9], Gomory and
Johnson [10, 11, 12] and Johnson [14]. We begin with the pure integer case. Consider the integer programming
problem

minimize ¢!t
s.t. At =1b
tezr, (1)

where we assume that ¢ € R"*!, A € R™*" p € R™*!. We let Ap be a basis matrix of the linear programming
relaxation of (1) and let tp be the corresponding basic variables. We also let Ay represent the columns of A
that are not part of Ag and let ¢ be the nonbasic variables associated with Ay. The feasible set of (1) may
be written as

Aptp + Anty =b where tp € ZT tn € Z:L__m. (2)
If the nonnegativity constraints of the basic variables in (8) are relaxed, we obtain
Anty = b(mod AB) tn € Ziﬁm, (3)

where ¢ = b(mod Ag) if 3z € Z™, such that ¢ = b+ Apz. The convex hull of feasible solutions to (3) is the
corner polyhedron introduced and studied by Gomory in [9]. Next if the inverse of the basis matrix Apg is left



multiplied to (8), the feasible set of (3) can be represented as
AG'Anty = Ag'b(mod I) tn € 2™, (4)

where I is the m x m identity matrix. Consider now a relaxation of (4) by removing all but one of its
constraints. Multiplying this single row by D = det(Ap), we obtain

Z Daﬁti = DBj(mod D), ti € Zy Vi € N, (5)
iEN
where @;;,b; are the coefficients of the j' row of Ap'A; and A3'b respectively and A; is the column of A
corresponding to the variable t;. Clearly, Da,;, Db; € Z if A € Z™*™ and b € Z™*1.

Next we consider a relaxation of (5) in which there is a variable associated with each possible coefficient
of the cyclic group of order D. More precisely, we consider

Y ouweg Uty =T
ty €Zy YueG, (6)

where the coefficients Daj; of (5) are represented as the members of the finite cyclic group G and DEJ- is
denoted as r where r € G. The group problem (6) is a relaxation of (5) since every solution of (5) can be used
to create a solution of (6) by setting the additional variables to zero. The convex hull of integer solutions of
(6) is known as the master cyclic group problem P(Cp,).

The master cyclic group problem is a useful relaxation of (1) since there exists an implicit representation
of its facet-defining inequalities as extreme rays of a particular polyhedron; see Gomory [9]. Furthermore,
Gomory [9] shows that the facet-defining inequalities of the convex hull of solutions of (5) may be obtained
from a subset of the facet-defining inequalities of P(Cp ). Over the years, many explicit families of facets for
these finite group problems were obtained from Gomory’s implicit characterization; see Gomory [9], Gomory,
Johnson and Evans [13], Ardoz, Evans, Gomory and Johnson [3], Richard, Li and Miller [20] and Miller, Li
and Richard [18]. Because these inequalities are facet-defining for P(Cp,), they are valid for (1) and so can
be used as cutting planes for general integer programs.

There is however a computational difficulty with the approach described above when the matrix A is
rational. In such a case a sufficiently large integer D has to be multiplied to the system to make the coeffi-
cients in (5) integers. We note that this integer D may be difficult to determine and may give rise to cyclic
group relaxations of large orders. To circumvent these difficulties, Gomory and Johnson [12] suggested the
following variation of the approach. Instead of considering only the columns corresponding to A;A N in (4)
they proposed to include all the columns of R™, considered as elements of a group where addition is done
modulo 1 componentwise. The relaxation obtained in this fashion is the integer infinite group problem.

Definition 1 The integer infinite group problem with right-hand-side r, where r € I\ {0}, is defined as the
set of functions t : I'"™ — Z that satisfy

1. t(u) > 0 for some finite set U C I"™

2. e ut(u) =7,

where I'™ is the infinite commutative group corresponding to the set {u e R™ | 0 <wu; <1 Vie {1,...m}}
with addition modulo 1 componentwise and where we denote the element of I™ whose components are all
equal to zero as o € I™.

Note that the summation in 2 is well-defined as ¢ is considered to be a feasible solution to the group problem
only if it has a finite support, i.e., t(u) > 0 for some finite set U C I™. This assumption is legitimate
since most integer programs encountered in applications have finitely many variables. We refer to the integer



infinite group problem as one-dimensional group problem (1DIIGP) in the case where m = 1. Gomory and
Johnson analyze 1DITGP in [12]. In this paper we analyze the case when m = 2 which we refer as 2DIIGP.

Next we describe the infinite group relaxation for mixed integer problems. Consider the mixed integer
programming problem

minimize cF't 4 ks
s.t. At +Acs =0
teZl,seRY (7)

where we assume that ¢; € R™ %! ¢c € RPeX1 A; € R™X™M  An € R™*"0 b € R™*!, We let tp represent
the basic variables that are integer in some basic feasible solution of the linear programming relaxation of
(7). The tableau rows corresponding to the variables tp are

tB—‘r/I[tN-l-AcsN:b (8)

where A; and A¢ are the columns corresponding to integer and continuous non-basic variables. By following
the same sequence of relaxation that produced (3), we obtain

AItN + ]P)(AcsN) = b(mod j) (9)

where I is the identity matrix and where the projection function P : R™ — ™ is defined as P(z1, ..., Z,,) =
(z1(modl), ..., xm(modl)).

Next we relax the problem by introducing more variables to (9). Since continuous variables can always be
scaled, we only consider coefficients for continuous variables from the set J™ = {(w1, ..., W) | Maz1<i<m|wi| =
1}. It is clear that as the dimension increases the continuous variables are better represented in the group
relaxation.

Definition 2 The mized integer infinite group problem with right-hand-side r, where r € I'™ \ {0}, is defined
as the set of pairs of functionst : I"™ — Z4 and s : J™ — Ry that satisfy

1. t(u) > 0 for some finite set U C I™,

2. s(w) > 0 for some finite set W C J™.

3 e ut(u) P30 o ym ws(w)) = 7.

Johnson [14] analyzes general properties of the mixed integer infinite group problem and shows that strong
valid inequalities of the mixed integer infinite group problem are related to those of the integer infinite group
problem. In particular, strong inequalities for the two-dimensional mixed integer infinite group problem
(2DMIIGP) can be obtained from strong inequalities of the 2DIIGP. For this reason, it is natural to focus
first on purely integer infinite group problems as a way to obtain cuts for mixed integer infinite group problem.
We note however that the full power of the two-dimensional group approach is expected to be realized for
mixed integer problems.

3 Valid inequalities.

In this section, we first define the notion of valid functions over the two-dimensional group I2. We then define
subadditive functions and discuss the reason that it is sufficient to consider valid subadditive functions when
studying group problems. We conclude this section by describing the subset of valid subadditive functions
we study in this paper.

Definition 3 A function ¢ : I? — R is defined to be a valid inequality for the two-dimensional group problem
with respect to right-hand-side r € I? if it satisfies the following conditions:



1.3 e d(w)t(u) > 1Vt € 2DIIGP,
2. ¢(0) =0,

3. ¢(r) =1,

4. ¢(u) >0 Vu e I

Since valid inequalities are functions over I? we will use the terms valid function and valid inequality inter-
changeably. In the rest of this paper, we only consider valid inequalities. Whenever the word right-hand-side
is used, it refers to r as presented in Definition 1. Next we introduce subadditive functions and describe their
relations to valid inequalities for 2DIIGP and consequently for (1).

Definition 4 (Subadditive) Let ¢ : I — R. We say that ¢ is subadditive if ¢(a) + ¢(b) > ¢p(a+b) VYa,b €
I

Subadditive functions play an important role in the group problem as they yield valid inequalities; see Wolsey
and Nemhauser [19] for a more detailed presentation of subadditive functions. Although it is possible to
construct valid functions that are not subadditive, these functions are always dominated by valid subadditive
functions; see Gomory and Johnson [10]. Therefore it is sufficient to consider valid subadditive functions
when studying the group problem.

The class of valid subadditive functions for I? is large. In this paper we will narrow down our study to
a subset of these functions. In particular, we will study valid subadditive functions that have the following
two properties.

Property 1 ¢ is continuous.

The reason for restricting our study to continuous functions is that it can be proven that the extreme
inequalities of the mixed integer infinite group problem (MIIGP) are continuous; see Dey, Richard, Li and
Miller [7]. However, we do not include continuity in the definition of valid functions since it is possible to
construct discontinuous functions that define extreme inequalities for integer infinite group problem [7]. With
this respect, our approach is different from that of Gomory and Johnson [12] who included continuity as part
of the definition of valid functions.

We now introduce the second property.

Property 2 ¢ is piecewise linear, i.e. I? can be decomposed into finitely many polytopes with non-empty
interiors Py, ..., Py, such that ¢(u) = ol u + B, Vu € Py, where oy € R?, 3, € RVt € {1,2,...k}.

Note that in Property 2 we say that S is a polytope in I? if 35’ a polytope in R?, such that S = P(S").
The reason we consider only functions that satisfy Property 2 is that Gomory and Johnson conjectured in [12]
that all facets of MIIGP are piecewise linear.

4 Verifying subadditivity.

In this section we develop a method to verify that a given continuous and piecewise linear function over I2
is subadditive by checking that it is subadditive at a finite number of points. Unless specified otherwise, if
u € R? and it is said or implied that u € I%, then u should be considered to be P(u). For example, if it is
said that u = (1.5, —0.6) € I?, then it should be understood that u = (0.5,0.4). Also, the term “slope” along
a particular direction d will be often used to signify the directional derivative of the function in the direction
d.

Definition 5 (Boundary) For a continuous and piecewise linear function ¢, we say that a point I belongs
to the boundary of ¢, denoted B(¢), if | belongs to the intersection of two polytopes P; and P; where i # j
and the gradient of ¢ in P; is not equal to the gradient of ¢ in P;.



Observe that for a piecewise linear and continuous function ¢, ¢ is differentiable at a point u if u ¢ B(¢).
In the next proposition, we show that it is sufficient to consider the points on the boundary of a piecewise
linear and continuous function to prove that it is subadditive.

Proposition 6 Let ¢ be a continuous, piecewise linear and nonnegative function over I?. The function ¢ is
subadditive iff

o(lh) + ¢(l2) > ¢(l + 12) (10)
(1) + d(la — 11) > H(l2) (11)

Vh, Iy € E(¢)

Proof: The direct implication is straightforward. We therefore only prove the reverse implication. First
consider the case where B(¢) = (). We have that ¢(u) = ayu + 1 Vu € I?. Let a; = (a¥,a¥). Because
é(u) > 0 we obtain that af + af + 81 > 0 by considering a sequence of points converging to (1,1). Similarly,
we also obtain af + 81 > 0, oy + 31 > 0 and 81 > 0. Therefore ¢(u) + ¢(v) = of (u® +v*) 4+ aof (u¥ +v¥) + 23
> ¢(u + v) in all cases. Next we consider the case where B(¢) # 0. Assume by contradiction that ¢ is not
subadditive. Then there exists u,v € I? such that

$(u) + 6(v) < d(u+v). (12)

We prove that (12) implies that (10) or (11) is violated, which gives the desired contradiction. The proof is
in two steps. In the first step we show that there exists some [ € B(¢), such that

o) + p(v') < oI+ v"). (13)

In the second step we show that either (10) or (11) is violated.

Step 1: First note that if either of u or v belongs to B(¢), (12) reduces to (13). So assume u ¢ B(¢) and
v ¢ B(¢). Then consider at u any direction d with the following property: In™,n~ € R, such that u+n*d €
B(¢) and u — n~d € B(¢). Such a direction exists since B(¢) # 0. Let the directional derivative of ¢ in the
direction d and —d for u and v be o1 and oy respectively. There are two cases: g1 + 02 < 0 or g1 + g5 > 0.
In the first case, let ¢! = min {e|u + ed € B(4)}, let €2 = min {e|v — ed € B(¢)} where € is possibly co and
let €* = min(e!, €?). We obtain

¢(u+€d) + ¢(v - e'd) = d(u) + ¢(v) + € (01 + 02) < P(u +v).

Furthermore either u + ¢*d € B(¢) or v — ¢*d € B(¢). Thus there exists a point I € B(¢) such that
o) + p(v') < p(l +v'). If o1 + 02 > 0, we obtain the result similarly by considering the points u — ed and
v + ed.

Step 2: Now consider (13). We may assume that neither v’ nor (I + v’) belong to B(¢) since otherwise,
we have a contradiction to either (10) or (11). Then consider at v’ any direction d with directional derivative
o1 such that In™,n~ € Ry, with v/ + n'd € B(¢) and v — n~d € B(¢). Let the value of the directional
derivative along d for [ + v’ be o5. There are two cases: o1 < 09 or o1 > o9. In the first case, let
el = min {e[v'+ed € B(4)}, let €2 = min {e[v'+I+ed € B(¢)} where €2 is possibly co and let €* = min(el, €2).
We obtain,

o) + (v +€"d) — (I + V' + €'d) = ¢(I) + (V') + €"01 — "5 — $(I + ') < 0.

Because either v' 4+ €*d € B(¢) or | + v’ + ¢*d € B(¢) we obtain a violation of either (10) or (11). For the
other case o7 > 09, we obtain the result similarly by considering the points v’ — ed and [ + v — ed. O

Observe that the result of Proposition 6 also holds if the dimension of the group studied is larger than
two. Proposition 10 however is specific to the two-dimensional group and can be used to reduce the set of

points at which subadditivity is verified. Before proving Proposition 10, we give a few definitions specific to
1%,



Definition 7 (Edges and Vertices of ¢) Let ¢ be a continuous and piecewise linear function over I? de-
fined by the polytopes Py, Ps,,...,P,. We define an edge @ of ¢ to be the one-dimensional intersection of two
polytopes on which the gradient of ¢ is different. We let Q(¢) be the set of all edges of the function ¢. A
vertex v of ¢ is defined to be the zero-dimensional intersection of at least three different polytopes on which
the gradient of ¢ is different. Finally, we let V(¢) be the set of all vertices of the function ¢.

Observe that both the sets V(¢) and Q(¢) are finite because there is a finite number of polytopes in the
description of ¢. Next we define parallel lines on I2.

Definition 8 (Parallel lines) The lines l; and lo are parallel (non-parallel) lines in 12, if 3 two lines I
and ly parallel (non-parallel) in R? such that P(I;) =1y and P(ly) = Io.

Before we state the next proposition, we observe that there might be continuous and piecewise linear
functions defined on I? that have edges without vertices. These edges cause difficulties when verifying
subadditivity. To circumvent these difficulties, we introduce the notion of a supplemental vertex.

Definition 9 (Supplemental vertex) A supplemental vertex is an arbitrarily selected point on an edge
that has no vertex. We denote the set of supplemental vertices of ¢ as V().

We next make an observation about edges of ¢ with supplemental vertices that will be used in the proof
of Proposition 10. Let @ be an edge without a vertex. The edge @ can be of two types. In the first case, Q
wraps around itself. Therefore, if we move along @ we will eventually reach its supplemental vertex. In the
other case, () does not return to any point it passes over. This case however is not possible since edges are
the intersection of a finite number of polytopes.

Proposition 10 Let ¢ be a continuous, piecewise linear and nonnegative function on I2. Then ¢ is subad-

ditive iff
¢(Ul) —+ gf)(’l}g) > (25(1)1 + ’UQ) V’Ul, Vo € V(¢) U V,( ) (14)
P(v1) + ¢(vs — v1) > ¢(v3) Vor,v3 € V(¢) UV () (15)
d(v1) + ¢(e2) > @(e3) where ex € qa,e3 € q3,v1 +e2 =e3, Y1 € V() UV (¢),Vq2,q5 € Q(d) (16)
dler) + Plea) > ¢(v3) where e1 € g1, e € o, €1 + €3 =v3, Yvg € V(o) UV'(4),Vq1,q2 € Q(¢).  (17)

Furthermore, if es and es (resp. ey and e3) belong to identical or parallel edges, then (16) (resp. (17)) is
redundant.

Proof: The direct implication is straightforward. For the reverse implication we use the result of Proposi-
tion 6. The boundary B(¢) of piecewise linear functions on I? only contains edges and vertices. Therefore
n (10) and (11), I; and Iy can either be vertices or points on edges, while I; + I3 and I3 — I3 can be vertices,
points on edges or points in the interior of the polytopes Pi,...,P;,. We conclude that it is sufficient to verify



the following set of conditions to prove that ¢ is subadditive.

dler) +dle2) > ¢(ns) (18)
d(v1) + dle2) > o(ns) (19)
d(e1) + d(n2) > ¢les) (20)
o(v1) + d(n2) > ¢les) (21)
dler) +dle2) > ¢(es) (22)
d(v1) + d(v2) = d(n3) (23)
o(v1) + d(n2) > o(v3) (24)
pler) + dle2) > é(v3) (25)
d(v1) + dle2) > ¢les) (26)
o(v1) +dle2) > ¢(vs) (27)
B(v1) + ¢(v2) > ¢(es) (28)
d(v1) +d(v2) = P(vs) (29)
d(er) +d(n2) > ¢(vs). (30)

In these inequalities n; represents points that do not belong to B(¢), e; represents points on edges and v;
represents vertices. Furthermore, when writing ¢(a1) + ¢(a2) > ¢(a3) we always assume a1 + ag = as.
Inequalities (23) - (29) are directly implied by (14) - (17). We now have to prove that inequalities (18) - (22)
and (30) also hold because of (14) - (17). We will prove the contrapositive. In particular, we will consider
each of the conditions (18) - (22) and (30) iteratively and show that this condition is not satisfied only if some
of the other remaining condition is not satisfied. At the end of the iteration, this process will imply that the
conditions (18) - (22) and (30) are not satisfied if conditions (23) - (29) are not satisfied. Since inequalities
(23) - (29) are directly implied by (14) - (17) the result will be proved.

For u € @ where Q is a edge of ¢, we denote eg(u) = min{e >0 | u+ed € V() UV'(¢)}. If u ¢ B(g),
we denote e4(u) = min{e >0 | u+ ed € B(¢)}.

1. Assume that there is e, no and v that do not satisfy (30). We show that at least one of the inequalities
(18) - (29) is not satisfied. Let d be a direction of non-decreasing slope for the edge to which e; belongs.
Let 01, 02 be the slopes at e; and ny along d and —d respectively. If o1 + 02 < 0 then for sufficiently
small € > 0 we have that ¢(e; + de) + ¢(ne — de) < ¢(vs). If € = min{eq(er), e_q(n2)}, then we obtain
one of the following situations

d(v]) + d(ny) < ¢(v3) which violates (24)
o)) + gley) < o(v3) which violates (25)
o(e]) + d(vh) < ¢(vs) which violates (27)
d(v]) + d(eh) < d(vs) which violates (27)
d(v)) + d(vh) < P(vs) which violates (29).

Note that if o1 4+ 09 > 0, then it suffices to consider —d instead of d to obtain the same result.

2. Assume that there is e, ea and ng that do not satisfy (18). We show that at least one of the inequalities
(19) - (29) is not satisfied. Let d be a direction of nondecreasing slope for the edge to which e; belongs.
Let 01, o3 be the slopes at e; and ng along d respectively. If o1 < o3, then for sufficiently small € > 0
we have that ¢(e; + de) + ¢(e2) < ¢d(ng + de). If € = min{eq(er), eqs(ns)}, then we obtain one of the



following situations

o(vy) + d(e2) < p(ny) which violates (19)
d(eh) + plea) < Plesy) which violates (22)
o(eh) + ¢le2) < B(vh) which violates (25)
d(vy) + dlea) < ¢(ep) which violates (26)
¢(v1) + dle2) < d(v3) which violates (27).

Note that if o1 > o3, then it suffices to consider —d instead of d to obtain the same result.

. Assume that there is v1, e5 and ng that do not satisfy (19). We show that at least one of inequalities
(20) - (29) is not satisfied. Let d be a direction of nondecreasing slope for the edge to which e belongs.
Let 03, 03 be the slopes at e; and ng along d respectively. If oo < o3, then for sufficiently small € > 0
we have that ¢(v1) + ¢(ex + de) < P(ns + de). If € = min{eq(e2), eq(ns)}, then we obtain one of the
following situations

o(v1) + o(vh) < ¢(nf) which violates (23)
d(v1) + d(eh) < p(eh) which violates (26)
P(v1) + d(ez) < d(v3) which violates (27)
d(v1) + d(vy) < Pleh) which violates (28)
o(v1) + d(vy) < o(vs) which violates (29).

Note that if o9 > o3, then it suffices to consider —d instead of d to obtain the same result.

. Assume that there is e;, nz and ez that do not satisfy (20). We show that at least one of conditions
(21) - (29) is not satisfied. Let d be a direction of nondecreasing slope for the edge to which e; belongs.
Let 01, o9 be the slopes at e; and ny along d and —d respectively. If o1 + 02 < 0 then for sufficiently
small € > 0, we have that ¢(e; + de) + ¢p(n2 — de) < ¢(e3). If e = min{eq(e1), e_q(n2)}, then we obtain
one of the following situations

d(v]) + d(nh) < ¢(es) which violates (21)
o(e)) + d(eh) < d(es) which violates (22)
d(e})) + d(vy) < ¢(es) which violates (26)
d(v)) + o(eh) < Ples) which violates (26)
d(v]) + d(vy) < ¢(es) which violates (28).

Note that if o1 + 02 > 0, then it suffices to consider —d instead of d to obtain the same result.

. Assume that there is v1, no and es that do not satisfy (21). We show that at least one of inequalities
(22) - (29) is not satisfied. Let d be a direction of nondecreasing slope for the edge to which eg belongs.
Let 02, o3 be the slopes at ny and ez along d respectively. Then if o9 < o3, then for sufficiently small
e > 0 we have that ¢(v1) + @(n2 + de) < ¢(es + de). If € = min{es(n2),eq(es)}, then we obtain one of
the following situations

d(v1) + ¢(eh) < p(eh) which violates (26)
(v1) + o(ny) < ¢(v5) which violates (24)
P(v1) + d(ez) < d(v3) which violates (27)
(v1) + d(vy) < Pleh) which violates (28)
d(v1) + d(vy) < o(vs) which violates (29).

Note that if o9 > o3, then it suffices to consider —d instead of d to obtain the same result.



6. Assume that there is e1, es and e3 that do not satisfy (22). We show that at least one of inequalities
(23) - (29) is not satisfied. There are two subcases:

(a) The edges to which e; and ey belong are parallel. Let d be the direction of nondecreasing slope
for the edge to which e; belongs. Let o1, o2 be the slopes at e; and ey along d respectively. Then
if o1 < o9, then for sufficiently small ¢ > 0 we have that ¢(e; + de) + ¢(e2 — de) < ¢(eg). If
e = min{eq(e1), e_q(e2)}, then we obtain one of the following situations

d(vy) + d(eh) < p(es) which violates (26)
o)) + o(vh) < ¢(es) which violates (26)
d(v]) + d(vy) < ¢(es) which violates (28).

Note that if 01 > o9, then it suffices to consider —d instead of d to obtain the same result.

(b) The edges to which e; and ey belong are not parallel. In this case, there exists «, 3 € R such that
auy + Pug = ug, where u; is a unit vector in the direction of nondecreasing slope for each of the
three edges to which ey, es, es belong. Let o1, 03 and o3 be the slopes at eq, e and e3 along wuq,
uo and ug respectively. Then if oy 4+ Boy < o3, then for sufficiently small € > 0 we have that
o(e1 + aure) + ¢(ex + Puge) < d(es + uze). If € = min{equ, (€1), €8u, (€2), €y, (€3)}, then we obtain
one of the following situations

d(v]) + oeh) < o(eh) which violates (26)
o)) + d(vh) < ¢(eh) which violates (26)
pler) + dles) < o(vg) which violates (25)
d(v1) + d(vy) < ¢(eh) which violates (28)
o)) + d(vh) < (vs) which violates (27)
d(v]) + d(eh) < d(vs) which violates (27)
d(vy) + ¢(vh) < P(vh) which violates (29).

Note that if «oy 4+ Bo2 > o3, then it suffices to consider —d instead of d to obtain the same result.

This concludes the proof of the first part of the proposition as we have shown in cases (i)-(vi) that if ¢ is not
subadditive then one of the conditions (14) - (17) is violated.

Finally we consider the case where e; and e3 belong to parallel or identical edges. We show next that in
this case (16) is not necessary as it is implied by (14) or (15). Let d be a direction of nonnegative slope for
the edge to which ey belongs. Let this slope be o5. Let the slope at es along direction d be o3. If 09 < 03,
we have ¢(v1) + ¢(ez + ed) < ¢(ez + ed). If € = min{eq(e2),eq(es)}, then we obtain a contradiction to either
(14) or (15). If o2 > o3, consider —d instead of d to obtain a similar contradiction. Similarly it can be proven
that if e; and es belong to parallel or identical edges then (17) is not necessary as it is implied by (14) or
(15). O

It follows from Proposition 6 and Proposition 10 that it is possible to verify that a continuous and piecewise
linear function defined over I? is subadditive by verifying that a finite number of inequalities hold. We prove
in Proposition 12 that the number of inequalities that need to be checked can be further reduced if ¢ satisfies
a specific symmetry condition that is required for an inequality to be strong. This notion of symmetry is
presented in Johnson [14] and is a generalization of similar condition for one-dimensional group problems; see
Gomory and Johnson [12].

Definition 11 (Symmetry) A function ¢ : I?> — R is said to be symmetric if ¢p(u) + ¢(r —u) = 1 Yu €
I%, where r is the right-hand-side. Furthermore, for any point uw € I?, the point r — u, is said to be the
complementary point of u.

If symmetry conditions are satisfied for a function ¢, it can easily be seen that the complement of an edge of
¢ is also an edge of ¢ and the complement of a vertex is also a vertex. Therefore, if a supplemental vertex v
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is defined for ¢ we also define its complementary point as a supplemental vertex. In Proposition 12, we show
that the conditions needed to verify that a function ¢ is subadditive can be simplified when it is symmetric.

Proposition 12 Let ¢ be a continuous and piecewise linear function on I* that is symmetric (with comple-
mentary supplemental vertices). Then ¢ is subadditive iff (14) and (17) hold.

Proof: Assume for a contradiction that (15) is violated, i.e.,

d(v1) + d(vz —v1) < P(v3).

We show that this implies that an inequality of the form (14) is also violated. Because ¢ is symmetric, (31)
implies that

o(v1) + d(r —v3) < (r —vg + v1).

Since, vs is a vertex, r — vz is also a vertex, which yields the desired contradiction to (14). Similarly, we
can prove that if (16) is violated, then ¢(r — e3) + ¢(e2) < ¢(r —v1), where r — vy is a vertex, yielding a
contradiction to (17). O

5 Facets of 2DIIGP.

In this section, we develop conditions on the function ¢ under which the inequality

> d(u)t(u) > 1 (31)

uel?

is facet-defining for 2DIIGP. The following property is a necessary condition for a valid inequality (31) to be
strong.

Definition 13 (Minimal) Let r € I? and let ¢ : I? — R be a valid function. We say that ¢ is minimal if
there does not exist a valid function ¢* different from ¢ such that ¢*(u) < ¢(u) Yu € I2.

Necessary and sufficient conditions for ¢ to be minimal were derived in Gomory and Johnson [11] and are
given in the following theorem.

Theorem 14 Let r € I? and let ¢ : I? — R be a valid function. Then ¢ is minimal iff ¢ is subadditive and
the symmetry condition ¢(u) + ¢(r —u) = 1 holds for every u € I2. O

Since the minimality of a function ¢ is related to the right-hand-side r by the symmetry condition, we say
that a function is minimal with respect to right-hand-side r. Because the infinite group has an uncountable
number of columns the definition of “facet” is more technical than that used in finite group problems. The
following definition is from Gomory and Johnson [12].

Definition 15 (Facet) Let P(¢) be the set of points t that satisfy a given inequality ¢ at equality, i.e.,
te P(¢) ift € 2DIIGP and Zue]z,t(u)>0 d(u)t(u) = 1. We say that an inequality ¢ is facet-defining for I*
if there does not exists a valid function ¢* such that P(¢*) 2 P(®).

A valid subadditive function that induces a facet for 2DIIGP is called a facet-defining function. Facet-
defining functions are minimal; see [11]. However, not all minimal functions yield facet-defining inequalities for
2DIIGP. Proving that a subadditive function ¢ is facet-defining is typically difficult. Gomory and Johnson [12]
introduced the following definition to help simplify these proofs.

Definition 16 (Equality Set) For each point u € I?, define g(u) to be the variable corresponding to the
point u. We define the set of equalities of ¢ to be the system of equations g(u) + g(v) = g(u + v) for all
u,v € I? such that ¢(u) + ¢(v) = ¢(u +v). We denote it as E(¢).
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The following theorem gives a procedure to verify that ¢ is a facet-defining inequality for 2DIIGP. Although
it is proven in Gomory and Johnson [12] in the context of the one-dimensional group problem and for
continuous valid functions, the proof is general and works in our case.

Theorem 17 (Facet Theorem) If ¢ is minimal and subadditive, and if the set E(¢) of all equalities of ¢
has no solution in the space of valid functions other than ¢ then ¢ is a facet. O

We next present two propositions that will be used extensively to prove that given families of inequalities are
facet-defining for 2DIIGP. Proposition 18 and its converse Proposition 19 are variations of the Facet Theorem
with very similar proofs to that of the Facet Theorem; see Dey [6].

Proposition 18 Let ¢ be a minimal function for 2DIIGP. If ¢ is not facet-defining then there exists a valid
subadditive and minimal function ¢’ # ¢ such that E(¢ ) 2 E(¢). O

Proposition 19 Let ¢ be a minimal function for 2DIIGP. If there exists a valid subadditive and minimal
function ¢’ # ¢ such that E(¢') 2 E(¢), then ¢ is not facet-defining. O

To prove that F(¢) has a unique solution, Gomory and Johnson [12] used a result that they refer to as
the Interval Lemma. However, this result does not apply here as it is specific to one-dimensional problems.
In Proposition 24, we introduce a new result that can be used to verify that F(¢$) has an unique solution for
two-dimensional problems. The following proposition, given in Aczél [1], is used in the proof of Proposition 23.

Proposition 20 Let K be the closed interval [0,e] C R for e > 0. If g : K — R is such that g(z) + g(y) =
g(x+y) Va,y € K and g(x) > 0 for arbitrarily small x € K, then g(x) = cx Vo € K, where ¢ € R. O

We give a two-dimensional version of this result in Proposition 24. Before we prove this result, we introduce
the notation [a, b] to represent the line segment between a and b. This notation is slightly ambiguous in I?
since there are multiple line segments with end points a,b € I%. If we denote Ez,E to be elements of R? that
have the same numerical values as a and b then we will use [a, b] to refer to the line segment P([a, b]) unless
otherwise specified.

Definition 21 (Star-shaped) A set S C R? is defined to be star-shaped with respect to a point u € S, if
the line segment [u,v] € S Vv € S.

We define a set S € I? to be star-shaped with respect to a point u, if there is a star-shaped set S’ € R? with
respect to a point u’ € R? such that P(S’) = S and P(u') = u.

Definition 22 (Path Connected) A set S is path-connected if for any two points x,y € S, there is a
continuous function f :[0,1] — S such that f(0) =z and f(1) =y.

Proposition 23 Let U and V be closed sets in R?. Let g be a real-valued function defined over U, V and
U+ V. Assume that

1. U is star-shaped with respect to the origin and U has a non-empty interior.

2. V is path connected.

3. glu)+g(v)=g(ut+v), Vue U, YveV.

4o D ies 9(ui) = g3 ;cqui) Yu; € U such that ) ;. qu; € U and VS with |S| < 3.
5 gu) >0, VueUl.

Then g is a linear function with the same gradient in U, V and U + V.
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Proof: Let o represent the origin. It is easily verified that 1, 4 and 5 imply that g(o) = 0. Moreover, because
of 4 and because g(0) = 0 we can easily show that pyg(u1)+p2g(u2) = g(pius +paus), where pq, po € {1, -1}
and wuy,ug, (u1u1 + poug) € U. Consider now two points p,q € U such that p, q, o are affinely independent.
Such points exist since the interior of the set U is non-empty. It follows from Proposition 20 and conditions
1, 4 and 5 that g(fp) = 160 and g(fq) = 20 for all § € [0,1] and for some ¢1,¢3 € Ry. For any point
t € U, day, a2 € R such that t = ayp + asq. Now, 3§ € Z, 6 > 1, such that a1 = dp1601 and as = Juqbs,
where 01,05 € [0,1], and py,p2 € {—1,1}. Because U is star-shaped and because of assumption 4, we have
g9(t) = glaup+azq) = g(0p101p+3u202q) = 6g(p161p+p202q) = Sp19(01p) +0p129(02q) = dp101c1+0pua0aco =
a1¢1 4+ agca. Therefore, g is linear over U. We can hence write g(z) = oTz.

Next we prove that Je > 0 such that Vby,by € V with |by — ba| < €, (b1 + U) N (by + U) # 0. Since U
has a non empty interior, Ju; € U and € > 0 such that the open ball of radius 2¢ around w; is completely
contained in U, i.e., B(uy,2¢) C U. Therefore u; + by — by € U, i.e., Juy € U such that uy + by = ug + ba.
Thus (bt +U)N (b2 + U) # 0.

For any b € V, g is linear with gradient o over the set (b+ U) C (U + V) since g is linear over U with
gradient o and 3 holds. Next suppose that we have by, by € V such that (by +U) N (b + U) # (. Then let g
on (by +U) and (b + U) be oz + 81 and al'x + B35 respectively. For any x¢ € (by + U) N (b + U) we have
alzg + B1 = aTwg + B2, or By = Bo. Thus, if (by + U) N (by + U) # (), the function is linear and identical
over the two sets. Finally we show that for by,b2 € V such that (by + U) N (b2 + U) = 0, ¢ is linear and
identical over both sets. Since V' is path-connected, there exists a path connecting b; and by. Therefore, we
can construct a finite sequence of points ¢y, ..., ¢, on this path such that |by —c¢;| < €/2, |¢; — ¢it1] < €/2 and
|en, — ba| < €/2. Thus if g over by + U is oz + 3, then it is the same over all ¢; + U and therefore also over
by + U. Thus g over U + V is of the form oz + 3. Finally, we note that V C U + V, since o € U. Thus g is
linear over U, V and U + V and has the same gradient o on these sets. O

Note that the condition 4 in Proposition 23 does not follow from a condition of the form g(u1) + g(uz2) =
g(u1 + u2), Yui,up € U since, it may be that u; + u; ¢ U even though » . _qu; € U. Note also that it
may be that the function satisfying the conditions of Proposition 23 is of the form g(u) = a’u Vu € U and
g(u) = aTu+ B Yu € V,U + V, where 3 € R.

Next we prove a variant of Proposition 23 that is valid for I? rather than R2.

Proposition 24 Let U’ and V' be closed sets in R? which satisfy conditions 1 and 2 of Proposition 23. Let
U=PU) and V =P(V'). Assume that Vu € U, 34 € U’ such that P(4) = u and for all directions d, there
exists a sufficiently small positive € such that if u+ed € U, then +ed € U’'. Also assume that the previous
property holds for V and V', and for U+V and U'+V'. Finally assume that there is a real-valued function g
defined over U, V and U + V', that satisfies conditions 3, 4, 5 of Proposition 23. Then g is a linear function
onU,V and U+ V.

Proof: Consider the real-valued function ¢’ defined over U’, V' and U’ + V' as, ¢'(4) = g(P(u)). Since,
P(z) + P(y) = P(x + y), ¢’ satisfies 3, 4, 5 of Proposition 23. Therefore by Proposition 23, ¢’ is a linear
function over U’, V' and U’ 4+ V’. Now consider any point v € U and any direction d such that u + ed € U
for sufficiently small e. By assumption, there exists @, such that P(4) = u and @ + ed € U’. Therefore,

gluted) —g(u) = g(P(a+ed)) — g(P(a))
= g'(i+ed) —g'(a)
= og4e, (32)

where o4 is the slope of ¢’ in the direction d. Thus,

d) —
i St ed) —9() _ (33)
e—0t €
We conclude that for all directions d and all points in U, the slope of g and ¢’ are equal. Since ¢’ is linear
over U’, it follows that g is linear over U. A similar argument can be made to prove that g is linear over V

and U + V. O
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Note that Proposition 24 plays a role analogous to the Interval Lemma of Gomory and Johnson [12].
Proposition 24 is different from the Interval Lemma in that it does not assume continuity of g and is defined
over a two dimensional group. Next we give results about automorphisms and homomorphisms over I2.
These results are presented because they allow the derivation of new valid inequalities for I? from known
valid inequalities of I2. Propositions 25 -27 and Theorem 28 are either from or adapted from Gomory and
Johnson [10] and Johnson [14].

Proposition 25 The rotation function p: I? — I%, p(x,y) = (1 — y,z) is an automorphism. |
Proposition 26 The reflection function ¢ : I? — I?, ¢(x,y) = (1 — z,y) is an automorphism. |

Figures 1 and 2 illustrate the rotation and reflection functions. We also note that all finite compositions

Figure 1: Facet ¢ and its rotation ¢ o p where p(z,y) = (1 — y, x).

Figure 2: Facet ¢ and its reflection ¢ o ¢ where ¢(z,y) = (1 — z,y).

of the above rotation and reflection functions are automorphisms. The next proposition is adapted from
Gomory and Johnson [10].
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Proposition 27 Let w : I2 — I? be a surjective map that is a homomorphism. The function ¢ with respect
to the right-hand-side r is subadditive and minimal iff the function ¢ o w(z) = P(w(x)) is subadditive and
minimal with respect to right-hand-side v, for any v such that w(v) = r.

Proof: First we assume that ¢ is subadditive and minimal. We prove first that ¢ o w is subadditive. For
u,uz € I?, we have ¢ o w(uy) + ¢ o w(uz) = d(w(ur)) + d(w(uz)) > d(w(ur) + wlug)) = P(w(uy + ug)) =
pow(uj +us). The first inequality holds because ¢ is subadditive while the last but one equality holds because
w is a homomorphism. We now prove that ¢ ow is minimal. We similarly write that pow(u;)+dow(v—uy) =
Hw(w)) + 6(w(v — w)) = Blw(un)) + dw(v) — wlur)) = 1.

Now we assume that ¢ o w is subadditive and minimal. First we prove ¢ is subadditive. Since w is
surjective we can choose u} € {z | w(z) = w1} and u} € {z | w(2) = ua}, for any ui,us € I?. Because w is a
homomorphism we have, w(uj +ub) = w(u)) +w(uh) = ug +us. Thus, ¢(u1)+d(uz) = pow(ul)+pow(ul) >
pow(uf +uh) = dlw(u) +ub)) = ¢(ug +uz). The inequality holds because ¢ ow is subadditive. To prove ¢ is
minimal, we note that w(v—u}) = w(v) —w(u}) = r—wuy. Thus, d(u1)+o(r—uy) = dow(u))+pow(v—u}) =
bow(v) = dw(®) = 1. O

Proposition 27 shows that the subadditivity and minimality of a function are preserved under surjec-
tive homomorphisms. For automorphisms, an even stronger result can be proven. This result is given in
Proposition 28.

Theorem 28 Let w : I? — I? be an automorphism and let ¢ be facet-defining for 2DIIGP. Then ¢ o w is
facet-defining for 2DIIGP. |

Because there exists an unique automorphism w~! where wow ™! is the identity function on I, Theorem 28
also implies that ¢ is facet-defining if ¢ o w is facet-defining.

Next we prove that the facet-defining property of a function is also preserved for the following multiplicative
homomorphism \ : I? — I? defined as A(x,y) = (A12(modl), Xay(modl)), where A1, Ay are positive integers.
The following proposition is easily verified.

Proposition 29 ) is a surjective homomorphism on I2. O

The proof of the following theorem is similar to the proof for the one-dimensional case given by Gomory and
Johnson [12].

Theorem 30 ¢ is facet-defining with respect to right-hand-side v iff ¢ o A is facet-defining with respect to
right-hand-side v, where A(v) =

Proof: Assume first that ¢ o A\ is facet-defining. It follows from Proposition 27 that ¢ is minimal and
subadditive. Assume by contradiction that ¢ is not facet-defining. Then by Proposition 18 there exists a
valid subadditive and minimal function ¢* # ¢ such that E(¢*) D E(¢). First note that, by Proposition 29,
¢ # ¢* implies that o # ¢*oA. Second, consider any equality that is satisfied by ¢o X, poA(uy)+poA(uz) =
¢ o Auyg +ug). We also have ¢*(A(u1)) + ¢*(A(uz2)) = ¢*A(u1 + ug) or equivalently, ¢* o A(uq) + ¢* o A(uz) =
@*oA(u1+uz). Thus, ¢*o\ satisfies all the equalities of E(¢oX). Also, since E(¢*) 2 E(¢), there exists Uy, Us,
such that ¢* () + ¢* (U2) = ¢* (U + o) and () + ¢ (Ts) > ¢(TUy +Uz). Let vy, Dy € I? such that A\(vy) = Uy
and A\(T2) = Uz. Such point exists because A is surjective. We obtain that ¢*oA(T1)+¢*oA(V2) = ¢* o\ (T1+73)
and ¢ o A(T1) + ¢ 0o A(U2) > ¢ o A(T1 + T2). Thus E(¢* o A) D E(¢ o A) which is a contradiction to the fact
that ¢ o A is facet-defining, by Proposition 19.

Next we assume that ¢ is facet-defining. From Proposition 27, we have that ¢ o A is subadditive and
minimal. Assume by contradiction that ¢ o A\ is not facet-defining. It follows from Proposition 18 that
there exists a valid subadditive and minimal function n such that E(¢ o \) C E(n). First consider the

vector (&,9) = (Ki,i\%) where ny and ng are nonnegative integers. Then, A(¢(Z,4)) = (0,0) for t € Z

and thus ¢(A(¢(Z,9))) = #(0,0) = 0. Further, if I is the least common multiple of A; and A2, we have
)(z,9) = (0,0) and therefore DM &,9)) = 0 = ¢(0,0) = ¢(A((I(Z,7))). Since E(p o X) C E(n), it is

ny n2 ny N2

easy to verify that (I)n ()\1, )\2) n(l(Z,4)) = n(0,0) = 0 or equivalently n ( —) = 0. Furthermore for
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any vector (z,y) € I? we have that ¢p(\(z + A—ll,y)) = o¢(A\z,y)) = ¢(\(z,y)) + c;S(/\(/\%,O)) and also that
Mz, y + %2)) = d(A(z,y)) = oAM=, y)) + d(A(0, %2)) Hence n must satisfy these equalities. This implies
that 1 has the same repeating pattern as ¢ o A and the value of i over I? is completely defined by the value
of nover C = {(z,y) |0 <z <1/A,0<y <1/}

Now we construct the function ¢* on I? as ¢*(x,y) = n(x-: 55). Using the fact that 7 has the same
repeating pattern as ¢ o A it is easy to verify that ¢* is a valid subadditive inequality. Since by assumption
1 # ¢o we have that ¢* # ¢. Now for any equality ¢(x1,y1) + ¢(z2, y2) = ¢(x1 + 22, y1 +y2) that ¢ satisfies,

we have gbo/\(%, %)Jrqﬁo)\(%, %) = qﬁo)\(@%lm), %) Since 7 satisfies all the equalities of ¢po A, we have

n(x 55) + (52 32) = n(%, %) If follows from the definition of ¢* that ¢*(z1,y1) + ¢*(z2,y2) =
¢*(x1+x2,y1+y=2). Thus, ¢* satisfies all the equalities that ¢ satisfies. Moreover, E(¢o)) C E(n). Therefore,
there exists 1, Uy € I? such that n(uy) + n(u2) = n(U1 + U2) and ¢ o A(U1) + ¢ o A(Uaz) > ¢ o (U1 + Ua).
This implies that ¢*(A(@1)) + ¢*(A(@2)) = ¢* (A (U1 + u2)) and ¢(A(T1)) + ¢(A(U2)) > d(A(Uy + Tz)). Thus
E(¢*) 2 E(¢). We conclude from Proposition 19 that this is a contradiction to the fact that ¢ is facet-defining.
O

In Figure 3 we show an example of an application of the homomorphism result of Theorem 30 when
applied to the three-gradient facet that is discussed in detail in §7. Both the functions displayed in Figure 3
are facet-defining for 2DIIGP.

a. Three-gradient facet b. Homomaorphism of the three-gradient facet

Figure 3: Generating new facets using the Homomorphism Theorem (A = 2, Ay = 3)

6 A simple family of facets.

In this section we describe a method to construct facets of 2DIIGP from facets of 1DIIGP. We then show
that all facets of 2DIIGP that have only two gradients can be derived using this construction.

Construction 31 Given ( a piecewise linear and continuous valid inequality for 1DIIGP with right-hand-
side ¢, we construct the function k for 2DIIGP with right-hand-side (f1, f2) where fi + fo = ¢ as k(x,y) =

¢((z +y)(modl)).

An example of Construction 31 is presented in Figure 4 where the function ¢ that was used to generate
k is a three-slope facet introduced in Gomory and Johnson [12]. The edges of k are represented in Figure 5.
Note in particular that x has no vertex and that the edges of k are parallel. It can easily be seen that the
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intersection of these edges with the z-axis corresponds exactly to the points where ( is non-differentiable.
Also the number of edges of k is equal to the number of points where ( is non-differentiable.

Construction 31 has a natural interpretation. First, the defining constraints of 2DIIGP are added. The
resulting constraint defines an instance of 1DIIGP that is a relaxation of the initial 2DIIGP. Then, a valid
inequality is created for the relaxation. Clearly this inequality is valid for the initial 2DIIGP. We will show
in Theorem 34 that if ¢ is facet-defining for 1IDIIGP then « is facet-defining for 2DIIGP. Finally, we note
that some functions that can be derived through Construction 31 are given in Johnson [14]. However, they
are not proven to be facet-defining for 2DIIGP and they are obtained through a more involved procedure.

Although it is clear that the inequalities generated by Construction 31 are valid, it is not obvious that
they are subadditive over I2. We prove next in Proposition 32 that inequalities obtained from Construction
31 are indeed subadditive.

a 01 o2 03 04 05 06 07 08 09 1

X 08

;0

a. Facet for 1DIIGP b. Facet for 2DIIGP

Figure 4: Construction 31 applied to a three-slope facet of 1DIIGP.

Proposition 32 « is subadditive iff ¢ is subadditive.

Proof: The direct implication is straightforward. To prove the reverse implication, assume that ¢ is subad-
ditive. We will use Proposition 10 to prove that k is subadditive. It is easily seen that x has no vertices.
Therefore, we place a supplemental vertex on each of the edges of x along the z-axis. We do not add com-
plementary vertices since they are not required in Proposition 10. Since the edges of k are parallel, it follows
from Proposition 10 that it is sufficient to show that (14) and (15) hold to prove that  is subadditive. Finally
since all the vertices of x are supplemental vertices that are located on the z-axis, (14) and (15) are satisfied
because ( is subadditive. |

Proposition 33 The function k is minimal iff ¢ is minimal.

Proof: We first prove the reverse implication. We have x(z,y) + x(f1 — z, fo — y) = (((x + y)(modl)) +
C((f1 + fa — x — y)(modl)) = {((x + y)(modl)) + (((c¢ — (x + y))(modl)) = 1. We now prove the direct
implication. For any « € [0,1), we have that x(z,0) + &(fi1 — «, f2) = 1. Since by construction x(z,0) = {(x)
and s(f1 — z, f2) = (¢ — ), we obtain that {(z) 4+ {(c —z) = 1. O The
proof of the next theorem requires us to identify specific points of I?. We introduce these points next and
illustrate them in Figure 5. Note that points described with the same letter are the same points in I2. First
let the line between cl and d1 represent the first edge up to which x has the same gradient, i.e., x has the
same gradient at all points in the interior of the triangle formed by {ol,cl,d1}. Let al, bl be the midpoints
of [¢1,01] and [0l,d1]. Observe that x has no edge between al and bl or a2 and b2. Note also that there may
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Figure 5: Edges of k

be more edges than shown in Figure 5 in the regions {03,d1, c1, 02} and {04, ¢2,d2, 04}. However, we do not
need these edges in the proof of Theorem 34.

Theorem 34 &k is facet-defining for 2DIIGP iff ¢ is facet-defining for 1DIIGP.

Proof: Suppose first that  is facet-defining for 2DIIGP. Assume by contradiction that ¢ is not facet-defining.
Then from Proposition 18 we know that there exists a valid subadditive and minimal inequality (* # ¢, such
that E(C*) 2 E(¢). Define «*(z,y) = ¢*((x + y)(modl)). Since ¢* # ¢, we have that k* # k. Now consider
any equality satisfied by k, k(z1,y1) + £(x2,y2) = k(1 + 22,y1 + y2). By construction of x, we have that
C(z1+11)+ (T2 +y2) = ((x1+x2+y1+Yy2). Therefore *(z1+y1)+* (w2 +y2) = C*(r1+T2+y1 +y2). Butit
follows from the construction of x* that x*(x1,y1) + k* (22, y2) = K* (1 +y1, 22 +y2). Thus k* satisfies all the
equalities of k. Moreover, since E(¢*) 2 E((), there exists 1, p € I' such that (* (1) + (* (W) = (* (U +u2)
and ((u1) + ¢(uz) > ¢(u1 + uz). Then by construction of x and «* we have that x*(u;,0) + £*(U2,0) =
K*(Ty + U9, 0) and x(uy,0) + k(a2,0) > k(u; +Ua,0). Thus F(k*) 2 E(k) which is contradiction since & is
facet-defining.

Now suppose ( is facet-defining for 1DIIGP. Assume by contradiction that  is not facet-defining for
2DIIGP. From Proposition 18 we know that there is a valid subadditive and minimal function x* # k such
that E(k*) 2 E(k). Let U be the closed triangle formed by {o01,al,bl}. Let V be the closed quadrilateral
formed by {02, 03,a2,b2}. Tt is easy to see that U 4+ V is the union of the closed triangle {o1,c1,d1} and the
closed quadrilateral {02, 03, ¢2,d2}. Also, for u € U and v € V, we have x(u) + k(v) = k(u + v). Since k is
linear over U, k(D ;cqui) = Y ;cq k(u;), whenever u; € U and S is a finite set. Since x* satisfies the same
equalities as x, k* must satisfy these equalities. It can be verified that 3U’, V' € R? such that P(U’) = U
and P(V’) =V and U’ and V’ satisfy the conditions of Proposition 24. Thus it follows from Proposition 24
that x* is linear over U, V', U + V and has the same gradient over these sets.

Let d be the direction (—1,1). The value of x* for the line segment joining 02 and 03 must be zero as x*
is linear over U + V and k*(02) = x*(03) = 0. This proves that x*(x,y) = 0 whenever (z,y) = nd(modl),
where n € R.

Observe now that Vz € I?, k(z) + k(nd) = k(x + nd), Vn € R. Since, k* also satisfies these equalities,
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we have k*(z) + k*(nd) = k*(z + nd). Since, k*(nd) = 0, we have that k*(z) = k*(z + nd). Thus, k* is
completely determined by its value along the x-axis.

Let 6 : I — I' be the function 0(x,y) = (z + y)(modl) and let ¢* : I' — R, be the function (*(z) =
k*(x,0)(modl). It can be easily verified that ¢* is subadditive and minimal for 1DIIGP. Now consider
any equality that ¢ satisfies, ((x1) + ((z2) = ((x1 + z2). By construction of k, k(u1,us) + k(vi,v2) =
k(u1 + v1, us + v2) whenever (u; + us2)(modl) = x1 and (v1 + v2)(modl) = xo. Then because k* satisfies all
the equalities of k, we conclude that £*(u1,uz) + &*(v1, v2) = K*(ug + v1,uz2 + v2). Since K*(u) = K*(u+ nd),
we can obtain that (*(z1) + (*(x2) = (*(z1 + z2). Thus (* satisfies all the equalities of . Moreover,
E(k*) 2 E(k). Thus there exists u,v € I? such that £*(u) + k*(v) = k*(u + v) and k(@) + k(D) > k(T + ).
Then ¢*(6(u)) + ¢*(0(v)) = ¢*(6(u+ 7)) and ((0(w)) + ¢(6(v)) > ¢(A(u + v)). This is a contradiction to the
fact that ¢ is facet-defining. 0 An
interesting observation here is that although ( and k are assumed to be piecewise linear functions, the proof
of Theorem 34 uses only the fact that x is piecewise linear in the region {0l,al,bl} and {02,03,a2,02}. In
other words, if the functions ¢ and k are piecewise linear around the origin, the result still holds.

Next we prove that any facet of 1DIIGP is also a facet of 2DIIGP. Formally we define the function 7 as
follows.

Construction 35 Given ¢ a piecewise linear and continuous valid inequality for 1DIIGP with right-hand-side
¢, we construct the function w for 2DIIGP with right-hand-side (f1, f2) where fi = ¢ as 7(x,y) = ((x).

We prove that Construction 35 yields facets of 2DIIGP. The following proposition is easily verified.
Proposition 36 7 is subadditive and minimal if and only if  is subadditive and minimal respectively. [

The proof of the next theorem uses some specific points from I? that are illustrated in Figure 6. Note
that points described with the same letter are the same points in I2. First let the line between b1 and b2
represent the first edge up to which 7 has the same gradient, i.e., m has the same gradient at all points in the
quadrilateral formed by {ol,b1,02,03}. Let al, a2 be the midpoints of [01,bl] and [03,b2]. Observe that 7
has no edge between al and a2. Note that there may be more edges than shown in Figure 5 in the regions
{b1,02,04,b2}. However, we do not need these edges in the proof of Theorem 37.

03 @2 b2 c2 d2 e2 2 o4
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1
| Construction
i Line
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Y i
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E (f1.f2) Edges
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1
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S D Ll [ I
o1 al bl ¢ a1 el T o2

Figure 6: Edges of 7
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Theorem 37 7 is facet-defining for 2DIIGP iff  is facet-defining for 1DIIGP.

Proof: First assume that m is facet-defining for 2DIIGP. Assume by contradiction that ¢ is not facet-
defining. Then there exists a valid subadditive and minimal function ¢* # ¢ such that E((*) 2 E(¢). Define
7 (x,y) = ¢*(x). Since * # (, we have that 7* # 7. Now, consider any equality satisfied by 7, w(x1,91) +
m(x2,y2) = m(x1 + x2,y1 + y2). By construction of 7, we have that {(z1) + ((x2) = {(x1 + x2). Therefore
C*(x1) + ¢*(x2) = ¢*(z1 + z2). But it follows from the construction of 7* that 7*(z1,y1) + 7 (x2,y2) =
7*(x1 + y1,22 + y2). Thus 7* satisfies all the equalities of the m. Moreover since E(¢*) 2 E(() there exists
Uy, Uz € I such that ¢*(uy) + ¢*(u2) = ¢* (U1 + Ua) and ((u1) + ((u2) > ((u1 + uz2). Then by construction
of m and 7*, we have that 7*(@1,0) + 7*(u2,0) = 7* (U1 + U2, 0) and 7 (u1,0) + 7(Uz2,0) > 7(Us + Us2,0). We
conclude from Proposition 18 that this is a contradiction to the fact that 7 is facet-defining.

Now suppose ( is facet-defining for 1DIIGP. Assume by contradiction that 7 is not facet-defining. Then
there exists a valid subadditive and minimal function 7* # 7 such that E(7*) 2 E(w). Let U be the closed
quadrilateral formed by {ol, al,a2,03}. It is easy to see that U + U is the closed quadrilateral {ol, b1, b2, 03}.
Also, foru € U and v € U, we have m(u)+7(v) = m(u+wv). Since 7 is linear over U, m(3>_,c g ui) = D ;e ™(wi),
where u; € U and S is a finite set. Since 7* satisfies the same equalities as 7, 7* must satisfy these equalities.
It can be verified that 3U’ € R? such that P(U’) = U and U’ satisfies the conditions of Proposition 24. Thus
it follows from Proposition 24 that 7* is linear over U + U.

Let d be the direction (0,1). The value of 7* for the line segment joining ol and 03 must be zero as 7*
is linear over U 4+ U and 7*(0l) = 7n*(03) = 0. This proves that 7*(x,y) = 0 whenever (z,y) = nd(modl),
where n € R.

Observe that Vo € I%, n(z) + m(nd) = 7(x + nd), where n € R. Since, 7* also satisfies these equalities,
we have 7*(z) + 7*(nd) = 7*(x + nd). Since, 7*(nd) = 0, we have that 7*(z) = 7*(x + nd). Thus, 7* is
completely determined by its value along the z-axis.

Let 6 : I? — I' be the function 6(z,y) = x and let ¢* : I' — R, be the function (*(z) = 7*(,0). It
is easy to verify that (* is subadditive and minimal for 1DIIGP. Now consider any equality that ( satisfies,
C(z1) + {(x2) = ¢(z1 + x2). By construction of m, 7(x1,y1) + 7(x2,y2) = 7(x1 + 22,91 + y2) for any y;
and ys. Then since 7* satisfies all the equalities of 7, 7*(z1,y1) + 7* (22, y2) = 7* (1 + z2,y1 + y=2). Since
7*(x) = 7*(x + nd) we obtain that (*(x1) + (*(z2) = (*(x1 + z2). Thus (* satisfies all the equalities of
¢. Further because E(m*) 2 E(m), there exists Uy, us € I? such that 7*(u;) + 7 (u2) = 7* (U + U2) and
7(uy) + m(uz) > m(u1 + uz). Therefore ¢*(0(u1)) + (*(8(u2)) = ¢*(0(u1 + u2)) and ((8(w1)) + ((O(u2)) >
¢(6(uy +wz)). This is a contradiction since ( is facet-defining for 2DIIGP. O

Note that we can generalize Construction 31 using the automorphism and homomorphism results of
Proposition 28 and Theorem 30. This corresponds to first multiplying the constraints of 2DIIGP by integers
before adding them up and generating a one-dimensional cut. This yields the following extended construction.

Construction 38 Given ( a piecewise linear and continuous valid inequality for 1DIIGP with right-hand-
side ¢, we construct the function T for 2DIIGP with right-hand-side (f1, fo) where A\ f1 + Aafo = ¢ as
7(z,y) = (((Mz + Aay)(modl)), and A1, Ay € Z and are not both zero.

Any function derived using Construction 38 is the composition of Construction 31 or 35, with the rotation
and reflection automorphisms and the multiplicative homomorphism A. Propositions 25, 26, and Theorems 28,
30 thus give a proof that facet-defining inequalities for 2DIIGP can be obtained from facet-defining inequalities
for 1DIIGP using Construction 38. This result is presented next.

Theorem 39 7 is facet-defining for 2DIIGP iff ( is facet-defining for 1DIIGP. ]

It was computationally shown that aggregation of constraints before applying Gomory mixed integer cuts
(GMICs) produces strong cuts; see Marchand and Wolsey [17]. The facet-defining result of Theorem 39 gives a
theoretical foundation for the success of such aggregation procedures as it states that aggregating inequalities
after weighing them with integers and then generating facets of 1DIIGP produces facets for 2DIIGP.

Now we prove that all two-gradient continuous and piecewise linear facets of 2DIIGP can be derived using
Construction 38. To prove this theorem, we first show the following two preliminary results.
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Lemma 40 Assume that:
1. v, € Z,
2. ged(vy,12) =1,
3. dyvy + davy =0, where di,ds € R.
Then (r121 + v2x2)(modl) = 0 iff £1 = ndi(modl) and x2 = nda(modl) where n € Z.

Proof: First assume that x; = nd;(modl) and zo = nds(modl). We have 1 = a + ndy and x9 = 5 + nda,
where «, § € Z. Therefore (1121 + vox2) = V1 + o5 = 0(modl).

Now assume (rqx1 + vox2)(modl) = 0, i.e., (11x1 + vaze) = ¢ where ¢ € Z. All the solutions of this
equation are of the form (Z; + ndy, Z2 + nds) since dyvy + dave = 0. Also, because ged(v,v2) = 1, there
exists integers &1, o such that 11 + voZs = c¢. Thus, all the solutions of (v1x1 + vex2) = ¢ are of the form
(Z1 + ndy, T + ndy) where &1,Zo € Z. Therefore &; + nd; = ndy(modl) and Zo + nde = nda(modl) as
T1,Ty € Z. O

Lemma 41 Let ¢ : I? — R be a subadditive, valid and continuous function. If 3 d = (dq,ds2) € R? such that
d(u) = ¢p(u+ nd) Yu € I? and Vn € R, then 3 v1,vs € Z such that vidy + vads = 0 where at least one of vy
and vy is not zero.

Proof: First note that if either dy or ds is zero, then the result is obvious. Therefore, assume d; # 0 and

ds # 0.
If 2—; is rational, then the result is obvious. We now prove that 3—; cannot be irrational. Assume by
contradiction that j—; is irrational. By subadditivity and validity there exists a point of the form (z,0) or

(0,y) such that ¢(x,0) # 0 or ¢(0,y) # 0. Without loss of generality, we assume that 3 (z,0) € I? such that
¢(x,0) = > 0. It follows from the lemma’s assumption on (dy, ds) that

o((x + k!

2

)(modl),0) = ¢(z,0), (34)

where k € Z. Since g—; is irrational, there is an infinite number of points of this form. Now we show

that this implies that the function ¢ is discontinuous, yielding the required contradiction. To prove that
¢ is discontinuous, we show that there exists points arbitrarily close to the origin at which the value of

¢ is 0. Choose any € > 0. Since fi% is irrational 3k € Z such that 0 < k%(modl) < €. Next observe

that if m = p € Z, we have (z — pkzg—;(modl),o — pk) = (0,0) and therefore § = ¢(z,0) =

o(x — pk%(modl), 0 — pk) = ¢(0,0). This is a contradiction since ¢(0,0) = 0. Therefore T GrodT) ¢ 7.

Ths, 0 < & — | 77 | Kb /da(mod1) < e. Finally, by (34), 6(e — | g 7ammsan; | kdi /da(mod1), 0) =

¢((x,0)) = 4. Thus, there exists a point within a distance of € from the origin where the value of the function
¢ is 0. O

Theorem 42 Any continuous piecewise linear two-gradient facet of 2DIIGP can be derived from a facet of
1DIIGP using Construction 38.

Proof: Let ¢ be a valid two-gradient continuous and piecewise linear function over I2. Thus ¢(z) = a;z +
B; Yz € P;, where U;P; = I?. Since ¢ has two gradients, the set of polytopes P; can be partitioned into
two groups g; and go, such that a; = «; if 4,5 € g1 or 4,5 € go and o # o if ¢ € g1 and j € go. Let
S1 = Ujeg, P and Sy = U;cg, P;. Observe that B(¢) = S1 NSz, The proof is divided into four parts. First, we
prove that two-gradient functions have no vertices and that all their edges are parallel. Second, we prove that
any two-gradient function must have an edge passing through the origin. Third, we show that the function
value is zero along this edge and consequently show that the function is of the form given in Construction
38. Fourth, we use Theorem 39 to show that the corresponding one-dimensional function ( is facet-defining
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for the 1DIIGP.
Assume by contradiction that there exist two edges [, I3 along the unit vectors u1 = (uf, u?), us = (uf, ul)
respectively that are not parallel. Let the slope of ¢ along I; be o;. We have

z, x v,y _
ajui + ofui = o1, (35)

w ot Y Y
afus + ajul = o, (36)

for ¢ = 1,2. Since [; and ly are not parallel, the above systems of equations have unique and identical
solutions, i.e., a; = ay. This is a contradiction since the gradients in S; and Sy are not equal. Therefore
we conclude that all the edges of ¢ are parallel. As all the edges of ¢ are parallel, ¢ has no vertices. Let
d = (d*,d¥) be the direction of all the edges of ¢.

Now assume by contradiction that the origin o does not belong to an edge of ¢. Without loss of generality
we may assume that o belongs to the interior of S;. Since ¢(0) = 0, we must have the slope of ¢ in S; is
zero in all directions (i.e., ¢(x) = BiVx € P; C S;). This is because if there is a direction d with positive
slope, then all points sufficiently close to o along the direction —d in S; have a negative value of ¢, which is
not possible. Next we show that the slope along all directions for ¢ in S5 is also zero which will provide the
desired contradiction. Observe first that the slope of ¢ along d is zero. Thus, the slope of ¢ in S5 along d
is zero. Consider a point a € S; N Sy. There exists a direction do which is not parallel to d for which there
exists n/,n > 0, n’ < n such that a + nda = a and a + n'dy € interior(Sz2). Since ¢(a) = ¢(a + ndz) and ¢ is
continuous, piecewise linear and the slope of ¢ in S along ds is zero, the slope along ds for S, is zero. Since
ds is not parallel to d, this implies that the gradient of ¢ in Sy is zero. This proves that the gradient of ¢ is
identical for S and S, which is the required contradiction. Hence o belongs to S; NSy = B(¢).

Now consider the edge to which o belongs. By contradiction assume that the slope along this edge is
nonzero for ¢. Then there exists 2’ such that ¢(z’) < 0, which is a contradiction. Thus, the slope of the
function along the edge passing through o is 0. Since, o € S1 N Sy, the slope of ¢ in both S; and S along
the direction d is zero. Thus, Vx € I?, ¢(x) = ¢(x + nd), where n € R. Then by application of Lemma 41, 3
vy, vy € Z, such that v1d* +v9d?Y = 0. Further we can always select vy and vy such that ged(vy,v5) = 1. Then,
by application of Lemma 40, we have that ¢(x1,y1) = ¢(x2, y2) if (1121 +10y1)(modl) = (V122 +v2ys2)(modl).
Therefore, ¢ may be written as ¢(z,y) = (((r1z+12y)(modl)), where ( is a two-slope continuous function over
the one-dimensional group with, (o) = 0. It follows from Proposition 32 that ¢ is subadditive. Furthermore,
¢ is of the form given in Construction 38. Finally we deduce from Theorem 39 that ( is facet-defining for
1DIIGP. |

Next we use Theorem 42 to prove an extension of the Two-Slope Theorem of Gomory and Johnson [12]
to 2DIIGP. In the Two-Slope Theorem, Gomory and Johnson prove that all piecewise linear subadditive
continuous functions with exactly two slopes are facets of 1DIIGP. In the proof of Theorem 42 it was shown
that if ¢ is a two-gradient piecewise linear and continuous function it must be of the form ¢(z,y) = (((v1z +
vay)(modl)), where ¢ has two slopes. This result together with Gomory and Johnson Two-Slope Theorem,
implies the following corollary.

Corollary 43 If ¢ : I? — R, is a valid, continuous, minimal, piecewise linear function with exactly two
gradients over I? then ¢ is facet-defining for 2DIIGP. ]

7 A family of three-gradient facets.

Next we consider a family of functions ¢ that have three gradients. These functions are nontrivial as they
cannot be obtained from known families of facet-defining functions for the one-dimensional problem using
Construction 38. Furthermore, they define facets for 2DIIGP. We first give a procedure to build these
inequalities. This construction is illustrated in Figure 7.

Construction 44 Let f; # 0 and fo # 0. We divide I? into five polytopes R1, R2, R3, R4, R5 as shown in
Figure 7. Polytopes R1, R2, R3, R4, R5 are defined by the points
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Figure 7: The three gradient facet-defining function with f; = 0.3, fo = 0.8

:0),(f1,0), (f1, f2) and (0, f2),

S2), (fis fo), (i + (1= f1)(1 = f2),1) and (0,1),
f1,0),(L,1), (fr + (1 = f1)(1 = f2),1) and (f1, f2),
f1,0), (fr + (1 = f1)(1 = f2),0), (1,1 = f2) and (1,1),
(fi+ (1= f1)A = f2),0), (1,0) and (1,1 = f3)

respectively. We construct ¥ to be the only continuous piecewise linear function with ¥(f1, f2) = 1 and
¥(0,0) = 0, whose gradients in R2 and R4 are equal and whose gradients in R3 and R5 are equal.

- (0
- (0
-
-

TS N S

Observe from Construction 44 that we may write ¢ as

afu+p VYueRl1
alu+ Py Yue R2
Yu)=<¢ alu+p; YueR3 (37)
alu+ By Yu€ R4
afu+Bs Yu€ R5.

There are some relations between the vectors aq, s and «3. First denote oy = (01,03). Since R1 and R2
share an edge parallel to the z-axis we conclude that s = (01, 03). Moreover, since R1 and R3 share an edge
parallel to the y—axis we have that ag = (04, 02). We next show by computing explicit values for o1, 09, 03
and o4 that there exists only one function that meets the requirements of Construction 44 for each value of

(f1, f2)-

The following proposition is easily verified.

Proposition 45 The only possible values for o1, 02, 03 and o4 for Construction 44 are 1+fiff2 , fz(llJ:f{(ifz) ,
1—fo+fif .
1+f1 75 ond — Sy respectively. .

As a corollary to Proposition 45, we can derive that the scalars 3; are 5y =0, fs =1 —01f1 —03f2 =

1 _ _ _ f _ _ 1—fot+fif
1+fi—f27 s = (Ul U4)f1 - f2(1—f1)(i+.f1—f2)’ P1=0, 05 = = (- 701)2(1-‘1-1f12 f2)"

Note that the origin lies in each of the polytopes R1, ..., R5. Therefore we can also compute the function
value at any given point by using the gradient of the function v in that polytope and the relative position
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of the point with respect to the origin. We will prove next that v is facet-defining for 2DIIGP. In order to
do so, we first have to prove that v is symmetric and subadditive. To this end, we use the points described
in Figure 8. Points described with the same letter are the same point in I2. The points ol, 02, 03,04 all
correspond to the origin. The point ¢l = (f, f2) is the right-hand-side of 2DIIGP. The edges [c1, d2, bl]
and [04, al] are parallel. Further we note that line segments [b2, 04], [al,d1], [d1, 03] are not edges since they
belong to polytopes with the same gradient. So the edges of 1) are the line segments [01, al], [al, 1], [01,b1],
[b1,cl], [c1,d2,bl] and [04, al]. Although d1 belongs to the three polytopes R2, R3 and R4, it is not a vertex
since ¢ has the same gradient over R2 and R4. Thus, the vertices of 9 are ol,al, b1, cl.

Proposition 46 The function v is symmetric.

Proof: We consider the following four cases:

1. 2z < fiand y < fo. Then (fi — =, fo —y) € R1. Thus ¥(z,y) + ¥(f1 — =z, fo — y) = o1(x) + o2(y) +
o(fi —z) +oo(fo—y) =01fi +o2fo = 1.

2.z < frandy > fo. Then (fi —z,fo —y+1) € R2. Thus ¢(x,y) + ¥(fr —z, fo—y+1) =
oi(x) —o3(l—y) +o1(fi —2) —o3(1 = (o —y+ 1) = fi —o3(1 — fo) = i + 5785 = 1.

3. x> f; and y < fy. There are three subcases:

(a) (x,y) € R3. Then (f1 —z+1, fo —y) € R5. Thus ¢(x,y) +¢¥(fr —z+ 1, fo—y) = —0s(1 —z) —

(
_ 2
o2(1=y)—oa(1—(fi—z+ 1) +os(fo—y) = oa(fi—1) +os(fo—1) = glplls - f2t s 1.

(b) (x,y) € R4. Then (fi —z+1, fo —y) € R4. Thus ¢(z,y) +¥(fi—z+1,fa—y) = —01(1 —z) —
os(1—y)—o1(1=(fr—z+1)—os(1=(fa—y) = o (fi=D)+0os(fa—2) = = — 525 = 1.
( 1— T+ 1,]5 —-y) € R3.

(¢) (z,y) € R5. This is similar to the first subcase since
4. x > f; and y > fo. There are three subcases:

(a) (z,y) € R2. Then (fi —x+1,fo —y+1) € R4. Thus ¥(z,y) + (L —x+ 1, fo—y+1) =
orx—o3(1—y)—o1(1—(f1—z+1))—o3(1—(fo—y+1)) = o1 fit+o3(—1+f2) = 1+]f11_f2 —Q}j_fj‘,z =1.
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(b) (xz,y) € R3. Then (fi —x+1,fo —y+1) € R3. Thus ¢(z,y) +¢¥(fi —xz+ 1, fo—y+1) =
—o4i(1—2) =021 —y)—ou(1 = (fi—x+1) =021 = (fa—y+1) =0u(fi — 1) +02(fo—1) =
L—fotfifo _ _1+f3-2f> -1
f2(1+f1—f2) F2(A+f1—f2) ’

(¢) (z,y) € R4. This is similar to the first subcase since (f; —x + 1, fa —y+ 1) € R2.

Proposition 47 The function v is subadditive.

Proof: The vertices of ¢ are the points o1, al, b1 and cl. Note also that there is at least one vertex on each
edge. Therefore there is no need to add supplemental vertices. To prove that v is subadditive we know from
Proposition 12 that it is sufficient to verify that

Plvr) + P(v2) = P(vr + va), (38)

for all vertices v, vy € V(¢) and to verify that

Y(er) +(e2) > Y(v), (39)

for all points e; and ez on edges of ¢ such that e; + ez = v, e1,e2 € B(¢)) and v is a vertex.
We first verify that (38) is satisfied. Observe that it is trivially satisfied if either vy or ve is the origin.
Now consider the other cases.

1. We have 9(al) +¢(al) = 2f101 and ¥ (2al) = ¢(2f1,0). There are three subcases:

(a) f1 <0.5and 2f; < (1— f1)(1— f2)+ f1. Then, ¥(2al) = (2f1,0) = 2f101 = 2¢(f1,0) = 2¢(al).
(b) f1 <05and2f; > (1—f1)(1— fo)+ f1. Then, ¥(2al) = ¥(2f1,0) = (1—fo+ fifa)or+ (21 —(1—
ot fif2))ou = 1_(515125}3(?2{?1_3;5)]02' Also, 29(al) = 2f101 = 5ty = (1+1‘21JEJZ>_<?"§£271%>' But
2f1fo—2f2fo > 1— fo—2f1+3f1fo—2f2 fo, since, 2f1 > 1— fo+ f1 f2. Therefore, 1(2al) > 2¢(al).
(¢) f1 > 0.5. Then 2f; — 1 < f1. Therefore, ¢(2al) = ¥(2f1 — 1,0) < ¥(f1,0) < 2¢(f1,0) = 2¢p(al)
since o1 > 0.
2. Y(al) +(bl) = fro1 + faoa =1 = (al + bl).

3. Y(al) +(el) = fror +1 > 1> 9(al +cl) as ¥(z,y) < 1V(x,y) € 12

4. 1p(b1) +1p(bl) = 2f202. There are two subcases:

(a) f2>0.5. Then 2fs — 1 < fo. Therefore 1(2b1) = 1(0,2f5 — 1) < (0, f2) < 2¢(b1).
(b) f2 <0.5. Then 1(2b1) < ¥(bl) < 24(b1). The first inequality is because o3 < 0.

5. Y(bl) +9(cl) = faoa +1 > 1> (bl +cl) as P(z,y) < 1 V(x,y) € I%
6. P(cl) +1(cl) =2 > (cl +cl) as P(z,y) < 1 V(x,y) € I%

We next verify that (39) is satisfied. To simplify notation we denote A = (1 — f1)(1 — f2). It is easily seen
that the edges of 1 are the line segments [ol,bl], [0l,al], [b1,cl], [al,cl], [c1,d2,b2] and [al,04]. Further,
by Proposition 10, we only need to verify (39) for edges that are not parallel to each other. Thus for each
vertex, (except for the origin for which (39) is always satisfied), we examine the following combinations:

1. e1 € [ol,al], e3 € [01,b1].
(a) al: eg = al, e = 0l. Thus subadditive.

(b) bl: e; = o0l, es = bl. Thus subadditive.
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(¢) cl: ey = al, eo = bl. Thus subadditive.
. e1 € [ol,al], ez € [al,cl].

(a) al: e; = ol, e3 = al. Thus subadditive.

(b) bl: If f; < 0.5, there is no solution. If f; > 0.5, we have e; = bl — ¢l, e; = ¢l. Then,
Y(er) +(cl) > 1 > 3(bl).

(¢) cl: ey = o0l, es = cl. Thus, subadditive.
. e1 € [ol,al], ez € [cl,d1,b2].

(a) al: There is no solution. Suppose by contradiction there is one, then es = d1. In such a case,
e; = al — d1 must belong to the line segment between ol and al. However, al —dl = —A =
—1+ fi+ fo— fifo = fi+ fa— [if2 > fi, a contradiction. Thus e; ¢ [o0l, al].

(b) bl: e; = o0l, ea =b2; e = (1 — f1,0), ea = cl, if f; > 1/2. Thus subadditive.

(¢c) cl: e; = 0l, ea = cl; e; = al, ea = b2. Thus subadditive.
. e1 € [0l,al], ea € [al, 04].

(a) al: e =ol, e3 = al; e; = al, e; = o. Thus subadditive.

(b) bl: We must have e; = ((1 — A), f2). Then el = (A,0). If e; € [0l,al], we have ¥(e1) + ¥ (ez) =
Aoy — Aoy — (1= f2)os = faoa = 9(b1).

(¢) cl: No solution. Suppose there is, then we must have e2 = ((1 — A), f2). Then el = (f; + A,0) ¢
[01, al].

. e1 € [01,b1], e1 € [b1,cl].

(a) al: Then we must have e; = cl. If there is ey, such that e; + ¢l = al, then ¥(eq) + ¥(ez) > 1 >
P(al).

(b) bl: e; = ol and es = bl. Thus subadditive.

(c) cl: e; =0l and eg = cl. Thus subadditive.
. e1 € [0l,bl], es € [cl,d1,b2].

(a) al: Then we must have e; = ¢l. Thus, if there is any el such that e; + e = al, we obtain,
Yler) +(e2) = 1> 1p(al).

(b) bl: Then e; = ol and ey = b2. Thus subadditive.

(¢) cl: Then e; = ol and ey = ¢1. Thus subadditive.

. e1 € [01,bl], es € [al, 04].
a) al: Then e; = ol and e; = al. Thus subadditive.

b) bl: Then e; = bl and e; = o4. Thus subadditive.
(¢) cl: Then e; = bl and es = al. Thus subadditive.

. e € [bl,cl], es € [al,cl].

(a) al: We must have e; = bl. Then ey = (f1,(1 — fa)). If feasible, t(e1) + ¥ (e2) = fao2 + fro1 +
(1= f2)o2 = fio1 + 02 > fior =Y (al).

(b) b1: We must have ez = al. If el = ((1 — f1), f2) € [b1,cl], we have a solution. Then, we have
Y(er) +(e2) = fror + (1 = fr)o1 + f200 > faoz = (D).
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(c)
12. e €

(a)
(b)

cl: e; = bl and ey = al. Thus subadditive.
[b1,cl], es € [cl,d1,b2].

al There are two subcases:

i. fo < 0.5: Clearly the y coordinate of es must be 1 — fo. Therefore €2 must be (1 — 2f; +

2f1f2,1 — fa). Thus, ey = (f1 +2f2 — 2f1f2, f2). Then ¢(e1) +¥(e2) = (2 + f1)o1. On the
other hand ¢ (al) = fi01.

ii. fo > 0.5: Clearly the x5 coordinate of eo must be 1 — fo. Therefore e2 must be ((f1 +2A), (1—
f2)). Also, we must have (f; + 2A) < 1. Under these conditions, e; = (1 — 2A), f3). Then
Pler) +1p(e2) = (1 —2A)01 + faoz — (1 — fr = 2A)01 — fao3 = fro1 + fao2 + f201. On the
other hand ¢ (al) = fi07.

bl: Clearly, e2 = d1. If (1 — f; — A, f2) € [bl,cl], then el = (1 — f1 — A, f2). Since o1 > 0, we
have that ¥(e1) + ¢ (e2) > o1 + fao2 > faoa > 1(b1).

cl: Clearly, e = d1. Now, if (1 — A, f3) € [bl,cl], then we have el = (1 — A, f3). Then
¢(€1) —|—¢(62) = (1 — A)O’l —|—f20'2 + (fl + A)O’l =140, >1= w(cl).

[b1, 1], ex € [al, 04].

al: Clearly, we must have that e; = (f1 + A, 1 — f2). Thus when feasible, e; = (1 — A, f2). Then
Yle1) +¥(e2) = (1 — A)or + fao2 — (1 = fi = A)or — fao3 = (1 + fi)o1 > fio1 > ¢(al).

bl: e; = by and ey = 04. Thus subadditive. Also, we can have e; = (1 — f1, f2) and e2 = (f1,0).
Then t(e1) + ¥(e2) = s1 + s2fo. On the other hand 1 (bl) = s fo.

cl: e; =cl and e3 = 04. Or, e; = bl and e; = al. Thus subadditive.
[al, cl], eg € [c1,d2,b2].
al: Clearly e; = b2. Then e; = (f1,1 — f2). But ¢(e1) > 9(al).

bl: Clearly the z; coordinate of es must be 1 — f1. If f; > 0.5, there is no solution. There are a
few subcases we have to consider:

iLl1—fi>fi+A(Or 1flfl < f2). Then, we have e; = (1 — fi, 1_12flfl_A) and e; = (fi, 1ilfl)'

Therefore, ¢(e1) +¢(e2) = —=(1 = (1= f1))or — (1 - %)US + fion+ 1i1fl oy = @f{";)f;z 1.

On the other hand ¢(b1) = fa02 = =f47;01. Thus subadditive.
ii. 1= f1 < f1 +A. Then we have eo = (1 — fi, 11__2}{‘11 + f2) and e; = (fi, 1£1fl)' Therefore,

1/1(61) + 7/}(62) = (1 - fl)O'l - (1 - 711__2ff11 - f2)0'3 + f101 + 1{1]01 g9 = f27f224(>1fi;£1;;227f1f2 o1.
Thus, ¢(e1) + t(e2) — $(b1) = 57 > 0.

cl: e; = a1 and e; = by. Thus subadditive.

[al,cl], es € [al, 04]. Thus subadditive.

al: e; = a1 and ey = 04.

bl: Then we have ey = (1 — f1, 2=21). There are two subcases:

I-f1
i. fi > A. Then e = (fy, ﬁl:f?). Therefore, ¥(e1) + ¥(e2) = —(1 — (1 — f1))or — (1 —
11_72;11)03 + fio1 + ﬁl:f?ag = fl(l_ff'f)f}?f‘ol. On the other hand ¥(b1) = fooo = uf\‘#al.

Thus subadditive.
ii. f1 <A. Then ey = (fy, %) Therefore, ¥(e1) +¢(e2) = —(1— (1= f1))o1 — (1 — 71112f1 )os +

1
Jio1 + 11:?1 oy = (fllfffl"‘)% o1. Thus subadditive.
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(¢) cl: ey = cl and ey = 04. Thus subadditive.

(|
We conclude from Theorem 14 that, v is minimal since 1 is subadditive and symmetric. Next we describe
some of the other points represented in Figure 8 that will be helpful in proving that v is facet-defining for
2DIIGP. The point g1 is the center of [01,al]. The point hl is the center of [ol,bl]. The line segment [g1, ¢1]
is parallel to the line segment [al,cl]. Similarly, the line segment [h1,q1] is parallel to [bl,cl]. The point
il is the center of [02,b1]. The distance between j1 and 02 is A/2. The line segment [i1,j1] is parallel to
[c1, d2]. The point vl is the center of [02, d2]. The line segment [pl, i1] is parallel to the line segment [02, d2].
Similarly, [v1,pl] is parallel to [cl,d2]. The point k2 is the center of [d2,04] and the point I1 is the center of
the line segment [al, d1]. Line segments [a2,r1] and [j1,¢1] are parallel to [02,b1], while [r1,ul] is parallel to
[a2,d2]. Finally, [t1,b1] is parallel to [c1, d2].

Theorem 48 v is a facet of 2DIIGP.

Proof: We assume by contradiction that v is not facet-defining for 2DIIGP. From Theorem 17 we conclude
that there exists a solution ¢* to the system of equations FE(v) that is different from . Let U be the closed
rectangle {01, g1,ql,hl}. Then U + U is the closed rectangle {ol,al,cl,bl}. It is easy to verify that all
requirements of Proposition 24 are satisfied. Therefore we conclude that ¢* is linear over U and U + U = R1.

Next we let U be the closed quadrilateral {02,¢2,pl,i1}. Then U + U is the closed quadrilateral
{02,d2,c1,b1} = R2 . It is easy to verify that all the requirements of Proposition 24 are satisfied. Therefore
we conclude that 1* is linear over the quadrilateral {02, d2,c1,b1}.

Then we consider U to be the closed triangle {02,141, j1}, and V to be the closed quadrilateral {al,1,42,04}.
Then U + V is the union of the closed quadrilaterals, {02,b1,t1, 51}, {a2,r1,ul,d2} and {al,d1,b2,04}. Tt
is easy to verify that all the requirements of Proposition 24 are satisfied. Therefore we conclude that * is
linear over U, V and U 4+ V and has the same the same gradient over these sets. This implies that * has
the same gradient on the closed quadrilaterals {02, b1, cl,d2} = R2 and {al,d1,b2,04} = R4.

Let U be the union of the closed triangle {k1,03, h2} and the closed quadrilateral {o4, k2, m1,n1}. Then
U + U is the union of the closed polytopes {d1, 03,52} and {d2clalo4}, i.e., the union of R3 and R5. All
the requirements of Proposition 24 are satisfied. We therefore conclude that ¢* is linear and has the same
gradient over R3 and R5.

Denote the slope of ¥ in R1 to be o7 and o} along the z-axis and y-axis respectively. Since ¥*(f1, f2) =1,
we must have

fio] + foos = 1. (40)

Now since the line segments [01,al1] and [b1, c1] belong to both R1 and R2, the slope of ¢* along the z-axis
in R2 must be 0. Let the slope of ¢* along the y-axis in R2 be o5. Then we must have

f205 + (1 = fa)oz =0. (41)

Similar argument leads to the equations,
(fi+A)oi+(1—fi—A)o;=0 (42)
(1= fi)oi +o3 = (1= fi)oi + o3 (43)
where o is the slope of ¥* along the z-axis in R3 and R5. Since Proposition 45 states that (40) - (43) has a
unique solution we conclude that ©* = 1, a contradiction. O

Next, we give an example in which the above three-gradient facet of the 2DIIGP yields a facet of the
convex hull of the feasible region of an integer program.

Example 49 Consider the system

—4x + 3y > 10 (44)
—2x 4+ 4y > 16. (45)
T,y € Z+ (46)

28



After introducing nonnegative integer slack variables sy and ss, and performing simplex iterations, we obtain
the following tableau
40481 —03s2 = 0.8 (47)
y+0.2s; —04s, = 4.4. (48)
We now obtain the GMIC from both the rows and an automorphism of the three-gradient cut, namely, ¥ o ¢

where (x,y) = (1 —y,x). This cut is 0.5s1 + 0.25s2 > 1 or equivalently —x +y > 4. This inequality is
facet-defining. The two GMICs are

0.551 +0.8750s9 > 1 = —3.75z + 5y > 20
0.551 +0.6667s2 > 1 = —4x + 5y > 20.

It can be verified that the GMICs are not facet-defining for this example. |

8 Mixed Integer Extension.

In the previous sections, we described facet-defining inequalities for 2DIIGP. We now extend these results to
the mixed integer case.

Definition 50 A pair of functions ¢ : 1> — R, and e J? — R, defines a valid inequality for 2DMIIGP,
where ¢ satisfies 2, 3, 4 of Definition 3 along with the conditions

1. pe is a nonnegative function,
2. Y e Pu)t(u) + 37 c o o(w)s(w) > 1 V(t,s) € 2DMIIGP.

We next give a theorem of Johnson [14] that allows us to generate coefficients for continuous variables in
MIIGP of any dimension. We present the result for the two dimensional case.

Theorem 51 Assume r € I where r # (0,0), then the pair of functions ¢ : I? — Ry and pg : J* — Ry
defines a minimal valid inequality for the convex hull of feasible points of 2DMIIGP if and only if

1. ¢ is subadditive

2. ¢ satisfies the symmetry condition

3. pp(u) = limh_,o+w. O
Thus, if a function ¢ is subadditive and minimal for 2DIIGP, and its directional derivatives exist at (0,0),
then it can be used to generate minimal inequalities for 2DMIIGP.

We now use the result of Theorem 51 to extend the facets 7 given in Construction 38 into facets for
2DMIIGP by computing the coefficients u, of the continuous variables. Note that 7 was obtained from (, a

facet for 1DIIGP. We therefore denote (T = limy,_,o+ % and ¢~ = limy_,o+ C(;h).

Proposition 52 For 7 given in Construction 38

(A1v1 4+ Agw2)¢t if Awy 4+ Agv2 >0

pr(v1,v2) = { (M1 + A2v2)(™  if A1 + Agvg < 0. (49)

Proof: The proof is identical for both the cases. Therefore we only prove the result for the first one.
For sufficiently small h > 0, 7(P(vh)) = ((h(Av1 + Agv2)). Therefore by application of Theorem 51,
limhamw = (M1 + A202)CT. U

In Proposition 52, we observe that the coefficients of continuous variables of p. are obtained through
aggregation. This result is interesting because one of the main computational difficulties with one-dimensional
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group cuts is that the coefficients of their continuous variables can be weak. Andersen, Cornuéjols, and Li [2]
show that significant computational improvements can be obtained by aggregating constraints so as to reduce
the coefficients of continuous variables in the resulting cuts. The result of Proposition 52 presents a group-
theoretical basis for this result.

In the following proposition, we show how v given in Construction 44 can be extended to yield a family
of facets for 2DMIIGP as shown in the next proposition.

Proposition 53 For ¢ given in Construction 44

v101 +v202  ifvp > 0,02 >0
V101 + V203 Zf’Ul >0,v2 <0
ud,(vl,vg) = V104 + V202 if’Ul <0,v9 >0 (50)
V101 + V203 z'fvl<0,v2<0and |’l)1|§"l}2|(17f1)
V104 +v202  if v1 < 0,v3 <0 and |v1| > |va|(1 — f1)

where o; represents the slopes obtained in Proposition 45.

Proof: The proof is similar for the five cases. Therefore we only prove the result for the first one. For
sufficiently small h, ¥(P(vh)) = hvio1 + hvgos. Thus limy, g+ M = V101 + V209. O

It appears from Proposition 53 that the three-gradient facet i yields diverse coefficients for continuous
variables. In particular we will show that it can generate coefficients for continuous variables that are not
dominated by GMICs from the individual rows. This is significant because it can be shown that GMIC gen-
erates the strongest possible coefficients for continuous variables among all facets of IDMIIGP. Although this
result seems to be well-known and was proven in Cornuéjols, Li, and Vandenbussche [4] for homomorphisms
of the GMIC, we did not find it explicitly written for the general case. We therefore include its proof for
completeness in Proposition 54.

Proposition 54 Among all the facets of 1IDMIIGP, the coefficients of continuous variables are strongest in
GMIC.

Proof: The cut coefficients for continuous variables in a GMIC for IDMIIGP with right-hand-side f(# 0)
are,

u >0
_ 17 v=
pemic(w) { T u<o (51)
We prove the result for continuous variables with positive coefficients. The proof for the other case is similar.
Assume by contradiction that (m, p,) is a facet of IDMIIGP such that u,(1) = o < % = pemrc(l). Using
Theorem 51, we have that
m(P(h))

(1) = lim =" =g 52
pa(l) = lim —— o (52)

Choose € > 0 such that o + ¢ < %. Since the limit in (52) exists, 3 6 > 0 such that @ <o4eV0<d <

Choose 6* € [0,4) such that 5% n € Z. Clearly, m(6*) < 6*(c +¢€) < %. Also, by subadditivity of m, we
have nm(0*) > w(né*) =n(f) =1, or w(6*) > 1/n = ?, which is the desired contradiction. O

We illustrate now the fact that coefficients of continuous variables from i, can be strictly better than the
coefficients generated from the GMICs of each of the individual constraints. In Figure 9, we represent the
region where jt,, dominates both the GMICs and the region where it is dominated by GMICs for 2DMIIGP
with right-hand-side (0.3,0.8). We see that the region where the p, dominates the GMICs is large, which
is very encouraging. This implies that, (¢, ttyy,) may be useful in generating stronger cuts for mixed integer
programs.

Next we present an example of a simple MIP for which the three-gradient yields a facet-defining inequality.
It is interesting to note that in this example the GMICs generated from the individual constraints do not
yield facet-defining inequalities of the MIP.

1
!
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Both the GMIC
dominate the
04l three-gradient facet
\\
\ The value of the cut
02 coefficient of the
three-gradient facet is in
between the value from
the two GMIC
o //
02 /
//
The
D4 three-gradient

facet dominates
both the GMICs

Figure 9: Comparison of coefficients of continuous variables in ¢ and GMIC

Example 55 Consider the system

—0.3077x — 0.3077y < —2.2462 (53)
1.3846x — 0.6154y < —0.0923 (54)
z,y €Ly (55)

We introduce the nonnegative continuous slack variables s1 and so and after performing simplex iterations,
we obtain the tableau

T — 5140555 = 2.2 (56)
y —2.25s1 — 0.5s9 = 5.1. (57)

The three-gradient cut is 1.1364s1 +0.9091s2 > 1, which becomes —x+y > 4. This inequality is facet-defining
for the convex hull of points represented by (53), (54) and (55). The two GMICs are

1.2581 +2.5s0>1 = —16z+y>2.1
2.551 +0.5556s59 > 1 = y>6.

It can be verified that the GMICs are not facet-defining in this example. O

9 Conclusion.

In this paper, we laid the foundation for the study of 2DMIIGP. We developed tools to analyze piecewise
linear functions defined over I?. We presented tools to prove that a function is subadditive and presented a
two-dimensional version of Gomory and Johnson’s Interval Lemma. We presented two different constructions
that yield the first known families of facet-defining inequalities for 2DMIIGP. The first construction uses valid
inequalities of IDMIIGP and uses them as building block for creating inequalities for the two-dimensional
group problem. This family of facets for 2DMIIGP gives a theoretical explanation for the success of con-
straints aggregation in practical implementations. The second construction we present has three gradients
and yields facet-defining inequalities of 2DMIIGP that cannot be obtained directly from 1DMIIGP using the
first construction. This construction is interesting because it yields coefficients for continuous variables that
are not dominated by those of the GMICs obtained from the individual rows of 2DMIIGP. We believe that
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obtaining stronger coefficients for continuous variables is the main improvement in the cuts that are based
on higher-dimensional group relaxations.

This paper opens the way for future research on the group problem. Research directions include (1)
the evaluation of the computational potential of the derived inequalities inside branch-and-cut frameworks,
(2) the derivation of other families of facets for 2DMIIGP and finally (3) the extension of the tools and
constructions proposed in this paper to n—dimensional group problems.
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